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The internal magnetic field Hj and the splitting 6 are evaluated for some paramagnetic sub- 
stances on the basis of measured values of the specific heat b of the spin-system and of its 


electric component be. It is experimentally demonstrated that by means of magnetic dilution 
it is possible to distinguish between the effects on the specific heat of the interaction between 


the magnetic ions and the electric and magnetic crystalline fields. It is also shown that the 
spin-lattice relaxation time depends on the concentration of the magnetic ions in the para- 


magnetic substance. 
1. CALCULATION OF THE SPECIFIC HEAT 


FE OR ions of elements of the iron group situated in 
a crystalline lattice the interaction with the sur- 
roundings may be considered weak and may be 
treated as a perturbation: the interaction energy 
€j « kT (cf., for example, references 1 and 2). 
Crystalline hydrates and their solutions are suit- 
able materials in which such conditions are 
realized. 

In crystals of salts of elements of the iron 
group the lowest orbital energy level of the ion E, 
lies lower than the next level E, by an amount 
E, — E,> kT. Moreover, the orbit of the ground 
level should be considered as fixed by the electric 
field of the crystal, and the orbital angular mo- 
mentum should be taken as L = 0. Consequently, 
there remains the orbital singlet which is (2S + 1) 
-fold degenerate with respect to spin. This level 
is subject to the influence of the internal electric 
and magnetic fields, as a result of which the degen- 
eracy is removed completely. The difference in 
energy between the highest and the lowest sublevels 
of the multiplet is € — €) « kT. 


By setting up on the basis of the concepts of a 
free ion and of multiplet structure the spin parti- 
tion function 
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[where Q (€j) is the multiplicity of the sublevel 
€j ] we can with the aid of the usual statistical 
formulas calculate the free energy, the entropy, 
and the specific heat. Let us discuss several con- 
crete cases. 

Spin S = In this case the electric field does 
not affect the spin, and the remaining Kramers 
degeneracy is removed by the magnetic field of the 
crystal. Consequently, the specific heat will have 
its origin in the interaction of the magnetic ion 
with the magnetic field of the crystal. Then we 
have 


Z =} 4 OT, 


where €;—€) = k@, is the splitting of the sublevels 
of the multiplet in the magnetic field of the crys- 
tal. On taking into account the fact that @;<« T 

we obtain the following approximate expression 
for the molar specific heat of the spin system: 
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SpinS =1. Let the electric field have rhombic 
symmetry. Then the degeneracy will be already 
completely removed by the electric field. In this 
case the specific heat of the spin system has its 
origin in the interaction of the magnetic ions with 
the electric field of the crystal. In accordance 
with the symmetry of the field and with the value 
of the spin we have 


Yj a e—S/T a e—da/T 


where 6j is the splitting of the sublevels of the 
multiplet by the crystalline electric field. For the 
specific heat we obtain 
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Spin S = 4. In this case the magnetic inter- 
actions are superimposed on the electric ones. On 
taking into account the value of the spin and the 
fact that the degeneracy is completely removed by 
the electric and the magnetic fields of the crystal, 
we can write 


b= 0.299R (62 + 62 — 8,8,). (2) 


UE 1 al. e-eut te e—5:/T + e—(81+62)/T | 


where ®j and 6j are the splittings of the sub- 
levels respectively due to the magnetic and the 
electric fields of the crystal. From this we ob- 
tain the following expression for the specific heat 


C= bi, 
b =i R{@i + 02 —§ 0102 — 55: (0:— ©) + Faz}. (3) 


If in the case S = ¥ we take into account the 
interaction of the ion with only the electric crys- 
talline field (for example, of trigonal symmetry), 
then the partition function assumes the form 


Z°P = 2(1 + e-t/T), 
From this we obtain for the specific heat 
64 = dpi, 


Spin S = %. We consider first the case when 
the degeneracy is removed completely by the 
electric and the magnetic fields of the crystal. On 
taking into account the value of the spin and the 
effect of the fields the partition function must be 
written in the form 


bz = 0:25 R6;- (4) 


Z| 4+ e-OT + e-SuT (1 4 e-9/T) 4. e—B,/T (1+ e-%/T), 


where ©j and 6j are, as before, the splittings of 
the sublevels due to the magnetic and the electric 
fields respectively. From this we obtain the fol- 
lowing formula for the total specific heat of the 
spin-system 
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(= ICES, 
b= ER{Oi+ 0; + 65 —F (102+ 0185+ 610s) 
= + (8;+ 52) (O1-++ O2 + 9s) 
a = (5,02 + 6:03) + 5 (8; + 83 — 6152)}. (5) 


We can obtain an approximate formula for the 
electric component of the specific heat of the spin 
system for the same ion by setting in (5) ©; = ©) 
= @s == (is 


b, = 0,222 R (82+ 62—6,6,). (6) 


2. DEPENDENCE OF THE SPECIFIC HEAT OF 
THE SPIN SYSTEM ON THE CONCENTRATION 
OF MAGNETIC IONS 


We have investigated the paramagnetic absorption 
in parallel fields at room temperature. The ob- 
ject of the investigation was to find the dependence 
of the specific heat b and the spin-lattice relaxa- 
tion time p on the concentration of magnetic ions 
in paramagnetic substances. 

The thermodynamic theory of paramagnetic 
relaxation in parallel fields due to Shaposhnikov® 
leads to the following formula for the imaginary 
part x” of the complex susceptibility: 


x"/xon = F/pv-+(1—F)? pv,  F = Hi/(6/C + 2), (7) 


Where xo is the equilibrium susceptibility, m is 
the mass of the substance being investigated, p is 
the spin-lattice relaxation time, pg is the spin- 
spin relaxation time, v is the frequency of the al- 
ternating field, He is the constant external field, 
and C is the Curie constant. Formula (7) refers 
to the case when ps « p, ps K 1 and py > 1. 
When pg and p differ sufficiently from one 
another it is possible to choose the frequency v 
so large that the first term of formula (7) is much 
smaller than the second one. Then absorption will 
take place in accordance with the following formula 


X"/Xom = (1 — F)? pyv (8) 


and will be due only to internal relaxation. This is 
exactly what occurs at the 600 Mc/sec which we 
used. 

Formula (8) has been checked in a number of 
investigations, ‘»? and has been found to agree well 
with experiment if we assume that pg does not de- 
pend on the constant field He. Formula (8) enables 
us to evaluate the constant b/C from the absorption 
curve. 

The absorption curve whose ordinates are 
proportional to yx” was obtained by utilizing the 
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grid current method proposed by Zavoiskiy.° A 
detailed description of the oscillator used by us 
has been given by Salikhov.! 

On assuming that the electric field of the crys- 
tal retains its symmetry on dilution (isomorphism ) 
and that, consequently, the contribution to the spec- 
ific heat due to the interaction of the magnetic ions 
with the electric field of the crystal does not de- 
pend on the concentration of the magnetic ions, we 
can measure this specific heat by eliminating the 
magnetic component by means of magnetic dilution 
of the paramagnetic substance.® 

For this purpose we prepared solid solutions of 
potassium chrome alum in which chromium ions 
are replaced by aluminum ions: 


(CrK (100 —n) + n AIK] (SO,), - 12H,0, 


and also of the hydrate of manganese sulphate, in 
which manganese ions are replaced by magnesium 
ions: 


[Mn (100 —n) + nMg]SO, - 4H,O 


(n is the concentration of the diamagnetic Al** 
and Mg”* ions in these solutions). A single crys- 
tal grown in a solution of appropriate concentration 
was pulverized prior to the experiment and an 
ampoule containing this powder was placed inside 
the coil that produced the high-frequency field. 
This coil was placed in the-gap of a magnet 
parallel to the constant field. The chromium and 
manganese concentrations in the solutions were 
determined chemically. 

The absorption curves obtained as functions of 
the constant field He in solutions of chrome alum 
with different concentrations of the magnetic ions 
are shown in Fig. 1. It turns out that these curves 
are in good agreement with formula (8), and this 
allows us to evaluate the constant b/C. 

The values of the constant b/C obtained for 
different concentrations of the magnetic ions are 
shown in Fig. 2. It may be seen from the figure 
that the constant b/C falls off rapidly with the mag- 
netic dilution approaching the value 


(b/C), = 0.22 - 10% oe”, (9) 


Thus, in the case of chrome alum the following 
quantities are obtained from the measurements: 
the values of the total constant b/C (cf. reference 
5) and of its electric component (b/C)e. Then, 
on taking into account the additive properties of 
specific heat, we can also obtain the magnetic 
component of this quantity: 


b/C =(6/C),, + (6/C),. (10) 
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FIG. 1. Absorption curves in solid solutions of potassium 
chrome alum. Numbers beside the curves indicate the concen- 
tration of magnetic ions in solution; v = 600 Mc/sec. 


FIG. 2. Dependence of the 
constant b/C for the spin sys- 
tem on the concentration of 
magnetic ions in solutions of 
potassium chrome alum. Cir- 
cles indicate measured values 


of b/C. 
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The values of these quantities are shown in Fig. 2. 

The paramagnetic absorption curves in solutions 
of the hydrate of manganese sulphate with a con- 
centration of magnetic ions equal to 90, 80, 60, 50, 
20, and 10% are similar to the curves of Fig. 1; 
we do not reproduce them here. 

The dependence of b/C on the concentration of 
magnetic ions is shown in Fig. 3. From this figure 
it can be seen that in this case b/C falls off rapidly 
with magnetic dilution, approaching the constant 
value 

(0 /C), = 0,40 - 108 oe?. (11) 

Thus experiments have shown that it is possible 
to distinguish between the effects on the specific 
heat of a spin-system due to the interaction of the 
magnetic ions with the electric and the magnetic 
fields of the crystal. 
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those shown in Fig. 4, and are therefore not repro- 


RELAXATION TIME ON THE CONCENTRATION duced here. 


OF THE MAGNETIC IONS 


At sufficiently low frequencies paramagnetic 
absorption in parallel fields is determined only by 
spin-lattice relaxation (cf. Sec. 2) and takes 
place in accordance with the first term in formula 
(7), the exact expression for which (cf. reference 
9) is of the following form 


x" / Xo = pvF / (1 + p?v?). (12) 


We have utilized formula (12) for the measurement 
of p in solid magnetic solutions of CrK(SO,)> 
-12H,O and MnSO,°4H,O (cf. reference 10). The 
absorption in these salts was studied at 7 and 13 
Mc/sec respectively. The absorption curves in 
potassium chrome alum are shown in Fig. 4. The 
absorption curves in manganese sulphate are just 
as representative of spin-lattice relaxation as 


FIG. 3. Dependence 
of the constant b/C for 
the spin system on the 
concentration of mag- 
netic ions in manganese 
sulphate. 
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FIG. 4. Absorption curves in solid solutions of potassium 
chrome alum. Numbers beside the curves indicate the concen- 
tration of magnetic ions in solution; v = 7 Mc/sec. 


The calculated values of p for different con- 
centrations of magnetic ions in the solutions, and 
for different values of the constant field He are 
given in Tables I and II for potassium chrome 
alum and for manganese sulphate respectively. It 
can be seen from the tables that the spin-lattice 
relaxation time increases as the concentration of 
magnetic ions in solution is decreased. The ok- 
served increase in the spin-lattice relaxation time 
ceases in chrome alum at a magnetic dilution by a 
factor of approximately two, and in manganese 
sulphate by a factor of approximately four, which 
is evidently related to the concentration of magnetic 
ions in the initial material. It should be noted that 
the observed effect is more pronounced in weak 
fields. 


4, EXAMPLES OF THE EVALUATION OF THE 
CONSTANTS 6 AND Hj 


CrK (SO, )2°12H,O. Let us evaluate the splitting 
of the sublevels by the electric field of the crystal 


TABLE I. Spin-lattice relaxation time p in potassium chrome 
alum for different concentrations @ of Cr** ions 


ep, 10-* sec 
Ho 


a= 100% | 10% | 50% | 33% 


25% 


e, 10-* sec 


800 | 0.3 | 0.5 | 0.6 

46001) (075951038810 0.08 | 4.00) o420 
2400) EO Sac let Oot on tid. 3 | io 
32008] He 10M eine Adee eae) G 


a = 100% | 10% | 50% 33% | 25% 
4000 | 1.2 | 4.4] 4.6] 4.5 | 4.7 
4800} 4:3 | 1.5 | 1.6 | 4.8 | 1.8 
5600) 44 | 1.6 | 4 Oah 200012, 4 
64001 4,4 | 4.9°|.2,3 | 24 128 


TABLE II. Spin-lattice relaxation time in manganese sulphate 
for different concentrations of Mn?* ions 


ep, 10-7 sec e,10-7 sec 
He 
a=100% 60% | 33% 25% | 10% a=100% | 60% 33% 25% | 10% 
800 3.4 ATOR ABE | NAA 4000 7.5 WA |) WAS || PO) |] 2B 
1600 4.1 WA a |) Af) [ASO 4800 8.6 alisy {6} 20.5 21.0 iG 
2400 5,2 13.0 18,4 | 18.3 | 18.2 | 5600 9.6 TOON P21 One2 2h) 22.0 
3200 6.4 13,4 | 18.7 | 20.0 | 20.0 || 6400 10.0 MSO || lO || BRO | Dr05 
‘ - - - 
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in this salt. On comparing (4) and (9), and on utili- 


zing the value C = 1.87 for the Curie constant, we 
obtain 6, = 0.14°, which agrees with the value 
6, = 0.17°, obtained by other investigators.!1>” 

On substituting into formula (3) the numerical 
values b/C = 0.66 x 10°, C = 1.87, 5, = 0.14°, and 
on setting in accordance with Hund’s rules ©, 
= V156Hi/k and ©, = V36Hi/k (8 is the Bohr 
magneton), we obtain Hj = 1170 oe. 

MnSO,-4H,O. In accordance with formula (6) 


we obtain for the value of the splitting deff = 0.30° 


(the Curie constant is C = 4.37). In formula (6) 
we have set 6; = 6). This is possible because 
64, 69 «< T and the sublevels may be regarded as 
coincident. The value of deff for MnSO,:4H,O 
is apparently measured here for the first time. 
For the evaluation of the internal field Hj in 
the same salt we again set 6; = 6, in formula (5). 
Further, on substituting the numerical values 


b/C = 6.20 x 10°, C = 4.37, deff = 0.30° and on set- 
ting in accordance with Hund’s rules ®, = Vv 358Hj/k, 


@, = V156Hi/k and ®, = V36Hi/k, we obtain Hj 
= 3913 oe. 

CuSO,°5H,O. On substituting into formula (1) 
the numerical value b/C = 0.47 x 10°, and the 
Curie constant C = 0.37 we obtain Hj = 790 oe. 

In accordance with Gorter’s estimate’? made on 


the basis of the concept of dipole-dipole interaction, 


the internal field Hj in CrK (SO,4).°12H,0O, 


MnSO, :4H,O, and CuSQ,-5H,O is respectively 
equal to 310, 1200, and 370 oe. 
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The formation of At2!!-219:207 in lead under bombardment by 80 — 660 Mev protons, 75 — 370 
Mev deuterons and 210 — 810 Mev alpha particles has been studied by radiochemical means. 
The astatine isotopes result from secondary capture of lithium nuclei produced through disin- 
tegrations and having kinetic energies exceeding the Coulomb barrier. The At?!! yield under 
alpha-particle bombardment reaches 0.3 microbarn and is practically independent of the 
alpha-particle energy. Under proton and deuteron bombardment the yield increases with 
particle energy, especially when the proton energy exceeds 400 Mev, and attains 0.2 micro- 
barn at 660 Mev. The At?!! yield is independent of lead target thickness in the 0.8—1.6 mm 
range and decreases for thicknesses smaller than 0.3 mm. The production cross section for 
the captured lithium fragments is computed and their energy spectrum is estimated on the 
basis of the astatine yield from lead. The cross section for production of ‘‘over-Coulomb”’ 
lithium fragments by 660-Mev protons is 3 —6 millibarns. 


INTRODUCTION 


‘Tae most interesting aspect of the fragmentation 
process,'!~® by which we mean the ejection of 
lithium, beryllium and heavier fragments from 
excited nuclei, is the emission of fragments having 
energies that exceed the Coulomb barrier. No 
satisfactory theoretical explanation has thus far 
been advanced for this phenomenon. None of the 
known mechanisms of nuclear reactions can ac- 
count for the fact that an aggregate of nucleons 
may, without being disrupted, receive an amount 
of kinetic energy which sometimes exceeds the 
total binding energy of the nucleons in the frag- 
ment. 

Radiochemical investigations of ‘‘secondary’’ 
reactions” !! provide one method for the study of 
this process. These secondary reactions are pro- 
duced in nuclei of the target by secondary ‘‘over- 
Coulomb’’ fragments. In the present work we have 
studied the formation of astatine isotopes in the 
secondary reaction goPb(Li, xn)gsAt when lead is 
bombarded with high-energy protons, deuterons 
or alpha particles. Lead was chosen as the target 
material for two reasons. The undesirable bis- 
muth, uranium and thorium impurities can be re- 
moved relatively easily from lead. Also, despite 
the very low reaction yield (cross section) of 
10-*° 10-2 em? the astatine end-product can be 
detected conveniently by means of its alpha emis- 
sion. Chemical removal of beta- and gamma- 


active contamination from the reaction products is 
considerably simplified. 


EXPERIMENTAL PROCEDURE 


For reliable observation of a secondary reac- 
tion, the lead target must not contain more than 
10°, 10 or 107°% of bismuth, uranium, or 
thorium, respectively.!° This level of purity was 
attained as follows. The original chemically pure 
lead carbonate was used to prepare lead nitrate, 
which was recrystallized twice from a 75% solution 
(by volume) of methyl alcohol and once from con- 
centrated nitric acid. The nitrate was heated and 
the resulting lead oxide was reduced to the metal 
by means of sucrose at 700 — 800°C. The original 
lead carbonate contained 107*% bismuth, but the 
lead metal revealed no trace of bismuth (< 1073%).* 
Uranium and thorium impurities in the metallic 
lead were estimated from the Ra”? yield under 
bombardment by 120-Mev protons and amounted to 
<10°-°% if we assume a ~10-millibarn cross sec- 
tion for the formation of Ra?’? from these elements.’” 

The targets were bombarded with 80 — 660 Mev 
protons, 75 — 370 Mev deuterons and 210 — 810 Mev 
alpha particles. The bombarding energy was 
varied by placing the target at different radial dis- 


*Bismuth impurity in the lead was determined spectro- 
scopically by M. Farafonov of the GEOKHI (Institute of Geo- 
chemistry and Analytical Chemistry), to whom the authors 
wish to express their appreciation. 
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tances in the beam path. In order to obviate the 
loss of astatine through target heating by the 
proton or deuteron beam, the lead samples, which 
weighed about 1 gram, were sealed in quartz am- 
poules with an outside diameter of 4mm, 30 mm 
length and 0.5 — 0.6 mm wall thickness. Irradia- 
tion periods varied from 0.2 to 2 hours. 

For the purpose of determining the astatine 
yield, 660-Mev protons were used to bombard lead 
foils of different thicknesses placed on the end 
faces of plates forming the magnetic extracting 
channel?? of the synchrocyclotron. The proton 
beam was greatly diffused at the plates and the 
flux was attenuated by a factor of 50 — 100 com- 
pared with the circulating beam. All of the foils 
(each measuring 3 x 40 mm) were placed ina 
row in a Single plane perpendicular to the proton 
beam and were bombarded simultaneously during 
2—10 hours. 

Diisopropyl ether was used to extract astatine 
from the irradiated lead dissolved in hydrochloric 
acid. For further purification, the radioactive 
impurities were coprecipitated with elemental 
tellurium from an alkaline solution, and the asta- 
tine was coprecipitated with elemental tellurium 
from a hydrochloric acid solution. (Details of the 
chemical technique for separating astatine are 
given in reference 14.) As a control some lead 
samples were treated by the procedure described 
in reference 10, which is based entirely on the co- 


precipitation of astatine with tellurium; the astatine 


yields agreed, within experimental error, with 
those of the extraction procedure. 

Our measuring technique and apparatus have 
been described in reference 15. In all experiments 
both 7.5 -hour and ~ 140-day alpha activity were 
detected, which we assigned to At?!! and Po?!?, 

In some experiments activity with a half-life of 
about 2 hours was observed and was assigned to 


IN 
The intensity of the bombarding beam was de- 


termined through the yield of Na” from the alum- 
inum foil in which the samples were wrapped 
during irradiation. The technique for measure- 
ments on Na?! was the same as that described in 
reference 15. The cross sections for N*4 forma- 
tion from Al’ under different bombarding ener- 
gies was taken from references 16—19. For 
deuterons with > 200 Mev and alpha particles with 
> 400 Mev, the cross sections for Naz! formation 
were determined by extrapolating the excitation 
curves of Na?! yield given in references 16 and 17. 
In the case of deuterons this cross section was 
taken to be 22 millibarns, while for 585- and 
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810-Mev alpha particles it was estimated at 18 
and 13 millibarns, respectively. 

Possible errors in beam monitoring during ir- 
radiation of the ampoules were determined by 
comparing the cross sections for astatine forma- 
tion at 660 Mev, in the case of irradiation at the 
magnetic channel with and without ampoules and 
in the circulating beam at reduced intensity. The 
yields in all three cases agreed within experi- 
mental error.* 


EXPERIMENTAL RESULTS 


The yields of At?!! and At?!, and the relative 
yield At?"/at?!! at different proton energies, are 
given in Table I, where (as everywhere below) 
the averages of at least three determinations are 
given. A single determination was obtained only in 
the case of ~ 80-Mev protons. Random errors for 
the astatine yield given in Table I do not exceed 
+30%. The relative yield of At?” takes the 90% 
K-capture branching fraction into account. 


TABLE I 


Prot Yield (cross section), 
Zorce microbarns 
energy, 


Total yield 


(cross section), 


At?(q@, K) with Ti/2 = 25 min was detected in one 
run with 660-Mev protons, and its relative yield 
was estimated. When K capture is neglected we 
have At. /At 000, 

The At?!! and At?" yields are almost identical 
for 660- and 120-Mev protons. For 500—120 Mev, 
the At? yield is about twice as large as that of 
At?!! The yields of the different astatine isotopes 
decrease with decreasing proton energy in approx- 
imately the same manner. The At?!°/At?!! ratio 
averaged over all proton energies is 1.5 + 0.5. 

The last column of Table I gives the total yield of 
isotopes from At?” to At?!!. The yields of At?” 
and At?" were interpolated from the yields of 
At?!1, At?!°, and At?°", Random errors included in 
the total yield do not appear to exceed +50%. 

The At?!! yield at different proton, deuteron, 
and alpha-particle energies are shown in Fig. 1. 


*In the present work all targets were thick enough to make 
the yield independent of target thickness, with the exception 
of the experiments which were specifically intended to deter- 
mine the dependence on target thickness. 


FIG. 1. At?*® yield 
as a function of bom- 
barding energies for 
alpha particles (), 
deuterons (d) and pro- 
tons (p). 
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The highest IMs yield (~ 0.3 microbarn) was de- 
tected under alpha-particle bombardment and 
varies only slightly with increasing alpha-particle 
energy. For deuterons and protons up to 400 Mev 
the At?!! yields are almost identical, and are ap- 
proximately one-tenth as large as for alpha- 
particles. Above 400 Mev, protons produce a 
strong increase of the At?! yield, which for 660- 
Mev protons becomes more than half of that for 
alpha particles. 

It should be noted that in the case of high- 
energy alpha particles At?!! can also be formed 
through alpha-particle capture by Pb?"8 followed 
by m and neutron emission, and also through cap- 
ture by Pb?" followed by 7 emission. However, 
the figure shows that these reactions, if they do 
occur, are weak and not decisive. 

Figure 2 shows the At’! yield from lead foils 
of different thicknesses. Almost no change is ob- 
served in the range 0.3—1.6 mm. Below 0.3 mm 
the yield decreases gradually and for 0.03 mm it 
amounts to half of the plateau value. 


DISCUSSION 


The observed quantity of astatine could not 
have been formed through the disintegration of any 
possible uranium, thorium, or bismuth impurities. 
It is estimated in the case of 120-Mev protons that 
these impurities could not account for more than 
one-tenth of the At?!! and At?!” yields. For 
protons with energies above 120 Mev this fraction 
becomes even smaller. The observed astatine 
activity therefore results almost entirely from 


the secondary reaction of lithium-capture reaction. 


In Fig. 3 the proton-energy dependence of the 
total yield of astatine from lead is compared with 
an analogous curve for the formation of iodine 
from tin.’ The curves are similar and at 660 Mev 
the astatine and iodine yields coincide. 
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FIG. 2. At?! yield from lead foils of different thicknesses 
5 compared with a calculated curve. 
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FIG. 3. Total cross section for the formation of astatine 
isotopes from lead and of iodine isotopes from tin as a func- 
tion of proton energy. 


The total astatine yield (~ 0.2 microbarn ) 
which we obtained with 340-Mev protons agrees 
satisfactorily with the analogous yield of lead from 
gold (0.36 microbarn) obtained with 380-Mev 
protons.!! 

The procedure described in reference 10 was 
used in conjunction with the yields of secondary- 
reaction products to compute the energy spectrum 
of the lithium fragments and the cross sections for 
their formation from lead under bombardment by 
high-energy protons. The experimental yield 
ratios At??/At?!! and At?"/at?"! had to follow 
from the selected lithium spectrum in conjunction 
with the given excitation functions for the reactions 
Po( Li, xn yAt(x=91) 2°3;02. 98) tand the known 
losses of energy through ionization. The spectrum 
was then used to compute the cross section for 
lithium formation. On the basis of the data in ref- 


erence 5 the lithium fragment spectrum was repre- 
sented by* 


P(E)\dE=v#(E—Vje. "ak (1) 
with suitable values of the parameters V and T. 


*We attach no physical significance to this shape of the 
energy spectrum. P(E)dE = EYE, with h= 2, could also be 
used, but the selected formula furnishes a somewhat better 
approximation of all known experimental data. 
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It was assumed that the energy spectra for Li°, 
Li’, and Li® are identical.’ The excitation func- 
tions for the capture of lithium fragments by lead 
isotopes were calculated separately for Li®, Li’, 
and Li® by means of Jackson’s formulas,” while 
Babikov’s formula was used to calculate the cross 
section for lithium capture by lead. 

Figure 4 shows the calculated excitation func- 
tions for the principal reactions in the formation 
of At?!) At?! and At?°? when Li® and Li? are 
captured by different lead isotopes. 25 out of 43 
possible reactions were considered. In each in- 
stance we took into account the abundance of the 
lead isotope, and the relative yields of Li®, Li’, 
and Li® from lead were taken to be 0.55: 0.41: 
0.043 as in the case of gold.!! Familiar formulas” 
were used to calculate the ranges of different 
fragments in lead. 

Table II gives the calculated relative yields 


TABLE II 
1 
V At™/A tat | Atao7/Atet lop j, mb 
| 
14,5] 4,67 0,9 6,0 
6 10,9 (EGS 0,79 6,4 
9,95 “Nay | 0,63 6,7 
tia) 17 0,86 0,7 
10 10,5 12160 0,8 6,0 
9,5 1,97 0,63 6,7 
6,5 4,39 0,28 9,4 
15 See) APT 0,15 dil at 
4,5 1,16 0,09 14,5 


At???/at?™ and At?/at?!! together with the cross 
section for the formation of lithium fragments 
with > 30 Mev in the case of 660-Mev protons, for 
different values of V and T. The critical quantity 
determining the energy spectrum is seen to be 
the relative yield At?""/At?!!, whereas At?!?/At?"? 
and 07, (Ez; > 30 Mev) change very little as V 
and T are varied. V = 15 Mev and T = 4.5—6.5 
Mev correspond to relative yields At?”/At?!! that 
differ strongly from the experimental results 
(Table I). V =6—10 Mev and tT = 10.5—11.5 Mev 
in (1) furnish the energy spectra that best satisfy 
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all experimental data, including those in the litera- 
ture. Figure 5 shows the spectrum of lithium frag- 
ments with energies above 30 Mev (T = 11.5 Mev, 
V =6 Mev). Satisfactory agreement is found be- 
tween the shape of our spectrum and the calculated 
spectrum of lithium fragments from secondary re- 
actions in gold.'! However, the cross section for 
the formation of lithium nuclei with > 54 Mev from 
gold was four times as large as our result obtained 
with 340-Mev protons (9],j = 1 mb from gold; 0.27 
mb from lead). 


FIG. 5. Spectrum 
of lithium fragments 
with energies >30 
Mev, calculated from 
the secondary-reac- 
tion yield in lead. 
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The approximate constancy of the relative yield 
At?°’/At?!! for 660-Mev and 120-Mev protons 
(Table I) indicates that the spectrum of over- 
Coulomb lithium fragments is either independent 
of proton energy or is only very slightly dependent. 
As a check, the calculated probability of At?" 
formation as a function of lead-foil thickness was 
compared with the experimental curve. For the 
purpose of the calculation we estimated the 
effective ranges of lithium nuclei in foils of differ- 
ent thicknesses, using the angular distributions of 
fast lithium fragments given in reference 5. The 
probability of At?!! formation in lead of thickness 
6 was computed as the difference between the pro- 
bability wy of formation by a fragment of the given 
energy in infinitely thick lead and the probability 
w of formation by a fragment with this same 
amount of energy remaining after it had traversed 
a lead layer of thickness 6. We have 


Wy = > N,o:Ad;, (2) 
i=1 


where N, is the number of lead atoms per cm’, 
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oj is the cross section for lithium capture leading 
to At?! formation, Alj is the ionization range of a 
fragment in lead within the energy range (Ei 

+ AEj; Ej). The probability of At?!’ formation was 
integrated numerically over the entire lithium 
energy spectrum for each thickness 6. 

The curve in Fig. 2 represents the calculated 
dependence of the probability of At?!! formation; 
agreement with experiment is found at thicknesses 
beginning with 0.24 mm. The curve satisfactorily 
represents the falling-off of experimental values 
for small lead thicknesses. The postulated identity 
of the spectra of different lithium isotopes and the 
assumption of a value for the Li®: Li’: Li® ratio, 
as well as the possible differences between the 
calculated and actual excitation functions, some- 
what reduce the reliability of the conclusions 
reached with respect to both the spectrum and the 
dependence of the yield on foil thickness. These 
conclusions must therefore be regarded as only 
qualitative. 

Our experimentally observed dependence of the 
probability of At®!! formation on lead-foil thick- 
ness permits an independent estimate of the cross 
section for the production of over-Coulomb lithium 
nuclei. This cross section, which we denote by 

j» is obtained from the relationship 


B= No? oki Al. 


(3) 
Here B is the astatine yield for a given proton 
enercy, oli is the energy-averaged cross section 
for lithium capture by lead isotopes with subse- 
quent astatine (At?!!) formation. B and Al are 
obtained directly from Fig. 2: B is the ordinate 
of the curve at saturation, and AZ represents 
roughly half of the lead thickness at which the 
probability of At’!! formation begins to decrease 
from saturation. or, = 0.1 barn was calculated 
from the excitation functions for the reactions 
resulting in At?!! formation, taking into account 
the abundances of the lead isotopes and the yields 
of different lithium nuclei. Substitution into (3) 
gives OT; 3 — 4 millibarns, which agrees satis- 
factorily with the cross section for the formation 
of over-Coulomb lithium fragments that is calcu- 
lated from the energy spectra. 

Some remarks on the mechanism for the forma- 
tion of over-Coulomb fragments are in order. Al- 
though certain authors have used the statistical 
model??:?4 to account for various characteristics 
of fragmentation, this model cannot account for the 
origin of over-Coulomb fragments. The statistical 
model accounts for most of the fragments having 
energies close to that of the Coulomb repulsion, 
but not for the considerable fraction of over- 
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Coulomb fragments. This can be seen from refer- 
ence 4, for example, where emulsions were used 
to study the energy spectra of fragments. The 
authors of this paper discuss the partial success 
of evaporation theory and point to the need for 
some new mechanism. Our own work also shows 
that the energy spectrum of over-Coulomb frag- 
ments cannot be explained by means of the statis- 
tical model. If the parameter T = 10.5—11.5 Mev 
is given the physical meaning of a nuclear temper- 
ature, as is required in evaporation theory, we 
arrive at the absurd result that the excitation 
energy of the nucleus is several times greater 
than the energy of the bombarding particles. On 
the other hand, when we insert into (1) the values 
V = 15 Mey and Tt = 4.5 — 5.5 Mev, which are reas- 
onable from the point of view of evaporation theory, 
we see from Table II that At?"/at?" is consider- 
ably below the experimental value. 

The formation of over-Coulomb fragments can- 
not be accounted for within the statistical model by 
any possible ‘‘local’’ superheating of a nucleus as 
a result of pion creation and absorption, for 
example.?°»?6 Figure 1 shows that over-Coulomb 
fragments are also produced at bombarding ener- 
gies lying considerably below the threshold for 
meson production. 

Over-Coulomb fragments are in all likelihood 
ejected before nuclear heating occurs, so that the 
statistical treatment is altogether unsuitable. This 
is indicated, for example, by the relationship be- 
tween the yield of high-energy fragments and the 
number of cascade particles in disintegrations,‘ 
as well as by the high degree of forward emission 
of over-Coulomb fragments which has been noted 
in almost all studies of fragments in emulsions. 
We consider it more promising to regard the 
formation of over-Coulomb fragments as the re- 
sult of direct many-particle interactions between 
nucleons of the target nucleus and both the bom- 
barding particle and cascade nucleons.”’ Such 
interactions seem possible if we assume that the 
distance of nucleon separation in nuclear matter 
fluctuates so that nucleons can briefly come much 
closer than the average distance. Under these 
conditions an incoming particle could interact 
with a fluctuating group of nucleons as a whole and 
transfer to the latter a considerable fraction of its 
energy. However, we do not believe that we can 
apply the fluctuating-compression model of 
nuclear matter in the form that has been developed 
to account for the emission of high-energy 
deuterons.”® This model yields a very small 
probability for the formation of over-Coulomb 
fragments and does not at all account for the fact 
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that we have observed the fragment yields to de- 
pend differently on proton and alpha-particle 
energies. 

It must be noted that if many-particle inter- 
actions are responsible for the formation of over- 
Coulomb fragments, then reactions with multiply- 
charged ions should produce instances of the in- 
verse event wherein the energy of an incoming ion 
is transferred to single nucleons. The fact that 
Karamyan and Pleve’’ have observed events in 
which the entire excitation energy (~ 60 Mev) 
was transferred to two nucleons indicates that such 
inverse many-particle interactions may occur. 

The authors wish to thank E. N. Sinotov for ex- 
perimental assistance and B. V. Kurchatov for 
valuable critical comments. 
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The work is devoted to the experimental study of magnetoacoustic vibrations in a cold 
plasma. It is shown that under certain conditions a high frequency electromagnetic field 
strongly penetrates into the plasma with an attendant resonance absorption of energy of the 
field. Results of the investigation of resonance at frequencies of 12.5 Mc/sec and 50 Me/sec 
by various methods are described. These results are compared with the theoretical 


predictions. 


ih. For the investigation of the interaction of 
plasma with a variable electromagnetic field, it is 
first necessary to investigate the conditions for 
the appearance of vibrations inside the plasma. It 
is well known that in the absence of a static mag- 
netic field, an electromagnetic field with a fre- 
quency lower than the plasma is reflected from 
the boundary of the plasma and does not penetrate 
inside. According to the theory, a static magnetic 
field should make possible the penetration into the 
plasma of vibrations with frequencies below the 
plasma frequency. In the present research, the 
problem was to investigate the appearance of vi- 
brations perpendicular to the static magnetic field 
ina plasma. The physical picture of the phenom- 
enon reduces in this case to compression and dila- 
tation of the material together with the field 
‘‘frozen’’ in it. The intensity of the field inside 
the plasma does not change as a consequence of 
the penetration of the external field but as a result 
of the compression and dilatation of the field 
‘‘frozen’’ in the plasma. In its physical mechanism 
the process is analogous to ordinary sound vibra- 
tions, except that the fundamental role is played 
by the magnetic pressure H?/8m rather than the 
gas pressure. Therefore, the plasma oscillations 


that are investigated are known as magnetoacoustic. 


As is known from theory, the velocity of propa- 
gation of magnetic ‘‘sound’’ in a cold plasma is 
close to the Alfvén velocity Hy) /V4mp, where Hy is 
the intensity of the static magnetic field and p is 
the density of the plasma. Under certain relations 
between Hp), p, the angular frequency of the vibra- 
tion w, and the radius of the plasma cylinder R, 
magnetoacoustic resonances should be observed.! 

The resonance condition can be put in the form 


aH /@RV 4np = 1, (1) 
where a@ is a dimensionless number characterizing 
the type of vibration. If the frequency w were less 
than the collision frequency, then the quantity p 
would represent the total density of the gas. Under 
our conditions, the frequency w is large in com- 
parison with the collision frequency, so that only 
charged particles take part in the vibrations. In 
this case p in Eq. (1) represents only the density 
of the charged particles of the plasma. 

In the idealized case of purely radial vibrations 
of an infinite piasma cylinder,’ where the wave 
vector is perpendicular to the direction of the 
magnetic field, penetration of the vibrations into 
the plasma should remain impossible for frequen- 
cies higher than the ‘‘hybrid’’ frequency,’ which is 
close to the geometric mean of the electronic and 
ionic cyclotron frequencies. Here, anomalous dis- 
persion should be observed close to the ‘‘hybrid’’ 
frequency. However, a small component of the 
wave vector along the magnetic field‘! is sufficient 
to prevent the anomalous phenomena pointed out 
above. 

The spatial distribution of the amplitudes over 
the radius of the plasma cylinder should, accord- 
ing to theory,'. be expressed in terms of Bessel 
functions of first order. If the static magnetic 
field is directed along the axis of the cylinder 
while the wave vector is almost perpendicular to 
it, then the fundamental role will be played by the 
axial component of the variable magnetic field 
Hz ~ Jo (kr) and the azimuthal and radial compo- 
nents of the electric field Eg, Ey ~ J, (kr). 

The boundary condition is that Ey vanish on the 
internal surface of the metallic housing. Since the 
velocity of propagation of the wave is much greater 
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in the vacuum than in the plasma, one can consider 
the same condition to be satisfied on the lateral 
surface of the plasma cylinder. Then the radial 
wave number k is determined from the condition 
that kR be the root of the Bessel function of first 
order. 

The amplitude of the velocity of the radial mo- 
tion of the plasma is estimated as 


vp = Huy | Hy = HV 4n, 


where uph is the phase velocity of the magnetic 
*‘sound.’’ In first approximation, the ions and 
electrons move in the radial direction together. 
Moving in the azimuthal direction are essentially 
the electrons; their motion has a drift character 
with a velocity amplitude that can be estimated as 
Vo ® wjvr/w, where j is the ionic cyclotron 
frequency. 

2. In the experiment we investigated the inter- 
action of a high-frequency electromagnetic field 
with a cold plasma in a cylindrical volume in the 
presence of an axial quasi-static magnetic field 
H) (see Fig. 1). 

It must be noted that the plasma was generated 
by the same high-frequency field whose interaction 
with the plasma was being studied. This led toa 
marked change in the density of charged particles 
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FIG. 1. Block diagram of the experimental setup. 1 —vac- 
uum chamber; 2—electron-optical light amplifier; 3, 4—mirror 
projecting the illumination of the plasma and the time marker 
from the screen of the oscillograph 23 on the electron-optical 
light amplifier; 5,9, 11,20 and 23 -— OK-17M oscillographs; 

6, 7—high-frequency detectors; 8 — magnetic probe; 10-—photo- 
multiplier; 12—self-excited generator (f = 12.5 Mc/sec); 13— 
solenoid of the quasi-static magnetic field (Hpmax = 12 koe); 
14—tank circuit of the generator 12; 15 — spectrograph; 16 — 
charging system; 17—discharger; 18 and 22 — probe-signal 
generators with wavelengths 3.cm and 8 mm; 19 ~~ capacitor 
bank; 21 — optical probe. 
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in the plasma under resonance conditions. Conse- 
quently, the experiments were carried out under 
essentially nonlinear conditions. 

The plasma was prepared in a glass tube 7 or 
10 cm in diameter and 175 cm long. The field 
Hy) was generated by an oscillating discharge of a 
capacitor bank through a solenoid. 

The experiments were conducted under two 
arrangements. The period of vibration of the 
field Hy was 6.25 x 10 ° sec in the first arrange- 
ment, and 8 x 10 ? sec in the second. The high- 
frequency magnetic field H was excited parallel 
to the direction of the field Hy) by means of an in- 
duction coil mounted on the discharge tube. In the 
first arrangement, the coil was 20 cm long, com- 
posed of four windings, and formed the inductance 
of the high-frequency oscillator tank circuit. The 
generator operated at a frequency of 12.5 Mc/sec 
and had a power of approximately 20 kw. 

In the second arrangement, the coil of the high- 
frequency magnetic field consisted of a single 
winding and was a copper tube 60 cm long with an 
axial cut to which was attached the capacitance of 
the circuit. This circuit was excited at a frequen- 
cy of 50 Mc/sec from an independent generator. 
The power from the generator was of the order of 
200 kw and was supplied through a coaxial line of 
length (°)A. 

Various methods were employed for the inves- 
tigation of the character of the charge under ob- 
servation. 

With the aid of a FEU-19 photoelectric multi- 
plier and an OK-17M oscillograph, the time sweep 
of the glow of the plasma was observed, and the 
distribution of the brightness over the radius of 
the discharge column was studied. In the latter 
case a miniature photoconductor lying along the 
radius of the discharge tube was used as the 
optical probe 21.* 

The penetration of the high-frequency vibrations 
into the plasma and the distribution of amplitude 
of the high-frequency magnetic field along the 
radius were studied by means of a magnetic probe 
8, which moved along the radius of the discharge 
tube (see footnote ). 

In the arrangement with frequency f = 12.5 
Mc/sec, the load of the high-frequency generator 
during the discharge process was determined by 
means of the grid and anode currents. 

The discharge glow was swept by means of an 
electron-optical light amplifier through a small 
slit diaphragm (see reference 4). The time scan 


*A thin glass tube which isolated the probe from the volume 


of the plasma was employed for this purpose. 
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FIG. 2. The results of observation of the discharge in hydrogen (a), air (b), and argon (c) for a frequency of 50 Mc/sec. The 
pressure was 8 x 10~* mm of mercury (a, b) and 3 x 10 mm of mercury (c). The amplitude of the magnetic field 
in the oscillator circuit was 27 oe (a), 13.5 oe (b) and 15 oe (c). The amplitude of the quasi-static magnetic field H, = 5.3 koe 
with a period of 8x10-*sec. The time markers on all the oscillograms are 5 x 10~* sec apart: I—oscillogram of the field Hj; 
II — oscillogram of the voltage on the magnetic probe placed in the center of the discharge chambers; III—the oscillogram of the 


high-frequency probing signal with wavelength A = 8 mm. 


of the discharge spectrum was observed and the 
Doppler half-width of the line Hg was measured 
by the same method. 

The plasma was probed with plane polarized 
microwaves of wavelengths 3 cm and 8 mm to 
estimate the concentration of the charged parti- 
cles. In this case the direction of the electric 
vector was parallel to Hy. The experiments were 
carried out on hydrogen, helium, argon, and air in 
the range of initial pressures from 10 ‘ to 6 
x10 3? mm of mercury. 

The most interesting result of these experiments 
was the discovery in the range of magnetic fields 
from 300 oe to 5 koe of characteristic resonance 
phenomena, which were accompanied by a sharp 
increase in the brightness of the plasma radiation, 
by an increase in the concentration of charged par- 
ticles, by penetration of the high frequency vibra- 
tions into the plasma, and by an increase in the 
loading of'the generator. These peculiarities of 
the process are clearly seen in the photographs of 
Figs. 2 and 3. Figure 2 shows an oscillogram of 
the magnetic probe and an oscillogram of the 
passage of radio waves of wavelength 8 mm 
through the plasma. These were obtained in the 
arrangement with frequency of 50 Mc/sec for a 
discharge in hydrogen (a), argon (b), and air (c). 
Figure 3 shows the different experimental results 


obtained in the other arrangement (f = 12.5 Mc) 
for discharge in hydrogen. 

It is seen in these photographs that for a cer- 
tain (resonance) value of the quasi-static mag- 
netic field Hj = Hp, the loading of the high- 
frequency generator increases sharply while the 
high-frequency oscillations penetrate up to the 
axis of the discharge. In this case the illumination 
of the discharge increases rapidly and the micro- 
wave probe is cut off. This picture is repeated 
periodically, twice every half cycle of the mag- 
netic field Hp. 

The characteristic resonance interaction of the 
high-frequency electromagnetic field with the 
plasma also appears clearly in the brightness of 
the individual spectral lines, see Fig. 4, where 
streak photographs are shown of the individual 
parts of the hydrogen spectrum. 

It can be noted in the photographs that, in addi- 
tion to the lines of the atomic and molecular hydro- 
gen in resonance, there is a number of admixture 
lines (for example, the lines 4794.5, 4810.1, and 
4819.5A). It is interesting that the time of their 
light emission constitutes only a part of the time 
of the passage through resonance from the side of 
low values of Hy. Since the admixture lines appear 
because of the interaction of the plasma with the 
walls of the discharge tube, the latter circum- 
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FIG, 4. Streak 
photographs of the 
separate parts of the 
discharge spectrum in 
hydrogen under condi- 
tions of resonance 
(f = 12.5 Mc/sec) ob- 
tained by means of a 
light amplifier and an 
ISP-51 spectrograph. 
The arrows denote 
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FIG. 3. The results of observation of discharge in hydrogen 
at a frequency of 12.5 Mc/sec obtained in a single experiment. 
The pressure was 10~* mm of mercury. The amplitude of the 
quasi-static magnetic field H, and of the high-frequency mag- 


netic field in the oscillator circuit H were equal to 3.43 koe when the admixture lines are not radiating, the 
and 30 oe, respectively. The times of passage of H, through 


zero are marked by arrows. The time scale (period of sinusoidal plasma has not reached the walls of the tube. 
vibrations) on all oscillograms was 0.5 msec. I —oscillogram The dependence of the resonance magnetic field 
of the high-frequency testing signal with wavelength X=3cm; Hp on the amplitude of the high-frequency magnetic 
II — oscillogram of the signal from the photoelectric multiplier field H in the circuit in the absence of plasma was 
which recorded the brightness of the plasma in the center of discovered and investigated in these experiments. 
the discharge tube; III —the oscillogram of the anode current In the arrangement with frequency 50 Mc/sec, the 


of the high-frequency generator; IV —streak photograph of the following experimental results were obtained for 
illumination obtained with the help of the light amplifier. The discharge in hydrogen: 


photography was carried out perpendicular to the direction of 
H, through a narrow slit diaphragm located perpendicular to ft delay Gs 6) 2B 268) Be Bos 
the axis of the discharge tube. Hy 1300 . 1500 1750 2050 2850 3400 oe 
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FIG. 5. Amplitude distribution of the high- 
frequency magnetic field (solid line) and of light 
(dashed line) along the radius: a—discharge in 
hydrogen (p = 9 x 10~ mm mercury); Hp ~ 800 05 
oe; b—discharge in argon (p = 3 x 10-° mm mer- 
cury); Hp = 1000 oe. 
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One can see from these data that the field Hp in- 
creases with increasing H. 

The dependence of Hp on the mass M of the 
ions taking part in resonance was also studied. 
For investigation of this dependence, experiments 
were carried out on hydrogen, helium, argon, and 
air under approximately the same conditions. An 
increase of Hp with increase in M was established 
in this case. 

In Fig. 5a are shown the radial distributions of 
amplitude of the high-frequency magnetic field and 
the light emission of the plasma for resonance in 
hydrogen, obtained in the arrangement with a fre- 
quency of 50 Mc/sec. In Fig. 5b are shown the 
similar distributions for resonance in argon. It 
can be seen that the amplitude of the magnetic 
field has a relative maximum on the axis of the 
discharge, passes through a minimum approxi- 
mately in the middle of the radius, and reaches 
its maximum value at the boundary of the plasma. 

Attention should be paid also to a peculiarity of 
the phenomenon — the fine structure of the reso- 
nance. It can be noted in all the photographs 
shown in Figs. 2 and 3. It is most clearly evident 
in the streak photographs of the plasma shown in 
Fig. 6. This resonance in the second quarter of 
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FIG. 6. Splitting of the resonance into two (a) and three-(b) 
narrow resonances. I—streak photograph of the discharge ob- 
tained by means of the light amplifier. The photography was 
carried out in the direction perpendicular to H, through a nar- 
tow Slit located perpendicular to the axis of the discharge 
tube; II —oscillogram of the signal from the photoelectric am- 
plifier which records the light emission of the plasma in the 
center of the discharge tube. The pressure of the hydrogen: 
a—3.5 x 107° mm mercury; b—10~* mm mercury. The ampli- 
tudes H, and H are respectively equal to 3.43 koe and 74 oe. 
The arrows indicate the times of passage of H, through zero. 
The time scale (period of the sinusoidal oscillations) in all 
the photographs is equal to 0.5 msec. 
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FIG. 7. Photograph of 
the Hg line obtained by 
means of the light ampli- 
fier and the ISP-51 spec- 
trograph (focal length of 
the camera 1300 mm); 
a—in the spectrum of a 
standard DVS-25 hydrogen 
tube; b—in the high- 


frequency discharge os = oe 

(without the field H,). ee 1A 

the period of the field Hy is divided in one case 
(a) into two, and in the other case (b) into three 
separate narrow resonances. The nature of this 
effect, which appears at lowered initial pressures 
in the discharge tube, was investigated. 

An estimate of the high-frequency energy ab- 
sorbed at resonance was carried out in the arrange- 
ment with frequency 12.5 Mc/sec. At a generator 
power of 20kw, the plasma absorbed about 10 kw of 
energy. This power is evidently mainly expended 
in ionization of the gas. 

In the energy balance an important role must 
be played by the charge exchange with neutral 
atoms by means of which the energy absorbed by 
the plasma reaches the wall of the discharge 
chamber. From this point of view there is interest 
in the measurement of the temperature of neutral 
atoms in the discharge. Such measurements, 
based on the Doppler width of the Hg line, were 
carried out with the aid of a light amplifier for the 
high-frequency discharge outside the resonance 
conditions (in the absence of the field H)).* The 
results of the measurements are shown in Figs. 7 
and 8. In this case the Doppler broadening of the 
Hg line in the discharge was shown to be equal to 
~ 0.6A, which corresponds to a gas temperature 
of 2.5 ev (in energy units). 

3. The experimental material just given makes 
it possible to draw the conclusion that a magneto- 
acoustic resonance was observed in the experi- 


FIG. 8. Results of 
photometry of the negative 
of photographs shown in 
Figs. 7a and b. Light in- 
tensity is plotted along 
the ordinate in arbitrary 
units (the same for a and 
b). Thin horizontal lines 
indicate the half-width of 
the spectral lines. 


Scale for the curve ‘‘b’’ 
Scale for the curve ‘‘a’’ 


*In this case the ion density in the discharge was < 10? 
cm~* and the Stark broadening of the line was much smaller 


than the Doppler broadening, 
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FIG. 9. Radial dis- 
tribution of the compo- 
nents H, and Hg of 
the amplitude of the 
high-frequency mag- 
netic field obtained in 
the arrangement with 
frequency 50 Mc/sec 
for Hp ~ 800 oe in hy- 
drogen (p = 9 x 107* 
mm of mercury). 
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ments we have described. The phenomenon can be 
ascribed neither to electronic nor to ionic cyclo- 
tron resonance, since the observed resonance fre- 
quency lies far from the corresponding cyclotron 
frequencies. The dependence of the resonance 
field Hp on the amplitude of the variable field H 
becomes understandable if we keep it in mind that 
the preliminary ionization in our experiments was 
brought about by the same high-frequency field 
whose interaction with the plasma was studied. 
This means that the change of the amplitude of the 
high-frequency field should lead to a change in the 
density n of charged particles which was estab- 
lished before the initial resonance. Consequently, 
the experimental results given above qualitatively 
reflect the dependence of Hp on the density n 
according to Eq. (1). The observed dependence of 
Hp on the mass M of the ion agrees qualitatively 
with this formula. 

For quantitative comparison of Eq. (1) with ex- 
periment, an exact measurement of the quantity 
p =nM is required. Such measurements were not 
carried out. The microwave testing made it pos- 
sible to establish only the limiting values of the 
electron density, equal to 10’? and 1.6 x 10cm’, 
respectively, for the three-centimeter and eight- 
millimeter probes. An even larger inaccuracy is 
attributable to the mass M, inasmuch as in the 
process of discharge a considerable amount of 
impurity gas from the walls of the chamber enters 
into the discharge. 

It can be assumed that qualitative agreement 
with theory is obtained also for the radial distri- 
bution of amplitude of the high frequency magnetic 
field at resonance (Fig. 5a), if we assume that 
the damping is sufficiently large (a Q of ~3 ). 


Experiments with argon shown in Fig. 5b are of 
interest inasmuch as they were carried out ina 
range of frequencies known to be above the. 
‘“‘hybrid.’’ In the case of purely radial vibrations 
in this region there should be no penetration of 
the variable field into the cold plasma. However, 
experiment shows that penetration does exist and 
in its character it differs slightly from what takes 
place at a frequency below the ‘‘hybrid.’’ One can 
therefore draw the conclusion that under experi- 
mental conditions transverse magnetoacoustic 
vibrations are observed with the direction of 
propagation not exactly perpendicular to the field 
Hy. This is confirmed by probe measurements of 
the azimuthal magnetic field Hy (see Fig. 9). 
One should note one more fact of qualitative agree- 
ment of theory with experiment which takes place 
behind the region of magnetoacoustic resonance, 
on the side of higher magnetic fields. Here, as 
follows from the evidence of the magnetic probe, 
for an increase of Hy above a certain limiting 
value, the variable field begins to penetrate freely 
into the region of the discharge chamber, as ina 
vacuum. Simultaneously, the power loss to the 
plasma and the intensity of the radiation of the 
plasma falls off sharply. 

The limiting field corresponds approximately 
to the conditions in which the azimuthal drift 
velocity of the electrons 

Ve = (@ /o) H/V 4p 
becomes insufficient for effective ionization. 

In conclusion, the hope can be expressed that 
the observed magnetoacoustic resonance in which 
an intensive penetration of the high frequency vi- 
brations into the plasma takes place is of interest 
from the point of view of the heating of a dense 
plasma. 

The authors take note of the constant interest 
and cooperation displayed by Academician I. V. 
Kurchatov toward the completion of the present 
work. 
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Cross spin relaxation has been detected in the hyperfine structure of electron paramagnetic 
resonance of Co?* ions in corundum. The cross-relaxation time Tj, has been measured and 
found to be 0.27 sec and independent of the temperature. 


(ros spin-spin interaction, i.e., interaction 
between spins with different resonance frequencies, 
plays an essential role in the dynamics of spin 
systems. In particular, it is of great significance 
in processes occurring in paramagnetic amplifiers. 

The question of cross spin relaxation was re- 
cently analyzed in detail by Bloembergen et als? 
who gave an explanation for the previously ob- 
served’ effect of cross saturation of hyperfine 
structure components of electron paramagnetic 
resonance of copper ions in a single crystal of 
Tutton salt. 

Cross-relaxation is prominent in systems of 
spins with not very different resonance frequencies. 
A group of closely spaced transitions occurs, for 
example, in the case of the Co2* ion in corundum. 
For this ion the effective electron spin is S’ = Ws 
and the nuclear spin is I= WE The electron para- 
magnetic resonance lines for this ion have a well 
resolved hyperfine structure of eight components.?** 

We have investigated the cross spin relaxation 
of transitions corresponding to different orienta- 
tions of the nuclear spin. The sample of corundum 
containing cobalt used by us had a low concentra- 
tion of cobalt (107%); the spin-lattice relaxation 
time T, at a temperature of 4.2°K was 1.2 sec. 
For the crystal orientation in the external mag- 
netic field (H parallel to the trigonal crystal axis ) 
used by us the width of an individual hyperfine 
structure component was 7.5 oe, the separation 
between the components was 30 oe. 

The experiment was carried out in the following 
manner. The sample under investigation was 
placed into a rectangular resonator tuned simul- 
taneously to two closely spaced frequencies v; and 
VY, ~ 9200 Mc/sec. The resonator had a nearly 
square cross section; oscillations of TE),,; and 
TE 9; type were excited in it. The sample was 


log (Jj-I) 


Q Q5 
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placed at a position of a maximum of the high fre- 
quency magnetic field in the resonator in such a 
way that the transitions between the levels would 
be induced by the high frequency field due to both 
types of oscillations. By means of a super- 
heterodyne microwave spectroscope electron 
paramagnetic resonance lines were observed at 
the frequency v, at a power level which excluded 
the possibility of saturation (107!°w). Saturating 
pulses were applied at the frequency v). The use 
of different frequencies for saturation and for ob- 
servation enabled us to avoid interruption in the 
operation of the receiver due to the effect of the 
saturating pulse. The recovery of the intensity of 
the lines after the saturating pulse was turned off 
was recorded by a movie camera. 

The diagram shows the dependence on the time 
of log (Jj — J) for two different cases; J is the 
intensity of absorption which is proportional to the 
population difference between the spin levels n, 
while Jy is the intensity of absorption in the case 
of thermal equilibrium. 

In the case corresponding to curve 1 all eight 
hyperfine structure components were saturated to 
the same degree. Curve 2 corresponds to the case 
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when only one outermost component was saturated 
by a short pulse. In the first case the relaxation 
process is described by a single exponential 


io —=— Aes, (1) 


In the second case due to the cross spin-spin 
interaction the relaxation occurs more rapidly; the 
saturation of a single component immediately leads 
to partial saturation of other components, and only 
after a certain time the spin system regains equi- 
librium and relaxes as a whole according to the ex- 
ponential law (1). The relaxation process in the 
second case can be easily calculated under the 
following assumptions: a) the cross-relaxation 
between each pair of neighboring components is 
described by the single parameter Tj), the cross- 
relaxation time, b) cross spin-spin interaction is 
taken into account only for neighboring components. 
In this approximation the relaxation of the popula- 
tions of the eight pairs of spin sublevels differing 
in the values of the components of nuclear spin is 
described by the system of the following kinetic 
equations: 


dt Ti Ti2 

dng _Mg—te , Ng—MNe , M1i—Ne 2 
eerie Sn ‘ Pr. a2) 
dng __ My —Ns Ny — Ng 

ihe Te TTR T12 


The solution of this system is a sum of eight dif- 
ferent exponentials: 


8 
No — 1; = >} Aye l', hy= 1/7, +67 /T x, 
j=1 
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where the cj are constants. The coefficients Aji 
depend on the initial conditions. 

Calculations show that the theoretical relaxation 
of a single hyperfine structure component agrees 
well with the experimental results if we take Ty. 
= 0.27 sec. The results of such calculations are 
shown in the diagram by the curve, and the experi- 
mental values by points. 

We note that the relaxation process at several 
different temperatures (1.8, 2.15, and 4.2° K) is 
characterized by different values of T,(3.0 sec at 
1.8° and 1.2 sec at 4.2° K), while the same values 
are obtained for the parameter Tj. 

In the case of saturation by a long pulse (of 
duration ~ T,.) the process is described by a 
similar system of kinetic equations, but the nature 
of the concrete relaxation process depends strongly 
on the amplitude and the duration of the saturating 
pulse. 
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Phys. Rev. 114, 445 (1959). 

2Giordmaine, Alsop, Nash, and Townes, Phys. 
Rev. 109, 302 (1958). 
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The composition of slow ions produced by 10 to 50 kev HW and O” ions in He, Ne, Ar, Kr, 
Xe, H), Ny, and O, is analyzed with a mass spectrometer. The data of the present investiga— 
tion, as well as those of a previous study by the authors in which the total cross sections for 
positive ion formation were measured, have been employed to calculate the cross sections 
for ionization involving the detachment of a definite number of electrons from the atom. The 
effective cross sections for production of slow ions with various charges by H™ and H* ions 


are compared. 
INTRODUCTION 


Wauen an atom of nuclear charge Z is ionized 
by negative ions, slow ions are produced with 
charges from e to Ze. By means of a method of 
collecting these ions on the plate of a measuring 
capacitor, the value o° of the total cross section 
for the production of positive ions can be deter- 
mined. This type of measurement for the ioniza- 
tion of a number of gases by H” and O° ions has 
been made in our previous work. ! 

Z The cross section o represents the sum 
2B where Oe is the cross section for ioniza- 
ne 


tion with the detachment of n electrons from the 
atom.* It is of interest to measure the cross sec- 
tions ese for which it is necessary to study the 
charge composition of the slow positive ions that 
are produced. An investigation of the composition 
of similar ions when fast positive ions pass through 
gases has been carried out in a number of experi- 
ments by Fedorenko and co-workers.” ° 

Attention should be directed to one important 
difference in the processes of production of slow 
positive ions by fast positive and negative ions 
passing through gases. In the case of positive 
ions traveling through the gas, a positive ion of 
given charge is produced as a result of pure ioni- 
zation processes, and also as a result of electron 
capture processes or processes of ionization with 
electron capture.°® In this case, the cross sections 
for the production of slow ions are the sums of the 


*Here and in what follows, we shall use the notation for 
cross sections introduced by Fedorenko and Afrosimov.? 


cross sections of all the above processes. Nega- 
tive ions cannot capture electrons from the gas 
particles and, as a result, when negative ions 
travel through the gas, slow positive ions are pro- 
duced only in pure ionization processes. This fact 
makes it of interest to determine the cross sections 
oi for negative ions. In the present work, meas- 
urements were made of the cross section oi for 
the ionization of gases of He, Ne, Ar, Kr, Xe, Hp, 
N,, and O, by 10 to 50 kev H™ and O' ions. 


APPARATUS AND METHOD OF MEASUREMENT 


The source of negative ions and the collision 
chamber in which the interaction between the nega- 
tive ions and gas particles takes place have been 
described previously;!” therefore, we give here 
only a description of the analyzer of the charges 
of slow ions (Fig. 1). 

The slow positive ions produced in the path of 
the negative ion beam are accelerated by an elec- 
tric field towards plate 1 of the third capacitor of 
the chamber (see Fig. 1 in reference 1), having 
a 20 x 20 mm opening covered by a grid with a 
transmission of 97%. The ions, upon passing 
through the grid, enter the space between the plate 
and end plane of electrode 2. This electrode is a 
tube 18 mm in diameter and 175 mm long. In this 
space the ions are additionally accelerated by the 
difference in potential Vg applied between plate 1 
and electrode 2. Upon passing through a slit of 
dimensions 2 x 10 mm in the end plane of electrode 
2, the ions are then focused by the electric field 
Vf in the gap between electrode 2 and the chamber 
of the magnetic mass spectrometer 6. Electrode 2 
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FIG. 1. Diagram of charge analyzer. 


is insulated from the housing of the collision 
chamber and mass-spectrometer chamber by 
glass insulators 3 welded to kovar cylinders 4. 
Electrode 2 is soldered to the middle of these cy- 
linders. The system supporting electrode 2 was 
joined to the mass-spectrometer chamber through 


bellows 5, which made it possible to adjust the posi- 


tion of the mass spectrometer with respect to the 
beam of ions coming from the ionization zone. 

The charge analysis of the slow ions was car- 
ried out by means of a magnetic mass spectrom- 
eter with a beam deflection angle of 60° anda 
mean trajectory radius of 16.4 cm. The height of 
the gap between the poles of the electromagnet was 
50 mm. The maximum field intensity in the gap 
was 6000 oe. The brass chamber of the mass 
spectrometer was insulated from the poles of the 
electromagnet by two Plexiglas plates 5 mm thick. 
The measurement of current in the Faraday box 8 
at the mass-spectrometer exit was carried out by 
an EMU-3°vacuum-tube electrometer of sensitivity 
10-4 amp/division. In order to deliver the sec- 
ondary emission from the Faraday box to electrode 
9, a potential of — 50 volts was used. In front of 
the Faraday box was a slit 7, 20 mm high. The 
slit width could be adjusted from 0 to 20 mm with- 
out disturbing the vacuum. 

The primary beam current on a Faraday box 
situated after the exit channel of the collision 
chamber was measured by a mirror galvanometer 
of sensitivity 107° amp/division. The currents in 
the Faraday box of the mass spectrometer and in 
the primary beam were measured simultaneously, 
which substantially reduced the error associated 


with current fluctuations in the primary beam. 
Additional evacuation of the mass-spectrometer 


chamber was provided on the exit side by an 
MM-40 oil-diffusion pump, insulated from the 


chamber by a porcelain ring 18 mm high. The 
pressure in the mass-spectrometer chamber 
when the gas was let into the collision chamber 
was 5 x 10° mm Hg. 

The method of determining the slow-ion charge 
composition will be described here only briefly, 
since this method is presented in great detail in 


the article of Fedorenko and Afrosimov.’ 


The value of on was calculated from the 
formula 


ah a.c im, (1) 


where Qy is the relative intensity of the line 
spectrum of ions of charge n. 

As has been shown previously,’ the value of ay 
correctly describes the actual slow-ion composi- 
tion in the zone of interaction between the primary 
beam and the gas only when it is independent of the 
‘‘extracting’’ potential difference Ve (potential 
difference between the condenser plates), Va, Vf, 
and the slit width at the mass-spectrometer exit. 
For each combination of a primary ion with a 
molecule of the gas and for each primary ion 
energy, the value of an depends on the above- 
mentioned factors. The working values of Ve, 
Va, Vf, and the slit width were chosen on the 
‘‘plateau’’ of the respective curves, and were 
usually equal to the following: Ve = 100 volts, Vg 
= (0.85 —1) kv, V¢ = (1.25 —1.5) kv, slit width 
9— 20 mm for H™ ions; and Ve = (150— 200) 
volts, Vq = (0.85—1.2) kv, Vf= (1.25 —15) ky 
for O' ions. 

To determine the collision chamber gas pres- 
sure which would ensure the condition for single 
collisions, we plotted the ratio I™*/Iy =f(p) (1% 
is the current of ions of charge n, Ij is the pri- 
mary beam current), and the working pressure 
was chosen on the linear part of this curve. Most 
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FIG. 4. Cross sections for production of different ions of 
A by fast O7 ions (dash-dot curve) and H” ions (solid curve); 
dotted curve — for the primary H* ion (from data of reference 3); 
O—oi, curve (from data of reference 3). 


/ 2 
(PESO RESULTS OF THE MEASUREMENTS 
FIG. 2. Variation of cross sections for production of : 
different ions of Xe by fast O~ ions (dash-dot curve) and H™ The dependence of the cross sections On on 
ions (solid curve); v is the primary ion velocity. the velocity v of the H” and O” ions is shown 
in Figs. 2 —6 for the ionization of five inert gases. 
In the case of Xe, it was possible to measure the 
cross sections for ions of charge one to three; for 
Kr, from one to four; for Ar and Ne, from one to 
three; for He it was, of course, impossible to 
produce ions of charge greater than two. The 
velocity dependence of the cross sections oi. was 
different for H”' and O ions. In the case of O- 
ions, the cross sections qa for all gases increase 
quite rapidly with an increase in the ion velocity. 
The rate of increase of Fi rises with an increase 
in the charge multiplicity of the slow ion produced, 
which is particularly visible on the curves of 
ol (v) for Xe. The cross sections ae torulHs 
ions increase with the ion velocity much more 
slowly than for O” ions. For ions of small charge, 


of the measurements were made at a gas pressure 
of (1 to 1.5) x10“ mm Hg. The error in the 
measurement of the value of ol consisting of the 
errors in measurements of the values of o* and 
Q,, was equal to +15% for cross sections (107'8 

— 10-7) cm? and +25% for cross sections (1078 

— 10°'%)cm?. In order to check the method as a 
whole, the cross sections for the production of 
argon ions of charge one to three by 30-kev protons 
were measured. The results of the measurements 
agreed with previous results” within the limits of 
experimental error. 
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FIG. 3. Cross sections for production of different ions FIG. 5. Cross sections for the production of different 
of Kr. Notation the same as in Fig. 2. ions of Ne. 
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the ane (v) curves attain a flat maximum. The 
Shape of the ol, (v) curves for H” ions permit 
one to conclude that the maximum of the curve 
shifts towards the larger velocities with an in- 
crease in the slow-ion charge. 

When one considers the oi n(v) curves, it 
should be borne in mind that each cross section 
Ojn is the sum of the cross sections for ionization 
processes with no change in charge of a negative 
ion and with the detachment one, two, etc. elec- 
trons from a negative ion. Owing to this, the 
oi, (v) curve is the resultant of a number of 
curves corresponding to the above-mentioned 
processes. From this viewpoint, the strongly 
diffused maximum on the o}n(v) curves is appa- 
rently explained by the fact that the individual 
curves from whose sum the a (v) curve is ob- 
tained, have maxima at different points. 

The cross sections ai, depend on both the type 
of primary ion and on the type of gas atom. 

Although the investigated velocity intervals for 


H- and O° ions do not coincide, one may conclude, 


however, from consideration of the shape of the 
ohn (v) curves that for the same velocities the 
cross sections 0, are considerably greater for 
the O ion than for the H'™ ion. 
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FIG. 7. Maximum cross sec- 
tions for production of ions ver- 
sus sum of ionization poten- 
tials AE. 
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FIG. 8. Cross sections for production of various ions on 
molecular hydrogen by fast O~ ions (dot-dash curve) and H7™ 
ions (solid curve); dotted curve —for the primary H* ion (data 
of reference 4). 


Moreover, the cross section for ionization with 
the detachment of a given number of electrons in- 
creases with an increase in the atomic number of 
the gas. Thus the dependence of the cross section 
an on the type of primary ion and gas atom is in 
agreement with the assumption that the ionization 
cross section increases with an increase in the 
number of electrons in the electron shells of the 
colliding particles. 

Examination of the oi (v) curves for H” ions 
leads to the conclusion that the maximum values 
(gl max rapidly decrease with an increase in the 
multiplicity of ionization, i.e., with an increase in 
the value of AE (AE is the sum of the ionization 
potentials ). This circumstance is illustrated in 
Fig. 7. It is seen that the individual points for the 
Xe, Kr, and Ar atoms lie nicely on one smooth 
curve. Points for the Ne and He atoms lie off 
this curve. 

The composition of slow ions produced during 
the ionization of gas by H™ and O° ions were also 
studied for the molecular gases Hy, No, and O,. In 
the slow-ion spectrum in hydrogen, the ions H} 
and H* were observed; in nitrogen and oxygen, 
apart from singly-charged molecular and atomic 
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ions, doubly-charged atomic ions were also ob- 
served. The dependence of the cross section for 
the production of slow ions on the primary ion 
velocity is shown in Figs. 8—10. Examination of 
these curves leads to the following conclusions: 

1. In the case of molecular gases, as well as in 
the case of atomic gases, the ionization cross sec- 
tions for the same ion velocities are greater for 
O than for H ions. 

2. The above-mentioned differences in the shape 
of the cross section curves for ionization of inert 
gases by Hand O occur when molecular gases 
are ionized by these ions. 

3. For all the investigated pairs, apart from 
the pair OT — Os, the cross section for the produc- 
tion of singly-charged molecular ions is greater 
than the cross section for the production of singly- 
charged atomic ions, and their ratio for ionization 
by OT is less than in the case of H’ ions. The 
cross sections for the production of doubly-charged 
ions are much smaller than for singly-charged ions. 

The cross sections for the production of singly- 
charged molecular ions depend comparatively 
weakly on the type of gas, while the cross section 
for the production of the H* ion is much smaller 
than for N* and O*. Similar peculiarities are ob- 
served for the production of singly-charged ions of 
hydrogen, nitrogen, and oxygen by protons.‘?° 

The cross section for the production of slow 
ions in Ar, Hy, No, and O, when H™ ions pass 
through these gases can be compared with the cor- 
responding cross sections for protons measured in 
references 3—5. From Figs. 4, 9, 10, 11, it is 
seen that the curves of the cross section for the 
production of a given slow ion versus the primary- 
ion velocity for protons lie above the corresponding 
curves for H™ ions and are of different shape. 
This becomes understandable if one bears in mind 
that for protons the cross section for the produc- 
tion of a slow ion is the sum of the cross sections 
for pure ionization and ionization with capture. 
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FIG. 11. Total cross sections for ionization of H, by H 
atoms (A — data of reference 8) and H” ions (G— data of the 
authors). 


A comparison can be made between the cross 
sections for pure ionization with the production of 
singly-charged ions by protons and by H_ ions if 
it is assumed that the cross section for one- 
electron charge-exchange of protons o}¢ is much 
greater than the cross sections ois, gic, etc. for 
charge-exchange processes with simultaneous 
ionization of the atom. 

In fact, (see reference 2) 


i_ «ic On = Of + fe -L giel 
O eee 
WS Saini? 0 (or, Uy ee Ue eee: 


(2) 


and Ee > Ts etc., then from formula 


s = Gl 
Ai aaa Or 


; ic ic 
if ote > ay 
(2) we obtain 


(3) 


The values of the cross section for the produc- 
tion of singly-charged ions (0 ;) and the total 
cross section for electron capture for protons 
(o)) in A were measured by Fedorenko et al.? 
The ai (v) curve constructed from the data of 
this work is shown in Fig. 4. Comparison of this 
curve with the o),(v) curve for H” ions indicates 
that the cross sections for pure ionization with 
detachment of one electron for protons and H™ ions 
do not differ very much from one another. Com- 
parison of the total cross sections for ionization by 
protons and H™ ions! leads to a similar conclusion. 

Thus, the difference in the sign of the charge of 
H* and H™ ions does not have a basic effect on the 
value of the cross sections for ionization by these 
ions. A slight influence of the charge on the value 
of the ionization cross sections is confirmed by 
data in the recent work of Schwirzke,® in which it 
was shown that the total cross sections for ioniza- 
tion of hydrogen by H atoms and H?* ions differ 
from one another by no more than a factor of two. 

Using the data of the present work and the data 
of Schwirzke,® one can compare the total cross 
sections for ionization of hydrogen by H~ ions and 
H atoms. Such a comparison is shown in Big. 1h, 
where plots of the total cross sections for ioniza- 
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tion of hydrogen versus the velocity of H™ ions 

and H atoms are shown. The fact that these 
curves coincide indicates that the influence of the 
weak binding of the additional electron of the H™ 
ion on the ionization process of the hydrogen mole- 
cule is small. 

We express our sincere gratitude to Professor 
N. V. Fedorenko and V. V. Afrosimov for valuable 
advice on the method of studying the composition 
of slow ions produced by fast particles passing 
through gases, and also to Professor A. K. Val’ter 
for constant interest in, and attention to, this work. 
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Data are presented on the energy distribution of fragments from the triple fission ofa a aIE 
is shown that the ratio of the probability for triple fission to the probability for double fission 
does not depend on the ratio of fragment masses. We establish the relation (1) between the 
total kinetic energy of the fragments in triple and double fission and the energy of the long- 
range @ particle. The mechanism of triple fission is discussed. 


Lyrormation on the mechanism of nuclear 
fission can be obtained from the study of fission 
events in which a long-range a particle is emitted. 
This is because the a particle is emitted at the 
very beginning of the fission process and so char- 
acterizes the state of the nucleus at the moment of 
fission. This subject is reviewed in an article by 
Perfilov, Romanov, and Solov’eva.! 

Until recently, the energy distribution of the 
fragments from triple fission had not been ade- 
quately studied. The most commonly used method 
for studying triple fission, that of emulsion stacks, 
can only give approximate information on the ener- 
gy distribution of the fragments. Allen and Dewan? 
were the first to use an ionization chamber and 
grid to study the energy distribution of fragments 
from triple fission. The U’*’ target was placed in 
a double ionization chamber, one half of which de- 
tected fission fragments while the other half regis- 
tered the a particles emitted during triple fission. 
Triple fission events were identified by coinci- 
dences between the two chambers. Unfortunately, 
this method has a fundamental drawback in that the 
results are distorted by the angular correlation 
between the fission fragments and the a particle. 
It is known that the most probable angle between 
the direction of emission of the a@ particle and the 
direction of emission of the lightest fission frag- 
ment is about 80°. Since the hemisphere associated 
with a heavy fragment contains fewer long-range 
a particles than does the hemisphere associated 
with a light fragment, coincidences between heavy 
fragments and a particles were detected with a 
higher efficiency than were coincidences between 
light fragments and an a@ particle. For this rea- 
son, the area of the peak corresponding to the 
group of heavy fragments is considerably larger 
than the area of the peak corresponding to light 


fragments, so that the distribution obtained is 
only a crude approximation to the real one. 

We undertook a more detailed investigation of 
the energy spectrum of fragments from the triple 
fission of uranium.* The conditions of the experi- 
ment were such that the results were insensitive 
to angular correlations. It was found that the 
height of the peak corresponding to light fragments 
was greater, not smaller, than the height of the 
peak corresponding to the heavy fragments, while 
the half-widths of the peaks were approximately 
the same. The most probable value for the sum 
of the kinetic energies of the fragments in triple 
fission, plus the kinetic energy of the a particle, 
turned out to be approximately equal to the most 
likely value for the total kinetic energy of the 
fragments in double fission. 

In a recently published paper, Mostovo! et al.’ 
describe an experiment using the first method, 
but in which a correction was applied for the 
angular correlation between the fission fragments 
and the @ particle. This correction is based on 
an extrapolation of data on the distribution of light 
fragments and also involves the angular distribu- 
tion of the a particles, this latter distribution 
only being known with poor statistical accuracy. 
There is satisfactory agreement between the re- 
sults quoted in references 3 and 4. 

The work being reported upon here was carried 
out in order to get more detailed and reliable data 
on the energy spectrum of fragments from the 
triple fission of U’?°. In order to do this, we meas- 
ured the energies of pairs of fragments. 


EXPERIMENTAL SETUP 
In making measurements of the energy distri- 


bution of fragments from triple fission, the effect 
of angular correlation between the a@ particle and 
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FIG. 1. Positions of the electrodes in the triple ionization 


chamber: 1—collector for the fission chamber; 2— grid for the 


fission chamber; 3—cone; 4— grid; 5—common electrode for 


the fission chambers; 6 —collector for the a chamber; 7 — tar- 


get. 


the fragments can be excluded by counting a par- 


ticles on both sides of the target containing fission 


able material. We have built a triple ionization 
chamber, together with its associated electronic 
circuitry. 

The ionization chamber is shown schematically 


in Fig. 1. The chamber has cylindrical symmetry. 


The volume of the @ chamber (the chamber for 
detecting long-range a particles) is defined by 
the cones and a metallic grid, the two together 
being one electrode of the a chamber. The other 
electrode of the @ chamber is a metal ring. The 
electrode common to the two fission chambers 
and the first electrode of the a chamber were at 
ground potential. The supports and insulators 
were made of fluoroplastic.° The chamber was 


fifled with argon at a pressure of two atmospheres. 


This pressure was high enough that a@ particles 
from naturally radioactive uranium could not 
reach the @ chamber, which counted only long- 
range a particles with energies of 10 to 24 Mev. 
The target of fissionable material was fastened 


to the common electrode of the fragment chambers. 


It was supported by a polyvinylchloride-acetate 


film® 5ug/cm? thick. Both sides were covered with 


~ 6ug/cm? of gold by vacuum deposition. The (pes 
was deposited on one side of its support by a 
sputtering technique,’ the thickness of the layer 
being ~ 10ug/cm’. 

A block diagram of the electronics is shown in 
Fig. 2. After passing through amplifying and 
pulse-shaping circuits, pulses from the fission 
chambers were fed onto the vertical (channel 1) 
and horizontal (channel 2) deflecting plates of an 
oscilloscope tube. The beam in the tube could be 
cut off so that no pulses were displayed unless 
there was a pulse from the a@ particle — fission 
fragment coincidence circuit. The position of the 
deflected beam was recorded photographically. 
When there were no pulses, the beam was focused 
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FIG. 2. Block diagram of the electronic circuitry: 1— gen- 
erator for calibrating pulses; 2—chamber; 3, 4, 5 —preampli- 
fiers; 6,7,8— amplifiers; 9, 10—discriminators; 11— delay; 

12 —coincidence circuit; 13— brightness control; 14 —63-chan- 
nel pulse-height analyzer; 15 —oscilloscope; 16 —camera. 


on a point in the lower left hand corner of the field 
of view, this point being the origin of coordinates. 
When pulses were produced by the fission frag- 
ments and by the coincidence circuit, a dot would 
appear in the field of view, the distance of the dot 
from the vertical and horizontal axes being pro- 
portional to the amplitude of the first and second 
pulses. When observing fragments from double 
fission, the @ channel was disconnected. 

The photography was in the following sequence. 
The output of a calibrating generator was fed into 
the preamplifiers for the fission channels, the 
purpose of the calibrating generator being to illu- 
minate three dots on the scope face, the dots de- 
fining the two coordinate axes and the origin. The 
stability of the entire apparatus was monitored by 
these three dots. The diameter of the dots was 
less than 1% of the full scale deflection the beam 
could undergo, so that one frame on the film could 
record about 80 — 100 dots (pairs of pulses ). 
After these were recorded, the next frame would 
advance into position and the process would be re- 
peated. Data taken this way were conveniently 
analyzed and were not subject to errors due to 
motion of the film while data was being recorded, 
or to the motion of the film in the projector while 
data was being analyzed. 

The nonlinearity of the fission channels — from 
the input of the preamplifiers to the film — was 
less than 2%. After 30 min of warm-up time, the 
apparatus was stable to better than 2% over many 
hours. 

The fraction of accidental coincidences was 
determined by the background pulses arising from 
neutron bombardment of the contaminants in the 
gas and of the a-chamber walls. To minimize 
this effect, the neutron beam was well collimated 
and was directed so as to miss the a -chamber 
walls. The effects of neutron scattering were 
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minimized by admitting the beam to the fragment 
chamber through a thin aluminum window, and by 
placing a second window at the exit of the neutron 
beam from the fragment chamber. Under these 
conditions, the accidental coincidences amounted 
to less than 3% of the true coincidences and were 
neglected in the analysis. 


RESULTS 


The work being described was carried out with 
the research reactor of the U.S.S.R. Academy of 
Sciences. The U”*° target was irradiated by neu- 
trons whose spectrum was that of the pile neutrons. 
About 8000 cases of triple fission and 6000 cases 
of double fission were observed. 
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FIG. 3. Energy distribution of fragments from O —triple 


and @—double fission of U***®. No correction for ionization 
effect. 


Figure 3 shows the spectrum of fragments from 
triple and double fission, as obtained from observa- 
tions on the chamber on the U”*® side of the target. 
These data are corrected for the ionization pro- 
duced by long-range a particles in passing 
through the fission chambers. It is clear from the 
diagram that the two distributions are displaced 
with respect to each other. The peak correspond- 
ing to light fragments is displaced (9.0 + 0.5) Mev 
in the direction of lower energy, while the displace- 
ment of the peak corresponding to heavy fragments 
is (6.0+0.5) Mev. 

The half-widths of the light and heavy fragment 
peaks in triple fission are less than the corre- 
sponding half-widths for double fission. The 
spectra obtained from the second fission chamber 
are similar to the spectra shown in Fig. 3. A 
shift of ~ 2 Mev was observed and ascribed to 
energy loss in the target backing. 

Figure 4 shows the yield of fragments from 
triple and double fission as a function of the total 
kinetic energy of the fragments. These curves are 
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FIG. 4. Number of 300 166.4 Mev 


events as a function of 
total kinetic energy for 
© —triple and e— double 
fission (with correction 


for ionization defect). 300 


100 


200 
Etotai Mev 


100 150 


corrected for the ionization defect, which amounts 
to 12.4 Mev.® The difference between the most 
probable energies in double and triple fission is 
(15.0 + 0.5) Mev. The half-width of the peak 
corresponding to triple fission is 3 Mev less than 
the half-width for the peak corresponding to 
double fission. The distributions are Gaussian to 
a good approximation. 

The data were reduced to yield the dependence 
of the yield in both double and triple fission on the 
mass ratio of the fragments. Since the correction 
for the momentum of the q@ particle was small, it 
was assumed that the relation M,E; = M,E, held 
for triple as well as for double fission. The ioni- 


FIG. 5. The yield 
of double (@) and triple 
(O) fission as a function 
of the ratio of fragment 
masses. The yield is 
given in arbitrary units. 
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zation defect was assumed to be a linear function 
of the mass of the fragment: AE ( M) = (4.0 
+0.019M) Mev.’ Upon normalizing the distribu- 
tions to equal area it was found that the two distri- 
butions agreed within the statistical errors 
(Fig. 5). Both peaks occur at a mass ratio 
M,/M, = 1.4. The half-widths of the distributions 
are the same and amount to ~ 16 mass units. 
Finally, Fig. 6 shows the most likely total 
kinetic energy and the dispersion of the total 
kinetic energy of the fragments as a function of 
mass ratio. According to Protopopov, Baranov et 
al.!°, the maxima at mass ratio 1.3 can be explained 
in terms of shell structure. 


DISCUSSION OF RESULTS 


We have found that the half-widths of the energy 
distributions for fragments from double and triple 
fission differ from each other (Fig. 3). It might 
be suggested that the narrower peak observed for 
triple fission might be connected with a mass dis- 
tribution which is more asymmetric for triple 
fission than it is for double fission. However, this 
does not agree with the observed mass distributions 
for triple and double fission, since these mass dis- 
tributions are identical (to within the mass of the 
@ particle) ( Fig. 5). In other words, the pro- 
bability of triple fission relative to double fission 
does not depend on the mass ratio. This disagrees 
with Hill’s conclusion that triple fission should 
favor the formation of fragments with approximately 
equal masses.!! 

Our data show that the relation 


Eg =E,+ Ea (1) 


holds, Eg and Etr being the total kinetic energies 
of the fission fragments in double and triple fission 
respectively, while Eq is the energy of the a 
particle. For the most likely energy in double and 
triple fission we have, in particular, Eq = 166.4 
Mev, while Ety + Eg = 151.4 + 14.8 = 166.2 Mev. 
All the fundamental data obtained in this and in 
previous work can be explained on the basis of 
equation (1). 

First of all, the relation (1) implies that 

(AE 4 )? = (AEy,)? + (AE«)”, 

where AEd, AEtr and AEq are the half-widths of 
the corresponding distributions. From this it is 
clear why the half-width of the total kinetic energy 
distribution for triple fission is less than the cor- 
responding half-width for double fission. The same 
relation leads to information about the energy 
spectrum of the long-range © particles. Since 
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AEqd = 28 Mev, and AEtr = 25 Mev, it follows that 
AEq= 13 Mev. The maximum of this distribution 
should occur at 15 Mev. These numbers are in 
good agreement with the experimental data on the 
energy distribution of the long-range a particles: 
AEg = 11 Mev and Eg (most likely) = 14.8 Mev”. 

According to Fong’s theory,’ the ratio of the 
probabilities for double and triple fission is deter- 
mined by the difference between the total excitation 
energies of the fragments. Calculations show that 
when (1) is satisfied, then the difference between 
the total excitation energies of the fission frag- 
ments in double and triple fission depends but little 
on the fragment mass ratio and is about 4 Mev. 
Hence the probability for triple fission relative to 
double fission should not depend on the mass ratio. 
This explains the fact that the mass distributions in 
triple and double fission are the same (to within 
the mass of the a particle). 

Decreasing excitation energy leads toa 
decrease in the probability for triple fission rela- 
tive to that for double fission. Furthermore, a 
decrease in excitation energy should lead to the 
emission of fewer neutrons and y rays in triple 
fission. Experimentally, it has been found‘ that the 
average number of prompt neutrons per triple 
fission is Vty = 1.77 + 0.09 for Eq = 9 Mev, which 
is significantly less than the corresponding number 
for double fission. In reference 14, it was found 
that Pty = 1.79 + 0.13 for Eq = 22 Mev. In the 
light of our assumptions, it is clear why the mean 
number of neutrons per triple fission does not de- 
pend on the energy of the a particles: the point is 
that in the act of fission there is a redistribution 
of the kinetic energy among the fragments and the 
a particle, but the excitation energy remains the 
same. 

The equality (1) shows that the Coulomb energy 
of the system just before fission is the same in the 
two cases, i.e., there is no difference between the 
nuclear configurations just before double and 
triple fission and the @ particle does not develop 
from a special ‘‘necking’’ process. 
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The mechanism for triple fission might be pic- 
tured as follows: just before fission, the potential 
barrier near the neck of the deformed nucleus 
becomes lower. During fission, the particles at 
the surface of the nucleus are strongly accelerated, 
which leads to a further lowering of the barrier 
because of ‘‘inertial forces’’ and so enhances the 
probability for emission of an a particle. Right 
up to the instant of fission, the nucleus ‘‘does not 
know’’ whether to split into two or three parts, 
which makes it plausible that the various quanti- 
ties plotted in Figs. 3—6 are the same for double 
and triple fission. This picture suggests that the 
probability for triple fission does not change 
markedly from nucleus to nucleus, and this is ob- 
served experimentally.!° The decrease in the pro- 
bability for triple fission observed as the energy 
of the bombarding neutrons is increased presum- 
ably is due to competition from other processes 
(for example, neutron emission at the moment of 
fission). 

The mechanism for triple fission which has just 
been described offers a qualitative explanation 
both for the observed anisotropy in the angular 
distributions of the long-range a particles and 
fission fragments, and also for the decrease in 
anisotropy for higher energy a@ particles.'* 8 

In conclusion it should be stressed that the 
study of triple fission leads to a number of detailed 
and interesting insights into the fission process in 
general. 

The authors would like to thank M. A. Bak and 
S. S. Kovalenko for valuable discussions. They are 
also grateful to S. A. Gavrilov and A. P. Shilov 
for help in carrying out the experiments on the 
research reactor of the U.S.S.R. Academy of 
Sciences. 
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A telescope consisting of two proportional counters and a scintillation counter was employed 
poke the energy and angular distributions of deuterons from the reactions F!®(n, d) 08, 
P**(n, d) Si*®, S**(n, d) P®4, and Ne®9(n, d) F!®. The cross sections and angular distributions 
for transitions to the ground states of the O'%, Si3°, and P?! nuclei are derived. The total 
cross section for the reaction Ne?’(n, d) F!® is estimated. The reduced transition widths 


are computed from Butler’s theory. 


iF our previous work! we pointed out that O!8 and 
Si®° have the same differential cross sections for 
the reactions F!¥(n, d)O!® and P*!(n, d)Si?? in 
transitions to the ground state if the incident 
neutron energy is 14.1 Mev. If it is assumed that 
this equality is connected with the fact that, ac- 
cording to the nuclear shell model, the last proton 
of F’® is in the same state as that of P%!, 
then analogous transitions can be expected in the 
reactions Ne”’(n, d) F!® and S**(n, d) P?!, be- 
cause there the last protons are in the state 2S; /. 
In connection with this it was of interest to conduct 
simultaneous investigations of (n, d) reactions on 
F!9 p31 and S®*, because the comparison of re- 
duced widths in this case could give relative char- 
acteristics of the wave properties of the nuclear 
surface. 

We developed a method which is new compared 
to that! used before, and which improved the reso- 
lution of the deuteron groups. We carried out the 
investigation with the help of a telescope composed 
of two proportional counters and a scintillation 
counter. The proportional counters measured the 
ionization energy loss dE/dx, and the scintillation 
counter measured the energy of the deuterons. 

The separation of the deuteron groups was achieved 
with an electronic system which was based on the 
fact that EdE/dx ~ M°-8Z?E°-?, i.e., it is only 
weakly dependent on the energy of the particle and 
depends almost linearly on its mass. 

In the investigation of the reaction S#i(aed) Pp 
we used a target of a natural mixture of the iso- 
topes of sulfur. We obtained the energy spectrum 
of the deuterons (Fig. 1) and their angular distri- 
bution. In the energy spectrum is observed a 
strong group of deuterons corresponding to the 
transition to the ground state of p?!_ From an 
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FIG. 1. Energy spectrum of deuterons from the reaction 


S*(n, d)P*! at the angle 9 =0° (in the laboratory system); 
E is the channel number. 


analysis of the line shape corresponding to this 
transition it is clear that, in addition to the tran- 
sition to the ground state, transitions also take 
place to the first excited state of P*!; however, 
their intensity is too weak to permit a quantitative 
estimate. From the form of the angular distribu- 
tion it follows that proton capture takes place 
from the S state. The differential cross section 
for the angle @ = 0° (in the laboratory system) is 
(20.4 41.5) x 1072%cm?/sr; the Q-value for this 
reaction is (—7.7 + 0.1) Mev. 

In the study of the reaction on F"’, a target of 
the fluorocarbon 4(CF, =CF,) was used. The 
energy spectrum of the deuterons and their angular 
distribution were obtained. From the angular dis- 
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FIG. 2. Angular distribution of deuterons corresponding 
to transitions to the ground state in (n, d) reactions, in the 
center-of-mass system. 


tribution it follows that a proton with lp = 0 is 
captured in the transition to the ground state of 
o!8. The differential cross section for the same 
transition at the angle @ = 0° (in the laboratory 
system) equals (21.4 + 1.1) x 107°" cm?/sr, and 
the Q-value equals (—5.9 + 0.3) Mev. 

In the study of the reaction on Pp? "the target 
was prepared by deposition of red phosphorus on a 
tantalum backing. The transition to the ground 
state of the nucleus Si?’ was observed, and an 
angular distribution was obtained for this. The 
transition corresponds to 1, = 0. The differential 
cross section of the reaction for the transition to 
the ground state of Si®? at @ = 0° (in the labora- 
tory system) is (21.8 + 1.2) x 10°*"cm?/sr; the 
Q-value is (—5.2 + 0.2) Mev. 

The angular distribution of deuterons corre- 
sponding to transitions to the ground state of the 
final nuclei in the reactions F!*(n, d)0'8, 

P*!(n, d)Si3°, and $32(n, d) P®! (Fig. 2) were 
analysed on the basis of Butler’s theory.” For the 
normalization of the theoretical values of the dif- 
ferential cross sections at the angle 6 = 0° we 
used the following values of the reduced transition 
widths (i.e., the quantities 6? = 2uyryy’/3h’) 
Fi? (7,2) O *: 
§2 — 0.011 (0,012 according to reference 3), 

P (ned) Si 62 — 0,012, 

Senna eee = O.0in 
(the measurement errors amounted to 15% in all 
cases ). 

Thus it appears that the differential cross sec- 


tion and the reduced width of the transition to the 
ground state of the nucleus in the reaction 


and STARODUBTSEY 


s*2(n, d) P*! coincide, within the limits of experi- 
mental error, with the values of these quantities in 
the reactions F!°(n, d)O'8 and P®!(n, d)Si*®. The 
theoretical angular distributions fit the experimen- 
tal results for the same interaction radius r = 5.1 
102 em. 

Evidently this agreement is connected with the 
fact that in all three cases the proton is captured 
from the same state. If the reduced width is in- 
terpreted as the probability of the presence of the 
proton on the nuclear surface, then it follows that 
the contribution of S waves to the state of the last 
proton in the nuclei F'®, P*!, and S* is identical. 

However, a somewhat different point of view 
may be taken: since the nucleus S** contains two 
protons ina 28; state, one would expect the pro- 
bability of the presence of the proton on the nuclear 
surface to increase. Because this is not observed, 
it is necessary to find reasons for the lower pro- 
bability of capture of a proton by the neutron. One 
of these reasons may be the increase of binding 
energy of the proton in S*? in comparison with 
p?! ($82 is an even-even nucleus). This assump- 
tion could be verified by investigating the reaction 
Ne”? (n, d) F!¥, since Ne?° also contains two pro- 
tons in the state 28,7. and has a proton binding 
energy greater than in S**. We conducted such an 
investigation by the method described above, but 
because of bad conditions (high negative Q-value 
for the reaction and a gas target) we were able 
only to estimate the upper limit of the cross sec- 
tion of the reaction Ne?’ (n, d) F® for the transi- 
tion to the ground state of F'!®. This estimate was 
5 x 107% em?/sr. 

At present we are continuing the study of this 
reaction by another method. According to our 
preliminary data, the estimate given is at least 
five times too high. 

The authors wish to thank A. P. Pulin and A. M. 
Tsvetkov for help in conducting the experiment. 


'Velyukhoy, Profof’ev, and Starodubtsev, Dokl. 
Akad. Nauk SSSR 127, 781 (1959), Soviet Phys.- 
Doklady. 

’'S. T. Butler, Proc. Roy. Soc. A208, 36 (1951). 

°F. L. Ribe, Phys. Rev. 106, 767 (1957). 


Translated by C. S. Littlejohn 
121 


OVI PePHYSICS fr TP 


VOU NEE 912, 


NUMBER 8 NAR CH; 1960 


TEMPERATURE HYSTERESIS OF DOMAIN STRUCTURE IN SILICON IRON CRYSTALS 


YA.S.SHUR AND I. E. STARTSEVA 


Institute of Metal Physics, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor April 16, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 566-573 (September, 1960) 


The domain structure of silicon iron crystals before and after heating from room temperature 
up to 550°C was studied by the powder pattern technique. Irreversible changes of the domain 
structure were detected following a temperature cycle. The size, shape and number of closure 
domains change and the boundaries between basic domains are displaced; temperature hyster- 
esis of the domain structure is observed. This behavior is explained using the domain theory 


of ferromagnetic structure. 
I. INTRODUCTION 


Tons domain structure of a ferromagnetic sub- 
stance is known to depend on its basic properties 
(magnetic saturation, the anisotropy and magne- 
tostriction constants), its shape and size, and dif- 
ferent kinds of lattice defects (residual strains, 
impurities, discontinuities, etc.). Since the basic 
properties are temperature-dependent we may ex- 


pect the domain structure to vary with temperature. 


We may also expect that the magnetic structure 
will not return to its original form following a 
temperature cycle, since both reversible and ir- 
reversible changes may accompany temperature 
variations. Temperature hysteresis of the domain 
structure should therefore be observed. 

The present work was performed to detect the 
temperature hysteresis of domain structure in 
silicon iron crystals and to establish the most 
general laws of this effect. We are not aware of 
any previous special investigation of this type. 


II. DESCRIPTION OF SAMPLES AND EXPERI- 
MENTAL TECHNIQUE 


The magnetic structure was observed by means 
of the powder-pattern technique.’ Both single crys- 
tals and polycrystalline samples of silicon iron 
(3.5% Si) 15 mm in diameter and 0.3—0.7 mm thick 
were used. The investigated surface of the single 
crystals was approximately parallel to the (011) 
plane. In the case of polycrystalline samples, 
which consisted of large grains 0.5—3.0 mm in di- 
ameter, the domain structure was observed on sin- 
gle grains having surfaces close to (001) or (011). 
The samples were etched from sheet silicon iron, 
and after mechanical grinding and polishing were 
vacuum annealed at 1250°C. The magnetic struc- 


ture of some samples was studied immediately 
following this high-temperature annealing, while 
other samples were subjected to supplementary 
electrolytic polishing. For the purpose of studying 
the effect of a temperature cycle on the form of 
the magnetic structure, the samples were heated 
from room temperature to different temperatures 
up to 550°C and were then cooled to the initial 
temperature. The samples were heated in a spe- 
cial device placed within a vacuum chamber (Fig. 1) 
that was fastened to the microscope stage. A cop- 
per core 2 bearing a sample 3 on its upper end 
was inserted into a double-wound electric fur- 
nace 1. A copper cover 4 was provided for tem- 
perature equalization. A thermocouple 5 was fitted 
into the copper core. The furnace was fastened by 
means of the supports 6 to a heavy water-cooled 
iron plate 7. For the purpose of preventing oxida- 
tion during heating the furnace together with the 
sample was placed inside a vacuurn chamber con- 
sisting of a heavy iron dome 8 and base 7, which 
at the same time provided magnetic screening for 
the sample. Thus the samples were both heated 
and cooled in a vacuum which was free of external 
magnetic fields. 
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FIG. 1. Apparatus 
for heating of samples 
and vacuum chamber. 
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FIG. 2. Powder pattern on a crystal surface approximately parallel to the (001) plane (type A structure); a—after demag- 


netization, b—after heating to 400°C, 


Prior to observation of the domain structure 
each sample was demagnetized in a solenoid by 
means of a field which varied smoothly from 600 
oersteds to zero. The sample was then placed upon 
the heating core 2. A magnetic colloidal suspen- 
sion was applied to the surface of the sample; the 
powder pattern was then observed and photo- 
graphed. After the suspension had been carefully 
wiped off the sample was covered with the copper 
cap 4, and the dome 8 was fastened to the plate 7. 
After a vacuum had been established the sample 
was gradually heated to the required temperature, 
at which it was maintained during 30 min. When 
the sample and furnace were subsequently cooled 
to room temperature the magnetic suspension was 
again applied to the surface of the sample and the 
powder pattern was photographed in exactly the 
same area as before heating. 

The sample was thereupon demagnetized by a 
variable field and the powder pattern on its sur- 
face was again photographed. In the case of mono- 
crystalline disks the powder pattern was photo- 
graphed along a diameter perpendicular to the di- 
rection of easy magnetization lying in the plane of 
the sample. Repeated observations of the powder 
patterns following successive alternations of care- 
ful wiping and applying of the suspension showed 
that this procedure does not affect the magnetic 
structure. 

For the purpose of detecting temperature hys- 
teresis of the domain structure we compared the 
powder -pattern photographs of the same area 
a) after the first demagnetization, b) after heating 
and cooling and c) after the second demagnetiza- 
tion process. 


c—after re-demagnetization. 


II. EXPERIMENTAL RESULTS 


Heating from 20 to 200°C followed by cooling to 
20°C produced no essential changes in the domain 
structure. With heating to higher temperatures ir- 
reversible movements of boundaries between the 
basic domains became clearly distinguishable, ac- 
companied by readjustment of the surface domains 
of closure. Reorganization of the domain structure 
was studied carefully following heating up to 400— 
550°C; the existence of temperature hysteresis was 
definitely established. Although subsequent demag- 
netization in a variable magnetic field restores the 
original type of domain structure, the boundaries 
of the basic domains and the domains of closure do 
not occupy exactly the same positions that are ob- 
served following the first demagnetization process 
prior to heating. This irreproducibility follows 
consistently; after each re-demagnetization at 
room temperature the magnetic structure is, as a 
rule, not entirely reproduced in all details. 

The photographs of powder patterns in Figs. 2, 
3, 5, and 6 show how the domain structure is mod- 
ified in some of the simplest cases following a 
temperature cycle. Figure 2 shows powder pat- 
terns on a crystal having its surface approximately 
parallel to the (001) plane. In the demagnetized 
state (Fig. 2a) two basic domains are visible, sep- 
arated by a 180° boundary, and the surface closure 
domains exhibit a ‘‘Christmas tree’’ structure.! 
The arrows in the photographs indicate the direc- 
tion of magnetization I, in the domains. Following 
heating to 400°C and subsequent cooling to the 
original room temperature the 180° boundary is 
observed to move irreversibly to the right (Fig. 


TEMPERATURE HYSTERESIS IN SILICON IRON CRYSTALS 


399 


FIG. 3. Powder pattern on a crystal surface approximately parallel to the (001) plane (type B structure): a~after demag- 
netization, b—after heating to 400°C, c~—after re-demagnetization. 


2b) and the number of domains of closure (tree 
branches) is reduced. Re-demagnetization (Fig. 
2c) returns the 180° boundary to its original posi- 
tion, while the number of closure domains in- 
creases and their original appearance is approxi- 
mated. 


FIG. 4. Diagram of 
type B structure. 


The powder patterns in Fig. 3 also belong toa 
crystal with its surface approximately parallel to 
(001), but differ from the preceding case by exhib- 
iting type B structure (Fig. 3a) in the initial de- 
magnetized state.” This means that the basic do- 
mains are located inside the crystal, while the 
observed surface reveals the bases of triangular - 
prism closure domains separated by zigzag boun- 
daries. Type B structure is illustrated schematic- 
ally in Fig. 4. In addition, smaller ‘‘comb-like”’ 
domains of closure are observed within the pris- 
matic domains of closure.’ Heating to 450° fol- 
lowed by cooling to room temperature considerably 
modifies the closure domain structure (Fig. 3b); 
the ‘‘combs’’ increase in size but decrease in 


FIG. 5. Powder pattern on a crystal surface approximately parallel to the (011) plane: a—after demagnetization, b — after 


heating to 550°C. 
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FIG. 6. Powder pattern on a crystal surface approximately parallel to the (011) plane: a—after demagnetization, b— after 


heating to 550°C. 

number. Following the re-demagnetization, how- 
ever, the original appearance of the domain struc- 
ture is restored (Fig. 3c). 

Figure 5 shows photographs of powder patterns 
on a Single-crystal surface approximately parallel 
to (011). The plane of the sample contains one di- 
rection of easy magnetization; in the initial demag- 
netized state (Fig. 5a) the crystal is divided into 
oppositely magnetized domains separated by 180° 
boundaries. The surface also reveals a small num- 
ber of closure domains shaped like drops of a 
liquid.” Heating to 550°C followed by cooling to 
room temperature induces an irreversible change 
of the magnetic structure (Fig. 5b) in which the 
boundaries of the basic domains are shifted while 
the drop-shaped regions change in size and de- 
crease in number. The dashed lines connecting 
boundaries of the basic domains before and after 
heating show the extent to which the boundaries 
are shifted as a result of the temperature cycle. 

Figure 6 also shows the powder pattern on the 
edge of a monocrystalline disk the surface of which 
is also approximately parallel to the (011) plane. 
Here the easy direction of magnetization closest to 
the crystal surface forms a larger angle with the 
latter than in the preceding case. In the demagne- 
tized state (Fig. 6a) the sample is also divided into 
plane-parallel domains separated by 180°C bound- 
aries that exhibit jogs (AA’ denotes the upper 
boundary and BB’ denotes the lower boundary). 

The surface reveals a large number of drop-shaped 
closure domains, as well as relatively large 
(hatched) dagger-shaped regions starting at the 
edge of the crystal. Figure 6b shows the domain 


structure after heating to 550°C. 

A comparison of Figs. 6a and 6b shows that the 
temperature cycle does not induce an appreciable 
shift of the boundaries between the basic domains. 
These boundaries become more distinct and 
straighter. At the same time the closure domains 
are considerably reorganized; the drop-shaped do- 
mains decrease in number but some of them in- 
crease in size. The greatest change is exhibited by 
the dagger-shaped domains of closure located at 
the edge of the crystal. These domains grow much 
larger as a result of the temperature cycle and new 
dagger-shaped domains appear. Within the expanded 
upper dagger-shaped domain in Fig. 6b a new but 
smaller domain of the same type appears with anti- 
parallel magnetization. 

The experimental results thus show that a tem- 
perature cycle between 20 and 400—500°C induces 
considerable irreversible change of magnetic 
structure in monocrystalline and polycrystalline 
silicon iron. These changes can be summarized as 
follows: The surface domains of closure change in 
size and shape, and some of them disappear; the 
dagger-shaped domains of closure at the edge of 
the crystal increase in size; the boundaries be- 
tween the basic regions are shifted. 


IV. ANALYSIS OF RESULTS 


We shall now attempt to account for the observed 
irreversible changes of the domain structure. We 
shall first determine what changes of magnetic 
structure could be expected when the temperature 
of silicon iron crystals is elevated. At room tem- 
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FIG. 7. Diagram illustrating type A structure. @ — angle 
between the [100] direction and the crystal surface. 


perature a crystal having its surface approximately 


parallel to (011) is usually divided into basic do- 


mains separated by 180° boundaries; magnetization 


of these regions is oriented along the [100] tetra- 
gonal axis closest to the surface of the sample and 
forming an angle ¢ with the latter. This type of 
structure is represented schematically in Fig. 7. 


On the surface and edges of this crystal stray mag- 


netic fields appear, whose energy is reduced 
through the formation of closure domains (drop- 
shaped domains on the surface and dagger-shaped 
domains on the edge). Energy is expended for the 
formation of the closure domains because bounda- 
ries are developed between these domains and the 
basic domains within which the former appear. 
Thus the sizes and shapes of closure domains are 
determined by the relationship between the stray- 
field energy and the wall energy. With weakening 
of the stray fields these domains should be re- 
duced in size, but their size should increase when 
the wall energy is reduced. 

The energy of the stray fields on the crystal 
surface that is approximately parallel to the (011) 
plane is, according to Kittel,? 


Pre erie Daim g/l), (1) 


where D is the width of the basic domains (Fig. 7) 
and p*¥ =1+ 2nt,/ K. Through study of the domain 
structure by means of powder patterns it has been 
found that in silicon iron crystals having surfaces 
approximately parallel to (011), the magnetization 
I, is parallel to the [001] axis in both the basic and 
closure domains. D can therefore be calculated by 
means of the formula derived for a uniaxial mag- 
netic crystal :? 


DI TIEy”, (2) 


where L is the length of the basic domains. We 
thus obtain 
0.33/, sin® p VLy 

fn (3) 
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VIN ak + bag E is the density of the wall energy;* 
here a and b are constants of the order of unity, 
Ag is the saturation value of the magnetostriction 
and E is the elastic modulus. In our samples of 
silicon iron K> ASE (since K *® 3 x 10°erg/cm’, 
(reference 5), A 1499) * 2 x 107° (reference 6) and 

E ~2 x 10" dyne/em?’). We shall therefore herein- 
after assume y ~VK. Equation (3) shows that F, 
depends on a number of temperature-sensitive 
ferromagnetic parameters: I,, K, y. 

Our samples were heated from room tempera- 
ture up to 400—550°C. By this process the satura- 
tion magnetization of silicon iron is not greatly 
(10—20%) reduced, but the anisotropy constant K 
is reduced by a factor of 3—6.° For silicon iron 
Ig = 1600; therefore rie /K > 1. It follows that 
F, ~ K5/4/I5. In view of the fact that with increas- 
ing temperature the decrease of I, is insignificant 
compared with that of K, we take 


Pep emt (da) (4) 


The temperature dependence of the wall energy 
density is 
ACN SCION, (5) 

It follows from (4) and (5) that since Fy, de- 
creases more strongly than y, the surface drop- 
shaped closure domains must diminish in size, so 
that some of them may even disappear. 

Both reversible and irreversible changes of the 
domain structure may occur when the crystals are 
again brought down to room temperature. The ir- 
reversible changes should partially conserve all 
characteristics of the domain structure reorganiza- 
tion which result from the higher temperature. In 
the present specific case we may expect the irre- 
versibility to be manifested by a different size of 
the closure domains compared with the initial state 
prior to heating. In addition, some of the disap- 
pearing closure domains may not reappear because 
nuclei of new regions are formed with difficulty. 
Figures 5 and 6 contain the experimental evidence 
for these conclusions. 

We shall now consider how a temperature rise 
should affect the appearance of the dagger-shaped 
closure domains at the crystal edge (Figs. 6 and 
7). The stray-field energy on the lateral crystal 
surface is 

F, = 0.851; D cos? @. (6) 
Equation (6) does not contain y* because this quan- 
tity may be neglected for large angles between Ig, 
and the crystal surface in question. Substituting 
D from (2) into (6) and considering that in our 
case I, is only slightly temperature-dependent, we 


have 
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Fy(t)~ K* (7). (7) 


A comparison of (7) and (5) indicates that with ris- 
ing temperature F, will decrease more slowly 
than the wall energy density. As a result the 
dagger-shaped closure domains on the edge should 
grow; they may also increase in number. Assum- 
ing that with a reduction to room temperature the 
structure may not return to its original condition 
(before heating), we may expect a growth of the 
dagger-shaped regions as a result of a temperature 
cycle. This is confirmed experimentally by the 
powder patterns given in Fig. 6, where it is shown 
how the temperature cycle brings about a consid- 
erable growth and multiplication of the dagger- 
shaped domains. 

We may similarly consider how a higher tem- 
perature affects the structure of closure domains 
on a crystal surface approximately parallel to the 
(001) plane. When the surface is accurately paral- 
lel to (001) the magnetic domain structure pre- 
dicted by Landau and Lifshitz appears.’ This struc- 
ture is shown schematically on the end surface in 
Fig. 4, where the basic domains and the triangular 
closure domains on the edges are represented. 
When the crystal surface is slightly inclined to 
(001) stray fields appear on the surface, and the 
energy of these fields may be reduced through the 
formation of surface closure domains (trees, tree 
trunks, etc.). For this structure, according to Kit- 
tel,’ the width of the basic domains is calculated 
taking the magnetoelastic energy into account: 


D= (4yL/ Noles 4 (8) 


where c,; is the elastic modulus. As the temper- 
ature of a silicon iron crystal increases to 500°C, 
Atioo) Can only increase® while c,, decreases 
slightly. D will therefore diminish with rising 
temperature because of the growth of Ajs499} as well 
as the reduction of K. From (1) and (8) we obtain 
Fy (T) ~ KAT). We should therefore observe a 
reduction of closure domain size when a crystal 
having its surface approximately parallel to (001) 
is heated. This reconstruction of the closure do- 
mains may also follow a temperature cycle, as can 
be seen from the powder patterns in Fig. 2. 

A temperature rise can also affect the appear- 
ance of the basic domains. The boundaries between 
these regions tend to assume the positions for min- 
imum wall energy. This remains true if the total 
energy of the crystal is not enhanced through in- 
creases in other forms of energy. With rising tem- 
perature the regions of minimum yare rearranged; 
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the boundaries may thus be shifted. The boundaries 
of closure domains may be shifted for the same 
reason. 

It follows from (2) and (8) that a temperature 
rise will also change the equilibrium width D of 
the basic domains. For example, in the case of 
the domain structure represented in Fig. 7 we may 
assume D ~y!/2 ~K"4 according to (2), since in 
our experiments Ig changes very little with tem- 
perature. Higher temperatures may therefore 
break down the basic domains; in the present in- 
stance this may be brought about through growth 
of the dagger-shaped closure domains and through 
their transformation into basic domains .* 

It follows from our analysis that the magnetic 
structure of silicon iron crystals should change 
when their temperature is elevated.t It may be ex- 
pected that when the original temperature of these 
crystals is restored some of the changes are con- 
served. The existing theory is unable to predict 
the extent of this irreversibility of the magnetic 
structure. Only experiments such as those de- 
scribed in the present paper can supply pertinent 
information. We have shown that a temperature 
cycle is accompanied by a boundary displacement 
of the basic domains. 

It is reasonable to expect that the domain struc- 
ture of a heated sample will be metastable after 
being restored to its original temperature. There- 
fore if a heated sample is demagnetized by a vari- 
able field the magnetic structure should on the 
whole return to the original form exhibited by the 
demagnetized sample before heating. This conclu- 
sion is confirmed by the photographs in Figs. 2 
and 3. 

The temperature hysteresis of domain structure 
which we have described in the case of silicon iron 
crystals should also occur in all other ferromag- 
netic materials possessing a multidomain magnetic 
structure. 


*Strictly speaking, we cannot consider changes of the clo- 


sure domains and basic domains independently, since all the 
domains of a crystal are interrelated. In polycrystalline sam- 
ples this interrelation also exists between domains located in 
different grains, especially between those which are in contact. 
Our treatment is adequate, however, for the discovery of quali- 
tative laws. 

tKirenskil and Degtyarev® used the Kerr effect to observe 
the magnetic structure on the oxidized (011) plane of a silicon 
iron crystal which was heated from 20 to 700° C. No changes 
of the magnetic structure were detected. Since these observa- 
tions were made under very low magnification, small heat- 
induced changes of the magnetic structure may have been 
overlooked. 
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Values of the longitudinal polarization of 8 electrons from 


p*2, In!44, Sm 153 ta Ho!®, and 


Au!8 nuclei have been measured at 300-340 kev by the method of Mott scattering (involving the 
transformation of longitudinal into transverse polarization). Differences up to 10% have been 
detected in the degree of polarization of the isotopes investigated. It has also been found that 
the absolute values of the polarization lie in the range (0.86 — 0.97) v/c. The error in the ab- 
solute measurements (+3%) does not include any possible inaccuracies in the theoretical 
calculation which relates the values of the polarization and of the scattering asymmetry. 


INTRODUCTION 


As is well known, the discovery of the non-con- 
servation of parity in weak interactions!*” has led 
to a reinvestigation of our description of 6 decay. 
In particular, it has turned out that in accordance 
with the two-component neutrino theory® ° the elec- 
trons emitted in 6 decay of unpolarized nuclei 
must be longitudinally polarized. This effect was 
then soon discovered experimentally.*-® It was 
shown that the magnitude of the effect agrees within 
an accuracy of +(15—20)% with the calculated 
value +v/c for electrons and positrons respective- 
ly. During the next three years more than twenty 
papers have been published (cf. reference 9) in 
which different methods of measurement were 
utilized, and nuclei with different Z and with dif- 
ferent types of transitions were studied. A con- 
siderable part of this work has been carried out 
with an accuracy not exceeding 15%. The ma- 
jority of the results of the remaining articles (for 
example, references 10 —17) which have higher 
accuracy happens to fall approximately in the 

range of values (0.9—1.0) v/c. 

An opinion that has been expressed most fre- 
quently is that the observed deviations of the ef- 
fect from v/c are most likely due to systematic 
experimental errors, and that as experiments be- 
come more refined it will be shown that the po- 
larization of electrons emitted by different nuclei 
is the same, and is equal to v/c (except for spe- 
cial cases of which RaE can be taken as an ex- 
ample). However, at present several authors 
claim an accuracy of 3—5% for their measurements 
and, moreover, while the value P =—(1.0 + 3%) 
v/c has been obtained”? in the case of P**, the ra- 
tio of electron polarizations for Au’®® and Co™ has 
turned out!® to be equal to 0.87 + 5%. 


In the present work we have taken for our main 
aim the task of obtaining with the highest possible 
degree of precision an answer at least to the ques- 
tion of whether the polarization of electrons from 
B decay of different nuclei is different. The accu- 
racy of the relative measurements attained by us 
has turned out to be sufficient to demonstrate that 
such differences actually do occur both in cases 
of allowed transitions in P®* and In!!4, and also 
in the Coulomb transitions in Au!®8, Lu!@, Sm158, 
as well as in Ho!®*, With respect to the deviations 
of the polarization from the value v/c, a discus- 
sion is given of the accuracy of the absolute meas- 
urements which have also been carried out. 


1. METHOD 


The method of Mott scattering has been utilized 
in the present investigation: with the aid of crossed 
electric and magnetic fields the longitudinal po- 
larization was transformed into a transverse one, 
and the latter was measured by measuring the 
scattering asymmetry. 

In this case the polarization P is related to the 
scattering asymmetry A by the following expres- 
sion 

ES = Jia 

BBS’ Af ls+ 4? 
where I, and I, are the “right’’ and “left’? scatter- 
ing intensities, and S is a function of angle and of 
energy. With an optimum choice of the energy 
(300 — 500 kev), of the angle of observation of the 
scattered electron (110—140°) and of the scat- 
terer thickness (several tenths mg/cm? ), the 
ratio of the scattering intensities is I,J, ~ 1.6. 

The relatively large value of the scattering 
asymmetry makes this method more attractive 
compared to others. However, even in this case a 
measurement of the polarization with high pre- 
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FIG. 1. Schematic diagram of the appa- 
ratus: I—horizontal cross section, II — verti- 
cal cross section of the chamber containing 
the source. 1—source, 2— magnet poles of 
the preliminary analyzer, 3— magnet poles 
of the crossed fields system, 4—capacitor 
plates of the crossed fields system, 5— 
magnetic guides with diaphragm, 6 —scat- 
terer, 7 —counters. 


cision, for example, +3%, is a very difficult prob- 
lem. Indeed, the accuracy of the results is limited 
primarily by systematic error: lack of precise 
knowledge of the asymmetry of the apparatus, of 
multiple scattering, of depolarization in the source, 
and of other factors. At the same time, in order 
to determine all these quantities it is necessary 

to carry out repreated measurements of the 
scattering asymmetry, the relative error in the 
magnitude of which is approximately equal to 
double the error in the ratio of the scattering in- 
tensities I, and I, for 1,/l, =1.6. 

In other known methods the required accuracy 
of measurement is even higher, due to the smaller 
difference in the readings of the indicators of po- 
larized or unpolarized electrons. 

However, relative measurements can be carried 
out with greater accuracy if the depolarization in 
the source is small, and the energy and the angular 
distributions of the electrons incident on the scat- 
terer do not depend on what source is being in- 
vestigated. In this case the uncertainties in the 
numerous corrections, which enter into the abso- 
lute measurements, become negligibly small if 
the ratio of the polarizations is evaluated. 


2. PRINCIPAL CHARACTERISTICS OF THE 
EXPERIMENTAL ARRANGEMENTS AND 
CONTROL EXPERIMENTS 


1. Description of the Apparatus. A schematic 
diagram of the apparatus is given in Fig. l. The 
B emitters were situated at a distance of appr oxi- 
mately 10 cm above the axis of the apparatus in 
the position shown in the figure. Electrons that 
were rotated by a transverse magnetic field 
through an angle ~ 90°, passed through a colli- 
mator enclosed in an iron tube — a magnetic 
guide — and entered the region of the crossed 
fields. Then the transversely polarized electron 
beam again passed through the magnetic guide 
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containing the collimator and fell on the scatterer. 
The scattered electrons were recorded by counters 
whose axes were placed at an angle of 120° with re- 
spect to the direction of the electron beam. Each 
of the counters consisted of two counters placed 
behind one another and connected in coincidence. 
Between them there was a filter of thickness 

~25 mg/cm”. The bodies of the counters were 
made of Plexiglas rings (10 —12 mm high and 

20 and 25 mm in diameter), coated with a conduc- 
ting graphite layer. The working volume of the 
counters was separated from vacuum by a thin 
film of thickness ~0.3 mg/cm”. The sources and 
the scatterers were placed in an exactly specified 
position, and they could be changed without break- 
ing the high vacuum. 

2. Calibration of the System of Crossed Fields. 
The values of the magnetic field H and of the elec- 
tric field E required to rotate the spin of electrons 
of momentum p and of speed 8 through an angle @ 
were obtained from the following relations 


g@—eHLY l— pipe, EB == Be, 
where L is the length of the region of the crossed 
fields (~300 mm). The device which determined 
the magnitude of the potential difference between 
the plates was calibrated by using known values of 
the magnetic field and of the energy of conversion 
electrons passing through the crossed fields (we 
utilized the 187-kev line of In''*). The magnitude 
of the applied fields corresponded to a rotation 
of the spin by 90°. Therefore, a relatively large 
error in specifying the angle of rotation of the spin 
which could be made as a result of an error in the 
determination of the effective length L of the 
crossed fields, should lead to no appreciable error 
in the measured value of the asymmetry. A control 
experiment in which the angle of rotation of the 
spin deviated from 90° by + 15° has shown that the 
choice of the value of the fields had indeed been 
made correctly: in both cases the asymmetry was 
reduced by 3 + 2%. 
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3. Sources. All the B sources were deposited 
on an aluminum foil 6y thick and had a diameter of 
20 mm. All the sources made of Sm, Lu, Ho, and 
In were prepared from unactivated low dispersion 
powders of the oxides of these elements with the 
Sm and In sources being enriched in the Sm!°2 
isotope (98%) and the in (75%) isotope. The 
layers were deposited by evaporating suspensions 
of these powders in alcohol to which a small quan- 
tity of bakelite was added. The layers obtained in 
this manner after being dried at a temperature of 
approximately 200°C were sufficiently firmly at- 
tached to the backing. The Au source was obtained 
by sputtering in vacuum. All the sources were 
hermetically sealed into aluminum containers 
and were irradiated in a reactor. The P*® 
source was prepared by repeated application and 
evaporation of an active nitrate solution. The 
thickness of the sources varied in the range 
0.6 —1.3 mg/cm”. The low aperture of the ap- 
paratus did not allow us to carry out measure- 
ments using sources of low specific activity. The 
most intense Sm source had an activity up to 3 C. 
The activity of the In source amounted to approx- 
imately 100 mC. 

4. Electron Spectra. The energy spectrum of 
each source was carefully investigated to verify 
the absence within the selected range of energies 
of conversion lines whose appearance might be 
associated with an impurity due to foreign ele- 
ments. Relative measurements of the polariza- 
tion were carried out at an energy of 340 kev for 
all the sources (with the exception of gold). This 
energy was close to the maximum energy which we 
could select by crossed fields with the spin being 
rotated through 90°. The spectrum of electrons 
entering the region of crossed fields extended ap- 
proximately from 240 to 440 kev. Figure 2 shows, 
as an example, the spectra for the In!"4 source. 
Due to a preliminary energy analysis the spec- 
trum of the electrons incident on the scatterer did 
not depend on the shape of the source spectrum, 
and had a line shape standard for all the sources 
with a half-width of ~40 kev and with a relative in- 
tensity less than 1% outside the selected (340 + 40) 
kev region. This enabled us to avoid corrections 


which would be difficult to estimate, and which would 


have arisen if sources having sharply different 
shapes of spectra were compared. 

5. Elimination of Differences in Counter Ef- 
ficiency. Measurements of the electron scattering 
asymmetry must take into account differences in 
counter efficiencies. The method of crossed fields 
enables us to eliminate easily the effect of counter 
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FIG. 2. Electron spectra. 1—spectrum of electrons from 
In'!*- 2—spectrum of electrons from In'** which have passed 
through the crossed fields system: solid curve — including 
preliminary analysis with respect to energy, dotted curve — 
without preliminary analysis. 
efficiency on the results obtained. If the signs of 
both the electric and the magnetic fields are re- 
versed the spin of the electrons incident on the 
scatterer is flipped over from the ‘‘up’’ ({) posi- 
tion into the ‘‘down’”? (|) position. The ratio of 
the scattering intensities 1,2, determined from 
the ratio 


Nh[l2=Vy/ Fe) t+ Sil Fe) 


(where J; and J y are the counting rates of the left 
and the right counters) does not contain an coef- 
ficients characteristic of counter efficiency. Ef- 
fects of slow variations in counter efficiency (which 
in the course of the experiment might attain values 
of 3—5%) were eliminated by carrying out many 
series of measurements with the signs of the fields 
alternately reversed. 

6. Counter Background. The low sensitivity of 
the counter to y rays, and good screening of the 
source and of the counters enabled us to obtain a 
low background level: 60 — 70 coincidences per 
hour. The magnitude of the background was deter- 
mined primarily by cosmic rays and by radioac- 
tive contamination, and varied little even when 
the most intense sources were investigated. 

Owing to the use of preliminary analysis of elec- 
trons by the transverse magnetic field the scatterer 
could not be directly ‘‘seen’’ from the source, and 
therefore y rays from the source could not reach 
the scatterer. Control experiments have shown 
that the magnitude of the background remains the 
same when measured by two different methods: 

a) the beam enters the chamber, the scatterer is 

removed, b) the scatterer is placed in position, 
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the direction of one of the fields is reversed, and 
the beam is not passed through. 

The low background level made possible meas- 
urements with relatively weak sources and with 
thin scatterers, and to a certain extent compen- 
sated for the low aperture of the apparatus. 

7. The Spread in the Experimental Results. In 
utilizing the method of transforming the longitudinal 
polarization of the electrons into a transverse one 
by means of crossed fields it is necessary to take 
precautions which will guarantee that the angular 
spread of electrons incident on the scatterer, and 
consequently the magnitude of the asymmetry in- 
troduced by the apparatus, will not depend on the 
position of the source and on the magnitude of the 
fields. One of the methods by means of which 
this can be attained is sufficiently strong collima- 
tion of the beam, and this was in fact used in the 
apparatus described. A sufficient degree of col- 
limation of the beam, and the proper adjustment 
of the apparatus were achieved as a result of ex- 
periments in which we measured the dependence 
of the magnitude of the asymmetry on the posi- 
tion of the source, and on the deviations in the 
values of the fields from the prescribed values. 
These experiments were carried out using the 
most intense Sm’? source which enabled us 
to obtain the required statistical accuracy within 
a short time. As a result, a situation was achieved 
in which the magnitude of the asymmetry varied 
by not more than 1— 1.5% when the current in 
the magnet used for the preliminary analysis was 
varied by +15%, and remained constant within 1% 
when the field strengths of the crossed fields 
were changed by an amount which exceeded by a 
factor of several fold the possible error in de- 
termining them. 

Carefully performed experiments have shown 
that the magnitude of the asymmetry is practically 
independent of the accuracy with which the source 
is placed in its operating position. For a suffi- 
ciently large displacement of the source a sharp 
decrease in the intensity of the beam reaching the 
scatterer occurred due to the strong collimation. 
But there was no noticeable accompanying change 
in the scattering asymmetry. As a result of the 
foregoing experiments on the investigation of the 
constancy of the asymmetry introduced by the ap- 
paratus, and of subsequent measurements in which 
the asymmetry in the scattering of electrons from 
Sm!*3 was compared with the asymmetry in the 
case of other sources, we could analyze approxi- 
mately twenty measurements of the scattering 
asymmetry for £ electrons from Sm'°%, each of 
which had a statistical error of approximately 2%. 
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This analysis has demonstrated the presence of a 
spread of non-statistical character whose maxi- 
mum value was estimated as +1%. 

8. Depolarization of Electrons in Sources. A 
determination of the amount of depolarization in 
sources was carried out in several control ex- 
periments. A comparison of Sm sources of 
thickness 0.8 and 0.2 mg/cm? and of Au sources 
of the same thickness showed no difference in the 
magnitude of the asymmetry within the accuracy 
of measurement (+2%). In subsequent experiments 
layers of gold, silver and aluminum of different 
thicknesses up to 10 mg/cm? were placed on a 
Sm source of thickness 0.8 mg/cm? (both from 
the backing side and from the active layer side). 
The observed decrease in asymmetry enabled us 
to obtain a more accurate estimate of the amount 
of depolarization in the sources which has turned 
out to be equal to 


Source . Au Sm In Lu Ho P 
Thickness, mg/cm’ 0.8 0,9+0.2 1.6+0,3 0.9+0.2 0,820,2 1.8+0.3 
Depolarization, % 1.740,5 140.5 4.240.5 1,340.5 440.50.8+0.5 


9. Role Played by Electrons Scattered from 
the Walls of the Apparatus. In order to reduce 
the scattering of electrons the walls of the cham- 
bers in which the sources and the scatterer were 
placed were lined with Plexiglas the surface of 
which was covered with graphite and grounded. 

A number of control experiments has shown that 
scattering of electrons in the chamber in which 
the source was placed and scattering at the edges 
of the first diaphragms lead to a depolarization 
whose magnitude was estimated as 0.5%. 

Considerably greater difficulties had to be 
overcome in order to reduce the role played by 
scattering by the walls of the chamber in which 
the counters and the scatterer were situated. 
Practically all the beam electrons passing 
through the gold layer reach the walls, and the 
probability of their entering the counters (either 
directly or through the scatterer) on being scat- 
tered from the walls is not as small as it appeared 
initially. For the data on the absolute values of 
the polarization, published by us earlier,’® this 
effect had to be taken into account and a correc- 
tion of (3 + 1.5)% had to be introduced. In the 
apparatus now being described the dimensions of 
the chamber were considerably enlarged: it was 
in the form of a cylinder of 350 mm diameter and 
approximately 400 mm high with deep traps situ- 
ated opposite each of the counters in the path of 
the beam. In order to determine the role played 
by the scattering by the walls of this chamber 
under conditions close to those under which the 
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asymmetry was measured, a number of control 
experiments was performed. Experiments of very 
great sensitivity showed that as a result of the 
above effect corrections must be applied to the 
magnitude of the asymmetry: 0.4% due to the 
scattering from the walls of the chamber and 0.1% 
due to the scattering from the Plexiglas counter 
tips. 


38. MEASUREMENTS AND RESULTS 


1. Relative Measurements of Polarization. 
Relative measurements of polarization were ob- 
tained by comparing the magnitude of the scat- 
tering asymmetry for each of the sources investi- 
gated with the magnitude of the scattering asym- 
metry for Sm!*3, The measurements were carried 
out using the same scatterer, the same energy and 
with the spin rotated by 90°. The results of the 
control experiments described earlier showed 
that the spectra of the electrons falling on the 
scatterer and the value of the asymmetry intro- 
duced by the apparatus are not altered when 
sources are changed. This allows us to assume 
that the comparison of the polarizations was car- 
ried out under strictly identical conditions. 

From three to five series of measurements 
were carried out for each source at different 
times in the course of several months. Each 
series included measurements for the source 
under investigation with an accuracy of 2 or 3%, 
and measurements for Sm'®* which were carried 
out at the beginning, in the middle, and at the end 
of the series. Table I gives relative values of 
the polarization obtained from the relation 
P/Pgm = 4/Asm- 


Table I 
Energy | 340 kev | 240 kev 
Isotope js psz Int Lu! Hos [sm | Au'#s 
> | 
Pj Po 4 1.05) 0.96} 0.95] 0.94] 4 0.97 
Error, % Beil Moy WlesGiara. llesbedsh laa) 3} S=il its) 


These ratios have been corrected for the dif- 
ferences in the value of the depolarization in the 
sources in accordance with the values given 
earlier. The errors in the ratios of polarizations 
obtained in this manner include: a) an error in 
the determination of Agy,, equal to +1%; b) an 
error in the value of A, equal to 1.5% in the case 
of Lu, Ho, P, and Au, and 2.5% in the case of In; 
c) an error in the relative values of the depolari- 
zation in the sources, equal +0.5%. The quoted 
ratios of the polarizations do not require any cor- 
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rections, since the corrections for the asymmetry 
due to the apparatus, for the depolarization of the 
electrons on the way from source to the scatterer, 
for the finite angle of observation of the scat- 
tered electrons, etc. are completely eliminated 
from the ratio of two values of polarization. 

2. Absolute Measurements. Absolute meas- 
urements were carried out for one source — the 
most intense sm? source. These measurements 
were carried out for an electron energy of 300 kev. 
They consisted of determining the role played by 
multiple scattering in the scatterer, and the mag- 
nitude of the asymmetry due to the apparatus. 

The asymmetry due to the apparatus was de- 
termined by means of experiments in which the 
gold scatterer was replaced by an aluminum scat- 
terer. Since the angular distributions in the scat- 
tering by gold and by aluminum differ from one 
another it was necessary to achieve such condi- 
tions that the asymmetry due to the apparatus 
would be close to zero (as is shown later, in the 
final measurements its magnitude was 0.01). 

Preliminary experiments showed that thick 
layers of aluminum (of the order of 5 mg/cm?) 
are completely unsuitable for a correct measure- 
ment of the magnitude of the asymmetry due to 
the apparatus. Therefore, experiments were car- 
ried out in which the asymmetry due to the appa- 
ratus was varied artificially by an amount of 
approximately 5%, and these changes were moni- 
tored by means of a very thin (0.5 mg/cm?) 
aluminum scatterer. Simultaneously the asym- 
metry due to the apparatus was also measured 
by means of thicker scatterers (2, 3, and 5 
mg/cm?). As a result of these experiments it 
was shown that a scatterer of thickness 2 mg/cm? 
can still correctly reproduce the variations in the 
asymmetry due to the apparatus, a measurement 
by means of a 3 mg/cm? scatterer already leads 
to a small error, while the results obtained with 
the aid of 0.5 mg/cm” and 5 mg/cm? scatterers 
differed by an amount ~0.1. 

The observed effects are explained by the dis- 
tortion of the angular distribution of the scatter- 
ing due to multiple scattering of electrons in 
aluminum. This is confirmed by the fact that only 
for sufficiently thin layers does the intensity in- 
crease practically linearly with the thickness of 
the scatterer (the absolute values of the thickness 
were determined by weighing with an accuracy 
greater than 1%). For a scatterer of thickness 
3 mg/cm?, for which the distortions of the results 
of measuring the asymmetry due to the apparatus 
are already noticeable, the deviations from a 
linear dependence amount to ~ 15%. 


LONGITUDINAL POLARIZATION OF BEA EE eTMons 


QF QZ Qs IW 45 46 


Aap 


Q7 QB 49 10 


mg/cm? 


aq 


Mid EB AG ET rs EP 
mg/cm? 
FIG. 3. Ratio of the ‘‘left-right’’ scattering intensities as 
a function of the thickness / of gold, silver, and aluminum 
scatterers. 


In the case of gold scatterers the absolute val- 
ues of the thickness could not be determined with 
a sufficiently high degree of accuracy by weighing. 
However, in order to achieve the correct extrapo- 
lation to zero it is necessary to know only the 
relative thickness of the layers. In order to ob- 
tain the relative thickness the intensities from 
different scatterers were compared with each 
other at the working energy (300 kev) and ata 
higher energy (500 kev). In the course of this 
those scatterers were identified for which the 
deviations from a linear increase in intensity are 
not yet very large. 

In measuring the asymmetry we restricted our. 
selves to maximum thickness of scatterer equal to 
1.6 mg/cm? in the case of aluminum, and to 0.5 
mg/cm? for gold, for which the deviations de- 
scribed earlier do not exceed 8— 10%. 

Figure 3 shows the results of the measurements 
of the ratio of the intensities I,/l, for gold, silver, 
and aluminum scatterers. The counting rates for 
the thinnest scatterers amounted to approximately 
120, 60, and 30 counts per minute respectively for 
gold, silver, and aluminum. From the values of 
I, and I, we subtracted the background, the effect 
due to the film which was the scatterer backing, 
and the effect due to scattering by the walls of the 
chamber, which together did not exceed 2% of the 
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values of I for the thinnest gold layer. The extra- 
polated values of I,/l, and the corresponding 
values of the asymmetry A are given in Table II. 


Table II 
Scatterers Au Ag Al 
ils 1.765 +0.8% | 1.305+1% | 1.039 + 0.89% 
A | 0,277 1.6% | 0.132 + 5% | 0.019 = 20% 
S for 8 =0.776 | 0.427 0.208 0.038 
A, = 8S 0.331 0.161 0.0295 


There we have also given the values of S for 

6 = 0.776 and the value of BS = Ar taken from 
Sherman’s tables.’ The following corrections 
were applied to the values of the polarization ob- 
tained from the data of Table II. 


for depolarization in the source: (1 + 0.5)% 
for depolarization along the path from the 

source to the scatterer: (2+ 1)% 
for the finite size of the scatterer, and for the 

spread in the angles of observation: (S035) 76 
for the error in the determination of the 

effective value of BS: 1% 


In the final result the polarization of the elec- 
trons emitted in the B decay of Sm}? of energy 
300 kev turned ott to be equal to — 0.92 B +2.7%. 
The asymmetry due to the apparatus was not 
great in these measurements: — 0.01. The value 
of the asymmetry for a silver scatterer gives the 
same value of the polarization but with lower ac- 
curacy, specifically 6 — 7%. 

Table III gives absolute values of the magnitude 
of the longitudinal polarization of the electrons 


Table II 


Isotope Sm!53 ps In??4 |Li77 |Ho | Aus 


0.92 |0.97 0.89 


£34 


—P/(v/c) 0.88 o.s1 0.80 


Error, % |+2.7/+3.4/24.2|#3.4|£3.4|+3.4 


for the isotopes investigated which were obtained 
with the aid of the results of relative measure- 
ments. We recall in this connection that the rela- 
tive measurements for Au!8 were carried out at 
an energy of 240 kev, while in the case of all the 
other isotopes they were carried out at an energy 
of 340 kev. 


4. DISCUSSION OF RESULTS 


Results of relative measurements show that the 
polarizations of the electrons for the isotopes in- 
vestigated are not the same. It is of interest to 
note that the polarizations for Pp and In!*, for 
which the transitions are allowed and are of the 
Gamow-Teller type, differ from each other by 
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approximately 10%. The results obtained for Pe 
and Au!®8 agree within experimental error with 
the results of references 12 and 13. 

In spite of the fact that we attempted to deter- 
mine in the most careful manner all the possible 
causes which might lead to an underestimate of 
the degree of polarization, it seems to us that the 
absolute values obtained by us cannot yet be re- 
garded as finally established. First of all, itis 
necessary to check the correctness of the theo- 
retical calculations of the function S which gives 
the relation between the scattering asymmetry and 
the degree of polarization. Unfortunately, experi- 
ments on double scattering of unpolarized elec- 
trons still do not give for the quantity S an accu- 
racy higher than 10%. We intend to repeat these 
experiments in the near future for electrons of 
energy 200— 300 kev. In doing this we also hope to 
check whether we have correctly estimated the 
magnitude of the depolarization along the path 
of the beam from the source to the scatterer in 
the apparatus utilized in the present work. 

It is impossible to predict in advance the re- 
sults of these experiments. If it should turn out 
that the corrections to the polarization are large 
and amount to 10%, then in this case the spread in 
the values of the polarization will be shifted into 
the range (0.95 —1.05) v/c. Then the deviations 
from the value of v/c would not exceed 5%, and 
this would apparently make it significantly easier 
to explain this effect by the influence of nuclear 
structure. However, if the true values of the po- 
larization are close to those obtained in the present 
work, then it would be very interesting to carry 
out a measurement of the longitudinal polarization 
for the simplest nucleus T (for the neutron this 
is, apparently, practically impossible). These 
measurements could show whether the effect of 
nuclear structure is the only reason for the ob- 
served deviations, provided, of course, that it 
would be possible to show that in the case of T, 
just as in the case of the neutron,”’ one should ex- 
pect very small deviations from v/e. We would 
like to express the wish that such quantitative 
calculations for T should be carried out. 

The authors express their gratitude to V. I. 
Levin and his collaborators who prepared the P* 
source, and to the crew of the RFT reactor who 
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TWO-CASCADE GAMMA TRANSITIONS IN THE Nd144 NUCLEUS, ACCOMPANYING 


THE CAPTURE OF THERMAL NEUTRONS 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 584-586 (September, 1960) 


The y radiation accompanying the capture of the thermal neutrons by the Nd!4 nucleus was 
investigated by the sum-coincidence method! with scintillation counters. Four two-cascade 
y transitions have been determined. An energy level scheme that includes the well-known 

0.69-Mev level in the Nd! nucleus is proposed. The corresponding states are identified by 


the relative cascade intensities. 


‘Tae y radiation that accompanies the capture of 
thermal neutrons by a natural mixture of neody- 
mium isotopes was investigated by the so-called 
sum-coincidence method.! This method consists of 
feeding the pulses from two counters in parallel 

to a coincidence circuit and to a linear pulse- 
adding circuit. If the pulses coincide in time and 
their sum corresponds to the energy of the nuclear 
level, from which the investigated two-cascade 
transition originates, then the pulses from one of 
the counters are let through for analysis. The 
scintillation counters used were Nal (Tl) crystals 
measuring 40 x 40 mm. The apparatus employed 
was the same as described earlier,” except that 
four crystals pairwise connected in parallel were 
used. 

Neodymium in the form of oxide was placed in 
an aluminum cartridge weighing 0.26 g. Two 
targets with 0.74 and 0.42 g of oxide were used. 
Chemical analysis showed that the investigated 
substance contained 99.1% of neodymium oxide and 
0.2% of oxides of other rare earths. 

The greatest contribution to the absorption of 
thermal neutrons by a natural mixture of neo- 
dymium is made by Nd! and the capture is due 
to a single resonance with negative energy.® The 
binding energy of the neutron in the Nd!“ nucleus, 
equal to 7.8 Mev,‘ is the highest among the bind- 
ing energies of the other neodymium isotopes, so 
that the y transitions are easier to identify. 

In the investigation of the y radiation that 
arises during the capture, the ‘window’ of the 
control channel was set to the binding energy of 
the neutron in the Nd!“ nucleus, and the coinci- 
dence spectrum was investigated in the analyzed 
channel. Figure 1 shows a sample of a neody- 
mium y spectrum, obtained by the sum-coinci- 
dence method with the window of the control chan- 


pr ee 
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FIG. 1. a—Coincidence spectrum of captured y radia- 
diation of Nd***, occurring when the capture is in the en- 
ergy range 1—8 Mev (rms errors); b—spectrum of random 
coincidences under the same conditions. 


nel set to 7.8 Mev; the width of the window is 

0.55 Mev. A similar spectrum is obtained in a 
pulse analyzer in a single step. In order to in- 
vestigate the unresolved region of energies be- 
low 1 Mev, the gain of the analyzed channel is 
increased and additional measurements are made. 
The spectrum given here is the average of four 
measurements, each lasting approximately 12 
hours. The figure shows also the random-coinci- 
dence spectrum, obtained by introducing a delay 
of 6 x 10°’ sec in one of the channels of the coin- 
cidence circuit (m7 = 0.8 x Lome sec). 

The dotted lines in Fig. 1 shows the resolution 
of the spectrum into components. In determining 
the relative intensities, we started out with the 
shaded areas and used formula (3) of the paper by 
Hoogenboom. ! We calculated here the efficiency 
of registration of y rays of corresponding ener- 
gies, as well as the photo contribution of the crys- 
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stals, determined experimentally up to 2.76 Mev 
and extrapolated to higher energies. 

In the resolution of the y spectrum into com- 
ponents, we were guided by the fact that each pair 
of peaks corresponding to the two-cascade transi- 
tion is accompanied by a more or less uniform 
momentum distribution between the peaks. The en- 
tire spectrum we obtained consisted essentially of 
four cascades of approximately equal intensity. 
Therefore the area under the flat part of the spec- 
trum between 3 and 5 Mev (after subtracting the 
random coincidences) was cut in four horizontal 
parts of equal thickness. There is no need for a 
more exact subdivision in our case. Each of these 
parts was assumed to be the pulse distribution 
between a pair of corresponding peaks. Then, 
starting with the internal pair of peaks at 2.56 and 
5.2 Mev, we plotted the distributions of the pulses 
for all pairs of peaks. 

As the result of such an analysis of the y spec- 
trum, obtained by the coincidence method, we de- 
termined the following two-cascade transitions with 
a total energy of about 7.81 Mev (all the energies 
are in Mev): (7.42 + 0.07) — (0.48 + 0.02), 

(7.15 + 0.10) — (0.69 + 0.03), (6.80 + 0.10) — 
(1.22 + 0.03), (6.18 + 0.15) — (1.85 + 0.12), and 
(5.2 + 0.15) — (2.56 + 0.15). The coincidence 
spectrum contains also a peak of energy (0.34 + 
0.02) Mev, which should be supplemented by a 
(7.57 + 0.18)-Mev peak, which is not observed, 
however, possibly because of the insufficient reso- 
lution of the apparatus. The intensities of the 
aforementioned y ray cascades are related as 
0.3; 0.8: 1: 1.4: 1.1: 0.1, respectively. The error 
in the determination of the relative intensities, 
amounts to 40%. 

The 7.42 — 0.48 Mev and 7.57 — 0.34 Mev cas- 
cade transitions do not belong to Na!“ for on 
changing the width of the control channel (i.e., 
on changing the width of the energy region re- 
sponsible for the transitions) the relative inten- 
sities of these cascades change whereas all other 
cascades remain constant, within the accuracy 
limits of the experiment. It is possible that the 
observed 7.42 — 0.48 Mev cascade is due in fact 
to the 7.0 — 0.46 Mev cascade of Nd!4* and appears 
because the (7.48 + 0.18) Mev binding energy of 
the neutron in Nd!° (reference 5) is close to the 
investigated energy (7.81 Mev) of Nd!**. The cas- 
cade in which the 0.34-Mev y line participates is 
possibly due to the y transitions of Sm!*? through 
the 0.337-Mev energy level. The samarium con- 
tent of the investigated substance was not meas- 
ured but its presence among the rare-earth oxides 
is not excluded. 


Assuming that in all the observed cascades a 
high-energy y quantum, is emitted ahead of a low- 
energy one, we have constructed a scheme for the 
y transitions of Na!“4, The proposed scheme of 
transitions and levels is shown in Fig. 2. 
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FIG. 2. Proposed 
scheme of levels and Ss  -< & 
two-cascade y transi- 
tions of Nd***, The num- 
bers on the arrows in- 256 2* 
dicate the relative in- 
tensities (the energies 
of the corresponding 122 2° 
levels are in Mev). 
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Starting with the fact that the relative intensi- 
ties of the cascades are close to each other, we 
assume that all the y-ray cascades have a simi- 
lar character. The spin and parity of the initial 
state of Nd'“*, formed after capture of thermal 
neutrons, have been determined as 3° (reference 
4), and the characteristics of the 0.69-Mev level 
are known to be 2*, so that the transition between 
these states will be of type E1, while the 0.69- 
Mev transition to the ground state will be of type 
E2. Analogously, all the remaining two-cascade 
transitions from the initial state, shown in the 
figure, should also be of the El — E2 type, so 
that the states of all the intermediate levels are 
uniquely determined as 2*. It is natural to as- 
sume that all these levels are identical in nature. 

A few words concerning the levels 1.22 and 
1.85. Firsov and Bashilov® have noted a 1.1—1.7 
Mev y-ray cascade accompanying the B decay 
of Pr’, We have also indicated? the possibility 
of a cascade of y rays with close energies, 
namely 1.2 —1.8 Mev. Searches for these cas- 
cades by Porter and Day! were not successful. 
As can be seen froui ue present investigation, 
1.22 and 1.85 Mev levels a,pear in Nd and 
these may be responsible for the possible 1.2 — 
1.8 or 1.8 —1.2 Mev cascade from the ~3-Mev 
level in the B decay of pew 


Note added in proof (August 4, 1960). It is possible that 
the 6.8—1.2 Mev cascade is partly due to an impurity of gado- 
linium in the investigated material, since a similar two-cas- 
cade transition was observed in gadolinium, as indicated in a 
paper by Bartholomew, Campion, and Knowles, presented to 
the Second All-Union Conference on Nuclear Reactions (Mos- 
cow, 1960). 
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LONGITUDINAL POLARIZATION OF 8 ELECTRONS FROM Au’”® 


A. I. ALIKHANOV, G. P. ELISEEV, and V. A. LYUBIMOV 


Submitted to JETP editor April 30, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 587-588 (September, 1960) 


The ratio of the polarization of electrons from Au! and Tm!” has been measured for ener- 
gies of 145 kev and 390 kev. This ratio is equal to 0.8 + 0.05 at 145 kev; a value 1.07 + 0.08 


has been obtained at 390 kev. 


Measurements of the longitudinal polarization 
of B electrons from different elements carried out 
during the last few years show that in a region in 
which the 6 -electron energies are not too low the 
longitudinal polarization is close to — v/c for all 
elements investigated. An exception is Rak, for 
which a deviation from the above value!” of the 
longitudinal polarization was expected, in view of 
the fact that its 6 spectrum differs from the Fermi 
shape. This deviation was observed shortly after- 
wards and studied in detail in several experiments. 

In the case of Au!®8, some authors observed 
complete polarization of electrons (P = —v/c 
chiefly at medium and high energies,*”* and other 
authors, a considerably smaller polarization, at 
medium and low energies.’ We have repeatedly 
obtained (in reference 4 and earlier) values ap- 
preciably less than —v/c for the polarization of 
low-energy electrons from Au!*’. But since the 
apparatus employed was not sufficiently adapted to 
the strong y background accompanying the Au! 
B decay, we were obliged to restrict the measure- 
ment of the polarization of electrons from Au!8 
only to energies higher than the maximum 
energy of the electrons efficiently generated in the 
apparatus by y rays from the source. Otherwise, 
it would have been very difficult in principle to 
take into account the distortion of the results by 
the electron background from y rays. 

In the present work, in order to determine the 
value of the polarization of low-energy electrons 
from Au’? we used an apparatus constructed on 
the same principle as that in reference 4, but con- 
siderably improved and adapted to work with B 
sources having a strong y background. 

The polarization was measured in two energy 
regions — in the low-energy region (145 kev) of 
interest to us and, for comparison, in the high- 
energy region (390 kev), where, according to our 
previous measurements,‘ the polarization is equal 
to —v/c. 


The measurements were carried out by the rela- 
tive method used earlier.” Identical samples of 
Au!®8 and Tm!” served, in turn, as the source in 
the apparatus. The corrections which had to be 
applied to the measured values were mainly the 
same for Au!®8 and Tm'”? samples. Therefore, 
they compensated each other and were practically 
eliminated from the relative value of the longitudi- 
nal polarization of electrons from Awe 

For 8 electrons from Au! with mean energy 
of 145 kev (interval width about +60 kev), the 
value of the longitudinal polarization relative to 
Tm"? was Pa, /Prm = 0-80 + 0.05. In this value, 
the azimuthal asymmetry of Au!®® was increased 
by + 1.8% to compensate for the action of 76, 126, 
145, 147 kev unpolarized conversion electrons 
emitted by Au!*’, which is formed during the prep- 
aration of the source in the reactor from Au!” 
through Au! as a result of the capture of two 
neutrons.® The amount of Au!®? was determined 
by a calculation based on the irradiation time of 
the Au!” sample in the reactor, the thermal 
neutron flux density, and the respective capture 
cross sections. 

The relative longitudinal polarization of 390 kev 
electrons (interval width of the order of +100 kev) 
from Au’ turned out to be Pay/Ppm = 1.07 
+ 0.08, in agreement with the previous measure- 
ments. Here, a correction of + 8% was introduced 
into the azimuthal asymmetry of Au! in connec- 
tion with the presence of conversion electrons 
from the 411-kev y line of Au!®®. The contami- 
nation from internal conversion electrons in the 
stream of 8 electrons which experienced scatter- 
ing by 90° on the scatterer—transformer was de- 
termined by direct measurement ona 8 spectro- 
meter, 

Recent measurements of Spivak and Mikaélyan" 
gave for 240-kev electrons from Au! g polariza- 
tion equal to — (0.89 + 0.025) v/c. 

Analysis of the possible reasons for the devia- 
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tion of the value.of the longitudinal polarization of 
Au'®8 from —v/e was given by Geshkenbein and 
Rudik.’ They showed that in heavy nuclei, one 
should expect, for the first-fcrbidden transitions 
in the 8 spectrum regions which differ from the 
Fermi shape, a deviation of the value of the longi- 
tudinal polarization of electrons from —v/c, since 
the shape of the 8 spectrum and the value of the 
longitudinal polarization are determined by the 
same combinations of the same parameters. The 
B-electron spectrum of Au!8 according to the 
data presented in the survey in reference 9, has a 
Fermi shape for electrons of energy greater than 
300 kev and appreciably differs from a Fermi 
shape for electrons of lower energy. 


‘ Alikhanov, Eliseev, and Lyubimov, JETP 35, 
1061 (1958), Soviet Phys. JETP 8, 740 (1959). 

? Alikhanov, Eliseev, and Lyubimov, Nuclear 
Phys. 18, 541 (1959). 
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Phys. Rev. 109, 85 (1958); Lipkin, Cuperman, 
Rothen, and de-Shalit, Phys. Rev. 109, 223 (1958); 
Geiger, Ewan, Graham, and Mackenzie, Bull. Am. 
Phys. Soc. 3, 51 (1958). 


4 Alikhanov, Eliseev, and Lyubimov, JETP 34, 
1045 (1958), Soviet Phys. JETP 7, 723 (1958). 

> Vishnevskil, Grigor’ev, Ergakov, Nikitin, 
Pushkin, and Trebukhovskil, C6. Agepupie peaxunn 
IIpA MaJbIX KM CpeqHUX 9Hepru“ax (Collection: Nuclear 
Reactions at Low and Medium Energies), U.S.S.R. 
Acad. Sci. Press 1958, p. 363; Turner, Gard, and 
Cavanaugh, Bull. Am. Phys. Soc. 4, 77 (1959). 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 589-590 (September, 1960) 


A general formula has been obtained for the electromagnetic scattering of two different longi- 


tudinally polarized particles of spin the 


One of the consequences of parity nonconserva- 
tion in weak interactions is the longitudinal polari- 
zation of the fermions produced in the process, in 
particular of 4 mesons formed in the decay of 7 
mesons. Therefore, it is useful to generalize Niki- 
shov’s formula! for the cross section for the scat- 
tering of a u meson by a nucleon to the case of 
longitudinally polarized particles. 

The calculation has been carried out on the basis 
of the scattering matrix including the Pauli inter- 
action,” taking the internal structure of the parti- 
cles into account by means of the form-factors 
Fy (ke), 1, (k*) and Fy (k?), Ly (k? ), for the meson 
and the nucleon respectively (k is the transferred 
momentum ). The square of the matrix element 
containing the initial spin states of definite polari- 
zation and summed over the final states was found 
by means of the method of projection operators.”’® 
The calculations were carried out in the laboratory 
system, and because of this the spin projection op- 
erator of the incident meson was taken for the spin 
projection operator of the nucleon at rest. 

As a result of this calculation the following ex- 
pression was obtained for the differential scatter- 
ing cross section 


ds 
dQ Sie a Se 


In this expression 


CV at == al, Orel" Pal) Ea; 


p =p. WE/{| p,|(M-+ Eo) — E|po|cos 9], 


the + and — signs refer to the case of parallel and 
antiparallel spins respectively; | m|? is the square 
of the matrix element for the scattering of unpolar- 
ized particles which coincides with the expression 
obtained by Nikishov' if we take it in the laboratory 
system and assume that = 1/2, while |R/|? has 
the following form 


[Ry = "WE ERS \F [ Fi (4 kt + 2ME op; sin? 9) 


+ ly Fy M(4k+ MEop, sin? 9) + > Uy M? ks] 

+ pl, Fy [Fin(+ kt + ME, p? sin? 9) 

+ ly Fy M (4k* — R? p? sin? 9 + 2ME, p? sin? 3) 

+ Ty M2 2 (2k? — p2 sin? 9)] + Pw? kt (Fy + ly Mt , 
where the notation of reference 1 has been used, 
i.e., M and yp are the nucleon and meson masses; 
Ep, Po and E, p,, are the initial and final energy 
and momentum of the meson; W is the final nu- 
cleon energy. 

In the case when the particles are point particles 
and the incident particle has no anomalous mag- 
netic moment, i.e., for Fy = FN=1, J, =0 the ex- 
pression for the differential cross section becomes 


simplified: 

Dag M (ME3— + Ey k®— 2 Mk? 

dQ (2)? v WE: ER t ( oS ed R’) 
(1 + Lyk?) +p (SR — p?) (1 + ly M2) 


> LGR (1 + 2ly M) + ME p? sin? 9] (1 + 2ly M)}. 


After transition to the laboratory system the 
formula for the scattering of an electron by a pro- 
ton given in Bincer’s paper assumes the same 
form. 

In conclusion I express my gratitude to F. I. 
Fedorov for the method of calculation suggested 
by him. 


‘A. I. Nikishov, JETP 36, 1604 (1959), Soviet 
Phys. JETP 9, 1140 (1959). 

2L. G. Moroz and F. I. Fedorov, JETP 39, 293 
(1960), Soviet Phys. JETP 12, 209 (1961). 

‘A. Bincer, Phys. Rev. 107, 1467 (1957). 
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HIGHER BORN APPROXIMATIONS IN PAIR CONVERSION* 
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Submitted to JETP editor March 1, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 591-599 (September, 1960) 


Higher Born approximations with respect to the nuclear Coulomb field are considered in pair 
creation processes. The integrals of the first Born approximation can be computed exactly 


and lead to a simple analytic result. 


lks a number of quantum-mechanical problems one 
neglects the nuclear Coulomb field in the so-called 
Born approximation [we shall call this the zeroth 
Born approximation (z. B. a.)]. The computation 
of the higher approximations with respect to the 
Coulomb field is connected with considerable math- 
ematical difficulties (see, for example, references 
1 and 2). These difficulties are particularly great 
in the discussion of nuclear conversion with forma- 
tion of electron-positron pairs,” so that up to now 
expressions for the probability of this process have 
only been obtained in the z. B. a.° 
the calculations with exact wave functions in the 
field of the nucleus for the pair conversion are ex- 
ceedingly cumbersome, so that it is very desirable 
to develop approximate methods. 

In the present paper we consider the higher 
Born approximations. As the perturbing potential 
we choose a potential of the Yukawa type. In the 
final formulas the limit of a pure Coulomb potential 
is taken. In Sec. 1 we give the general expressions 
which can be applied to other problems (e.g., the 
photoeffect ) besides the pair conversion. Section 
2 is devoted to the discussion of the higher Born 
approximations for pair conversion. In Sec. 3 and 
the Appendices the calculations for the pair conver- 
sion are carried out to the end in the first Born 
approximation. 


1. GENERAL RELATIONS 


The matrix element describing quantum transi- 
tions of the electron (positron) due to the action 
of an electromagnetic field with frequency w has 
the form (reference 4){ 


*This paper was presented at the Ninth All-Union Confer- 
ence on Nuclear Spectroscopy (Khar’kov, January 1959). 

tIf not noted otherwise, the notation is the same as in the 
book of Akhiezer and Berestetskii.* Heaviside units are used 


throughout. 


At the same time, 


Sie = — QnieW 6 (E, = iB — w), 
v= \ P(r) B(r) Wy (r) dr, 


B= B+ 7,83, Gi IRS Ya = B, Y= Pr ae 
where aj, 8 are the Dirac matrices. B(r) cor- 
responds to the electromagnetic field, as for ex- 
ample, the photon (photoeffect, bremsstrahlung ) 
or the potential of the nuclear current (conversion). 
The functions ; in (1) are the wave functions 
of the free or bound electron (positron) in the 
static field of the nucleus. If we regard the latter 
as a perturbation for one or both of the functions 
Wj and proceeding as in reference 4 (see Sec. 29), 
we obtain 
P(r) = Syl (r), 


hk=0 
op (F 


= ie ifr 
~~ a 
1p (r) = w(p,) ee, 
For the field of the nucleus we take 


elem a 
4mr 


rst lerew ariel” 
(2) 


A® (r) = AY (r) = — i (3) 


In the momentum representation these formulas 
take the form 


¥(r) =SoMerar, (4a) 

o=13, a9) hulp) pe ea) 
PO = eae ioan pais ge 

P=E, g(t) =6(f—p). (4¢) 


The matrix element (1) is in the momentum rep- 
resentation 


ae \ Pha fs (fo) b (f:—f,) @: (fh), (5) 
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where 


b(k) = — ile B (r) dr. 


Using (4c), we can write W in the form 


W = iu (pe) wu (p,), (6a) 
w= w(0|0) + Bw (0| 1) + w(1]9)] + B? [w(0| 2) 
+w(1}1)+w(2]0)T+..., (6b) 


w (b|n) = Vata faql? (a) (he — fy) of" (h). Be) 


2. PAIR CONVERSION 


For the description of nuclear conversion proc- 
esses with formation of pairs we must make the 
following changes in the expressions of Sec. 1: ze 
Dime De ia i a B must be 
replaced by the singular multipole potentials By 

a (A) 


Using the explicit expressions for the Bim of ref- 
erence 4, we obtain in the momentum representation 


Det) = JiR) Vite (ky k) 7 (7a) 
b{R (k) = FY al fia 1 (2) Y7,1-4, m(K /&) ¥ 
—iV1S,(k) Yim(k/R) val, (7b) 


Ii(k) = —i\G, (or) g’ (kr) Pdr. (8) 

The spherical vectors Y],7,),m and the func- 
tions Gz and gj, which are proportional to the 
spherical Hankel and Bessel functions, respectively, 
are defined in reference 4 (pp. 33 and 426). 

The integral Jz7(k) will be discussed in Appen- 
bib IBY. 

The expression for the differential conversion 
coefficient for pair creation is, of course, of the 
same form as in the z. B. a.: 


d3 p; d? po 
aBin = a ae SO(E se Ea Oy 
om oD) | Win (9) 
Pike 


where the summation goes over the spin states of 
the electron and the positron. 
Using (6), we obtain 


es yet! A re 
Pas Boe Sp [w (ip1+ m) w (ip, — 
R-+n-+-k’+n’=s 


nm 
if 4 
‘Rin 4 “A ES rans ere 
3 (pie) = Sp lw (| 2) (ip, + m) wk’ |n’) (ip, — m)). 
- (10¢) 
*Below the index 1 will thus refer to the positron and the 
index 2 to the electron. 


m)) = 


SB" Os, 


s=o = (10a) 
(10b) 


z Ey 


oe 3(! 


Sp, w= Ts" Ta, 


Vo G_/GORSHEKOY 
Using the properties of traces and the relation 
of charge conjugation 
pi (f) = {Cox (f)} (o> ie) 
[(2+1) signifies the interchange of 1 and 2, the 
index T denotes the transpose, and C is the ma- 


trix of charge conjugation], we easily derive the 
following properties of the symbols (10c): 


clea iZ E * bale (i, iy ra ee ese een 


s=n+n'+tk-k’. (11) 


3. CALCULATION OF THE PROBABILITY OF 
CONVERSION WITH FORMATION OF PAIRS IN 
THE FIRST APPROXIMATION 


In the present paper we restrict ourselves to 
the calculation of o4.* With the help of (11) we can 
write 


6 = 2Res(5| 9 


o|o) -2=», 


(6 | 0) = $Sp [w (110) (é> +m) @ (00) (iP, — m)], 


w (110) = —| dF v4 (ifs — m) bite (Fa + Pa) / (fs — Po)? 


LA?) (1 — p32 — ie), 


w (0|0) = 8) (p, + p.) = — 69" (p, + pa). (12) 


Here we have used the identity 
fo + m? = f) + m® — E3 = f — pp. 
To simplify the subsequent calculations we intro- 


duce the following notation: 


Pi + Pp = V, fi. + pi =k, fi, —pPp = q=k—v, 


= bf (1| 0) = | aeebin (k) /(a? + 28) (8 — pi — ie), 


by = 6! (0|0) = 6 (v) (13) 
Then the expression for o; has the form 

oy = 2Re [> Sp (14 (ifs — m) by (ips +m)b5 (ips —m)}] 
ep pea (14) 


It should be recalled that b; is an integral oper- 
ator which acts on functions of k both to the left 
and to the right. 

First we calculate the traces and then the inte- 
grals, because in this case the expressions for the 
integrals assume a simpler form. 

Let us rewrite (14) in the form 


*The calculation of the correction ~(@Z)? will be pub- 
lished in a later paper. 


HIGHER BORN APPROXIMATIONS IN PAIR CONVERSION 


a= 2Re [3 Sp {br (ip, + m) bi(ips— m) Ya (ife— m)}}] 


—(2= 1). (15) 


Using the notation (13), we obtain 


(ips — m) a (ifa—m) = — 2E, (ip, —_m) + (ipy— m) 14 ig. 
(16) 
We now split o, into two parts, one containing 
q, the other not containing q: 


o,= 9, (0) + 9, (q), 
91 (0) = {— 4E, Re ¢ Sp [by(ép.+-m) & (ip,— m)|} — (2= 1), 
3 (q) = 2Re + Sp (5; (ip, + m) bj (ipe— m) v4 ig) —- (2 1). 
After evaluating the traces we find 
3, (0) = 4E, Re {(m*+ E,E2— pypz) (616°) + (b1p1)(8% po) 
+ (61P2)(0,P1)} — (221), 
91 (q) = 2Re { (biq){E: (6; p2) 
++ Bs (bps) — (m? + E,E,— pip) J 
+ (61bo)[Ex (p2q) — Es (prq)] + (6171) [Ex (boa) 
— 65 (pq)] + (b1P2)160 (P14) 
— E, (bj) q)) — 6,1 (p185)(P2q) + (P19)(7255) 


28 VWileg A EN PiP2)(b5q)]}— (2 1). (17) 


Using the definitions of by and b, [formulas 
(13) and (7)], we average the scalar products of 
the spherical vectors and the products of the spher- 
ical harmonics in the numerators of the integrands 
over the magnetic quantum numbers. The averaged 
expressions must, of course, be invariant under 
spatial rotations, i.e., they must be expressed in 
terms of functions of scalar products of ordinary 
vectors. These invariants are calculated in Appen- 
dix A for all occurring combinations of spherical 
vectors of the electric or magnetic type. It follows 
from the formulas of Appendix A and (13) that the 
numerators of all integrals are proportional to 
functions of the form 


Feces 
(1) P(E), (1, k) EP 7 


\ kv 
Rika on (k 
(1, ka" Pi (Ge) 


where P 7 is the Legendre polynomial. The re- 
quired real parts of these integrals are calculated 
in Appendix C. 

It is seen from the final expressions (C.6) to 
(C.9) that the infinities arising in the limit of the 
pure Coulomb field drop out and that the result of 
the integration can be formally obtained in the fol- 
lowing fashion: replace the integral sign by n/2, 
change the denominator of the integral (13) to pp, 
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and replace k by v everywhere in the remaining 
part of the function under the integral. 

After the general proof of the necessity of per- 
forming these operations we can change the order 
of application and first perform the alterations in 
the expressions which formally correspond to the 
integration and then average over the magnetic 
quantum numbers. 

Making the above-mentioned changes, we find 
that a; (q) = 0. 

For o;(0) we obtain 


9, (0) = 2n?- 0 (E2/p2.— Ey/p1) 59, 


0|0\. ‘ 

o9= 0 (5| 5) = (m?-+ E,E>— pips)(bob%) 

le (00P1)(6,P2) + (BoP 2)(0;P1): (18) 

Using (18), (10a), and (9), we have finally 
dBi, = dB?, M (Z; Ey, £2), 
M (Z; E,, E,) = 1 — xa Z (E,/p,— E2/p.), 

d3 

dpe, — 22 PaO hs 8 (£4 E,—a), (19) 


LD (250)8 
om apn is the differential conversion coefficient 


for pair formation in the z. B. a.* 

The first Born approximation result is there- 
fore obtained by multiplying the differential con- 
version coefficient for pair formation in the z. B. a. 
by the factor M(Z; Ey, E,). 

Since M(Z; Ey, E,) is antisymmetric in the in- 
dices 1 and 2, the term proportional to @Z drops 
out in the integration over E, or Eg, i.e., it does 
not appear in the expressions for the angular dis- 
tribution and the total conversion coefficient for 
pair formation. This is a consequence of the charge 
symmetry of the theory which requires that only 
even powers appear in the expansions of the total 
conversion coefficient for pair formation and of 
the angular distribution in powers of aZ. 

The authors are grateful to B. S. Dzhelepov and 
L. A. Sliv for a discussion of the results of this 
paper and for valuable comments. 


APPENDIX 


A. FORMULAS FOR THE SCALARS FORMED OUT 
OF THE SPHERICAL VECTORS 


To derive the formula for the probability we 
must write down the explicit covariant form of the 


*Formula (19) is, of course, not valid near the limits of the 
energy spectrum, where the parameter 4ZE/p is not small. 


420 V. Av KRUTOV and V~GuGOnRSH KO. 


expressions* By definition 
ay? F pray 
: J, (k) =——=\H wor)I  ,; (kr) rdr 
SR= Dy (Vettam (k/R) Yictam(v/e)), 1(R) ‘Vai PERCleRy Eas 
m=—l 
a 
= OW tim \ Hy (or) 1, (er) rdr- 
Sh= bts (PY s,c42,m(K/R)(QY1,242,m (V/0)) War im | 142 (07 il ) 


Using the antiderivative and the identity 


- dy m (k/R)(QY 1,21, m(V/0)) *. 


idx 
shee a Ray 
x x 


We are interested in the form of these expressions 1446 p designates the principal value, we obtain 
forsA,= 0 and.’ —— 1. 


Choosing the z axis in the direction of v and Ne —_ = > + ind (ke — 0%) 
using the addition theorem for spherical functions, 
we obtain (ax? pf 
(1)__ 20 +1 kv ~~ ttt R—o— ie” 
S= it & ; (A. 1) 2 
12d ek 
Sree tin (A.2) ©, CALCULATION OF THE BASIC INTEGRALS 
To derive the remaining formulas we make use The formula for the probability contains inte- 
of the covariant differential representation of the grals of the form 
spherical vectors (see, for example, reference 4, J, () pyo(ee Ja, k) d8k he 
34): (K(), K() = Re er ; (s = 1,2), 
BP et [(k—v)?+ 2] (kv + p,)?—p* ie] (C.1) 
1 k 2 F , 
Yt, Yea (< aa LV tee (= Using the Feynman identity 
G ee ai Vidi+1) ( k ) | 
= - ww = \&ellaz + 01 — 27, 
= 1K miz)> / 
Vigey XVA¥ in (Ge) hae 
we find 


—1) Pt va). 
Yi,1-1,m ie ye 4 Yim a V et +4 Yim : ) 


(K, K) = Re dz {(1, V) sas + 0, 1) V ape} R, (C-2) 


- k 
a nl ie k k Yi ral \\ apse BG 0 
aan vi vill} m (F) " 
After some transformations we then find ae J, (k) P, e oe se Vv pe 
(k — V)— v2 
2i+ 4 (pxk][qxv] ” ([axv]k)([pxk]v) Pie oe £5 
She eae {P ee). } (A.3) At= p2z2— 02 (1 — z) + iez. (C.3) 
SP= — =——{1P; (kp)(vq) -+ P; (kv) {(kp)([vx q][v xk]) Choosing the z axis in the direction of V and in- 


tegrating over the angles in (C.3), we obtain 
+ (vq)((kxp][k xv}) + 2 ({kxp]<k}I[vxa] x v])} 


‘ r. R2+ V2— A2 
+14 P; (ko)? ([koxptk x v)(Ivxallvxk})] (A.4) R= Pe (Ta) FS del) Qe (yay) a, 
2 k t 
sP= GELVI Pray + GaP: Mallen), aoc 
0 
PY = PY” (kv/ko). (A.5) where Q; are the Legendre functions of the second 
kind. 
B. CALCULATION OF THE INTEGRALS J,(k) Since the integrand is an even function, we can 


extend the integration from —# to + and consider 
the contour in the upper half plane. Calculating the 
residues with the help of Appendix B and using the 


To compute the integrals entering in the formula 
for the probability, we must know the singular 
points of the ‘‘radial’’ part of the Fourier trans- 


identity 
form of the nuclear potential Jj (k). Ss 
isthe cae (e+ V)2— Loe ae R+V+A 
*The first and second sums were computed by Berestetskii, In aVPe= bapa ae Vier. 
Dolginov, and Ter-Martirosyan® for the particular case k = v —V+A 


and p = q. [the second term is regular in the upper half-plaxe, 
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see formula (C.3)], we obtain 


PoP, WEL | nur, (eta 
1 (7) V ae 1 (FR) 1 ( IBY ) kdb 


i aoe Q eS V2— A2 


r Oe 2oV (C.4) 

Substituting (C.4) in (C.2) and separating out the 
term which contains A in the denominator and di- 
verges for } — 0, we integrate this term by parts 
over z with dU = dz/A and obtain 


(K, K)=Remi{—(1,v)F|_ infix + 4 


+(K.K)o}, 


(K, K)o= (1, V) Fjeni = 


1 
2 dz{(1, V) Fy’ In (V2 aes 


eo jaf yf na pe | 
bet gt \dzy(l, ) [a Je) Pka) ie 
VtA 
a= | Ju(k) Pi (x) dk + ate Qi (y)| 
—V-+A : 
Po V+A 
- (0,1) V ole | Ju (R) Pil) kde + ae Qu (y)|}. 
wisi (C.5) 
Here 
PrePi (yy) eet ye 
F = + P, (J; (R) Px (R) lva4n— Ju (R) Pi (x) |_v+a ). 


(K, K)9 does not contain divergent parts and con- 
verges uniformly with respect to X. The singulari- 
ties of the type 


he Aa pb dle 
VAS C= hi O4 

in Vt Ae in Ct OPA? 
Vay oF (o— V)2— A? 


under the integral do not give any imaginary con- 
tributions on account of the relations 


(V —A)P< (V+ A)?< (pit P2)?< 0, 
(o + V)?> (@—V)?> p22 > A> (A> 9), 

(K, K)o is therefore real for \ ~ 0. 

Finally we have 

nm? 
(K,K)= 5, Je (0)(1 v). 

It is easily seen that replacing v in the argu- 
ment of the Legendre polynomial in (C.1) by an ar- 
bitrary vector u leads to 


(C.6) 


J, (k) P, he k) d3k 
PFT k—v-ppP pie] ap Ye (0) Pe (or) (1s y): 


Re 2 


Differentiating both sides of this equation once 
and twice with respect to uq/u and setting u =v, 
we obtain 


oe 1 (&)P, (<) Gah) 
1] [2] 


«5p — 
k k 2p 
» (kv 
§ J, (RP, (FZ (1,k) kk 
a“B _ a 
Re| [1] [2] Epo = 5 


Ji(o(l, v) 2, (C.8) 


3 
=F ()(1, v) se (€.9) 
It follows from formulas (C.1), (C.6), (C.8), and 
(C.9) that the value of the integral just calculated 
can be formally obtained from the function under 
the integral by replacing the integral sign by 71°/2, 
changing the denominator of the expression under 
the integral to p, and replacing k by v in the nu- 
merator of all functions. 
By this method one can also compute an arbi- 
trary tensor K@8---0 with a rank which is conform- 
ity with the convergence of the integral 


J,(R) P, (kv /R0) kak ++. Bo 
[4] [2] 

In the calculation of K%8---0 we must use the iden- 

tity 


© 3p. (C.10) 


KB... Re e{~ 


———$. m 
—— 1 


=VaV5.-Vel (apa + axe) aM | 


9G 


& <) 1 
X \ay2 © Gaz) (k— VA? * 
As a result we obtain 


3 
Ko 8.--9 — a J) (v) UgUBp.-- (Olea 


- (C.11) 
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The hitherto unobserved decays K* > 1* +e* +e and K* ~ 7* +yu* +p, which may be due 
to combined electromagnetic and weak interactions, are examined. The absolute values of the 
probabilities of these decays are determined by the magnitude of the monopole moment of the 
transition K — 7, which cannot be calculated at present. The ratio of the probabilities can be 
computed and has been found to be Wy /We = 0.2. The m meson, electron, and muon spectra 
have been calculated, and some convenient methods for the treatment of the experimental re- 


sults are indicated. 


Ir is known that, unlike the decays 


Kx + - v, KS n= (1) 


the decays 


Kon +e*+e, (2) 


(3) 


which have not as yet been observed experimentally, 
cannot be due to the weak interaction alone. This 
has to do with the fact that, according to the hypoth- 
esis of the universal weak interaction, the interac- 
tion contains only charged lepton pairs (e*py, u*v, 

xe vp, pv) and no neutral pairs (ete, utp, 

x pte, vv). 

It is easily seen, however, that the decays (2) 
and (3) are not strictly forbidden even in the pres- 
ent theory and can come about through the com- 
bined effect of the weak non-leptonic and electro- 
magnetic interactions. The Feynman graph corre- 
sponding to this process is shown in Fig. 1. Here 
the dotted line represents a virtual photon; the cir- 
cle represents symbolically the totality of graphs 
corresponding to the decay of a K meson into a r 
meson and a y quantum. One of these graphs is 
shown in Fig. 2. The decays (2) and (3) are analo- 
gous to the well-known 0-0 conversion transitions 
in nuclei. 


Kon tyutty, 


Cy a) 


é 


lake, al 


ely 


In order to show how to write down the matrix 
element corresponding to the graph of Fig. 1, we 
recall that, in analogy to the 0-0 transition with 
emission of a real photon, the decay K* > n° +y 
with emission of a real photon is forbidden by gauge 
invariance. Indeed, the only tensor which can be 
constructed from the four-momenta of the K meson, 
p, and of the meson, q, must be proportional to 
Pudp, and thus gives zero when it is multiplied by 
the tensor of the electromagnetic field Fy) = kp€y, 
— ky€p (€ is the photon polarization four-vector, 
and k is the photon four-momentum ): 


PudvF uy = (pk)(ke) — R? (pe) = 0. 


The first term vanishes on account of the trans- 
versality of the photon, and the second, because 
k? = 0. However, for a virtual photon k* ~ 0, and 
the term k? (pe) is different from zero. 

Keeping these remarks in mind, we write down 
the matrix element corresponding to the graph of 
Fig. 1 in the form* 


PK 


M = efGk*p, Se V 4neu yu = VW 4naGfupugeg:. (4) 


Here a =e? = '/3,(f =c =1); u is the spinor of 
the leptonic field (e or uw); yg, and Yq are the 
wave functions of the K meson and 7m meson field, 
respectively, and G is the weak interaction con- 
stant (G= Oe ise where My is the proton mass). 
The vertex part represented in the graph of Fig. 1 
by a circle is given by the expression PKe 7efGk’p,, 
in formula (4), where f is a dimensionless function 
of k* or, what amounts to the same, of the energy 


*We note that the decay described by the matrix element (4) 
conserves parity in contrast to the case of the direct (without 
participation of a virtual photon) weak interaction of a lepton 
pair with strongly interacting particles. 
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of the meson: k? = mit m? — 2E;mxK. It can be 
expected that this function changes little in the in- 
terval 0 <k’< (mg —m,)’. Unless the contrary 
is specifically indicated, we shall therefore assume 
in the following that this function is constant. The 
quantity f does not contain the weak and electro- 
magnetic coupling constants G and e, which appear 
as separate factors in expression (4); in this sense 
the constant f is therefore of ‘‘order unity.’? Nu- 
merically, however, it can be considerably less 
than unity. Unfortunately, we cannot calculate the 
value of f owing to the absence of a theory of 
strong interactions. 

If, in analogy to the vertex K > 1 +y, we de- 
scribe the vertex K — 27 phenomenologically by 
the amplitude fpGME OKO TP my and determine fg 


by comparing the probability calculated with the 
help of this amplitude with the experimentally ob- 
served probability of the 9} decay, we obtain f2 

~ 10-4. This estimate gives us an idea of the pos- 
sible value of f, although it is not excluded that f 
can differ from fg by several orders of magnitude. 
If we neglect the unknown dependence of f on k’, 
we can calculate the total probabilities of the de- 
cays (2) and (3) with the help of the amplitude (4). 
We find 


W.= 0.56 W,, (5) 


We oly. (6) 


Here Wy = (‘/13) o?G?mif? ~ 5 x 108? sec"! = W-f?, 
where W-, is the probability of the 7* decay. If 

f were of order unity, the decays (2) and (3), which 
should look like anomalous tT decays in the photo- 
emulsions, would therefore be about as frequent as 
the normal +t decays. Up to now about 2000 nor- 
mal t decays have been investigated, but nota 
single occurrence of the decays (2) or (3) has been 
observed. This implies that f*< 5x 1074. The im- 
possibility of a reliable calculation of the absolute 
probability of the decay (2) has been pointed out 
earlier by Dalitz,! who made an estimate of the 
order of magnitude of this probability. 

It is seen from formulas (5) and (6) that, in con- 
trast to the absolute probability, the relative prob- 
ability of the decays (2) and (3) does not depend on 
f? and is uniquely determined as 


W [We 0.2: (7) 


We note that the numbers 0.56 and 0.11 in formulas 
(5) and (6) are obtained by integrating expressions 
(10) and (9). In the case of the electronic decay 
the integration is elementary and gives 


1 — 8a?-+ 8a°— 2§— 2424 In x = 0,56, (8) 
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1M, & 
where x =y/M(p is the 7 meson mass, and M is 
the mass of the K meson). In the case of the mes- 
onic decay the integration is done numerically (see 
Fig. 3). 
Let us now consider the spectra of the particles 


created in the decays (2) and (3). For the decay (3) 
the spectrum of the 7 mesons has the form 
64 Wo (E,) 


Wi(E en 


{oe 2m? | 
M24 p2— 2E,M 


Mi+ w2—4m2—2E Mie, 
ie ee | eb nyrae., (9) 


where the energy of the 7 mesons varies within the 
limits 


woOE.<(M? + pw? — 4m?) / 2M, 


where m is the mass of the » meson. For the de- 
cay (2) the spectrum of the 7 mesons is obtained 
from (9) by going to the limit m = 0: 


2 


W.(E,) dE, = 64M"W, (Es) (E2 —p®)“dE,. (10) 


In this case the energy of the 7 mesons varies 
within the limits 


W<E.< (M? + p?) / 2M. 


The spectra (9) and (10) are shown in Fig. 3. Each 
of the spectra (9) and (10) contains the unknown 
function W)(E,), which can be determined only ex- 
perimentally.* However, the ratio of the spectra 
(9) and (10) does not depend on this unknown func- 
tion and is determined only by quantum electrody- 
namics. This can be used for the verification of 
the electromagnetic properties of the muons and 
electrons up to energies M — p ® 350 Mev in the 
center of mass system of the leptons. It is of spe- 
cial interest to study the ratio of the spectra (9) 
and (10) in the region of small kinetic energies T 
of the s meson. In this case the energy of the lep- 
tons is close to its largest possible value. Then 
*We note that the constant W, which appears in the proba- 
bilities (5) and (6) is some average value of the function W,(E77). 
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(m is the mass of the muon). Unfortunately, the 


number of mesons with small energies is exceed- 


ingly small, as can be seen from Fig. 3. 

The spectra of the muons and electrons in the 
decays (3) and (2) can be obtained in an explicit 
form only if it is assumed that f= const, in which 
case the spectra contain the constant Wo. Then the 
spectrum of the muons has the form 


Wy (Ey) dE = pet {| 1+ ae | (ME, — 28 + a) 


M* Q2 
—_ 2m? x [ Q? — 2m? — a (m? — 2)? / Q? ii 


Em) ae (12) 
where Q? = M? + m? - 2ME,,, and the energy of the 
muon varies within the limits m = E, =[M’ +m’ 
= (00) oe uw)? 1/2M. The spectrum of the electrons 
in the decay (2) is obtained from (12) by going to 
the limit m = 0: 

96W, Ee (M?—2ME, — pu?) 
M4 M? (M — 2E,) 


WE) dE. = ake (13) 
The shape of the electron and muon spectra is 


shown in Fig. 4. 


It is also of interest to consider the simultan- 
eous dependence of the probability on the two var- 
iables: the energy of the mesons E, and the 


absolute value of the energy difference between the 


leptons A = |E,; — E,|. In this consideration we 
can use the experimental data for different 7 


meson energies simultaneously. For the electronic 


decay (2) we then obtain the following spectrum 


FIG. 5 


and A, PUT RUDIK 


96W (E,) 


We(A,, En) dA dE, = ——— gg AN A ee) 


where k2= E3— py’, and the variables are restricted 
to the region 
O<A<hks,  0<ke <(M? — p2) /2M, 


as shown in Fig. 5. 


Kod 


Alp 
FIG. 6 


The spectrum (14) contains the unknown function 
W,(E,,). However, the determination of this func- 
tion can be avoided by using the ‘‘sliding ray 
method,’’ which has been proposed earlier’ for the 
analysis of the Ke; decay. For this purpose we 
must draw the ray A = ak, in Fig. 5, with a < 1. 
Then the ratio of the number of experimental points 
lying to the left of the ray over the total number of 
experimental points does not depend on the unknown 
function W)(E,), but only on the quantity a: 


(15) 


0 0 


aks, x 
\ W.(A, ary ( W. (A, E,)dd =+|a—<]. 


For the muonic decay (3) we also obtain the 
spectrum 


W.(A, E,)dAdE, = 96M“W,(E,) (kz — A®]dAdE,. (16) 


The variables in the spectrum (16) are restricted 
to the region 


2 1/y 
0<A<k,|1 24 le 


M? —2ME, we 


paar UM Mie ees (may 

as shown in Fig. 6. This region differs essentially 
from the region shown in Fig. 5: for k, = Kqmax 
we have A=0. The ‘‘sliding ray method,’’ there- 
fore, cannot be directly applied to the spectrum 
(16). 

In conclusion the authors express their deep 
gratitude to L. D. Landau and I. Yu. Kobzarev for 
comments, to S. A. Nemirovskaya for carrying out 


ONFEPHE, DECAYS ("= x° +e 


the numerical calculations and to E. D. Zhizhin for 
pointing out an error in the initial calculations. 
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WHICH IS HEAVIER, THE K’ MESON OR THE K2 MESON? 


I. Yu. KOBZAREV and L. B. OKUN’ 
Submitted to JETP editor March 12, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 605-609 (September, 1960) 
A method for determining the mass difference of the K? and K$ mesons is proposed which 
makes it possible to find not only the absolute value of this pierces but also its sign. The 


method is based on the observation of the interference of the Ko mesons produced in plates 
of various substances by a beam of ik mesons. 


Ir is well known that in vacuum the K® meson and_ can predict only the order of magnitude of the ab- 
the K® meson behave like coherent superpositions solute value of the mass difference Am. At 


of time-even (K}) and time-odd (K3) mesons!”; present we can say nothing definite about the sign 
ROU OVE Roath Koy? of Am, i. e., about which is heavier, the K} meson 
(1) Vor.the K meson. 
KOS GO OV Ko = (RO Re) 2 The experiments considered so far by a num- 
ber of authors also cannot answer this question. 
The K} and K$ mesons have different properties For example, there is much discussion of an ex- 
in relation to weak interactions; the result is that periment for the determination of Am in which 
these two mesons have different decay modes and one measures the number of K° mesons that ap- 
different lifetimes. The time-even meson kK} is pear in a beam originally composed of K® mesons 


short-lived (749 = (1.00 + 0.04) x 107"sec*) and only. One can measure the number of K° particles, 
decays mainly into two mesons (Kr, decay ). tae for example, by placing in the path of the beam 
time-odd meson K$ is long-lived (7,0 = (6. Es i 1) plates in which the K® mesons will be captured 


x 1078 sec), and its main decay modes are Kz, with the production of hyperons. It is easy to see 
Ky and Ke,- that in such an experiment one cannot measure the 
As was pointed out in the original paper by sign of Am, since the number of K® mesons pro- 


Gell-Mann and Pais, ! the K$ and K$ mesons must duced in the time t is an even function of Am: 
have slightly different masses, because of the dif- 
ference between their weak interactions. If the 

only transitions permitted in weak interactions are 


w (K°) ~ et 4. gt __ 9g a ME Cos (Amt), 


(4) 


‘ 3 Ay = 1/70; Ag= 1/7 05 
those with AS = +1, where S is the strangeness, i SP 
then this mass difference must be of the order t is the characteristic time of the K meson. (sic) 
(cf. e.g., the paper by Zel’dovich*) In the present paper we suggest a method for 
Am~ g’m,~ 1/1 9 foenecs! Ur ied (2) experimentally determining the sign of Am. 

Ky The proposed experiment uses interference 
riers 11 G7 bie the square of the weak-inter= Deo eos which must occur in a beam of neutral 
action constant and mK is the mass of the K oS) ie es and will be possible only if Am 
meson (h =c=1). If transitions with AS = +2 eo 
were permitted, the mass difference would be® Pet us consider a monochromatic berm oth: 


mesons which strikes a target consisting of two 


=4 A 
(3) thin plates (a and b), which are in general made 


Am ~ gm, ~ 10** sec”. 


Experiment evidently indicates that Am ~ 10" of different materials and are separated by a cer- 
sec”, and consequently that transitions with AS ‘ain distance J (see diagram). 
= +2 are forbidden. Kr 


Unfortunately, because of the lack of a consistent 


theory of the strong interactions, even if we assume “eo : 
that transitions with AS = +2 are forbidden, we : : 

*These data are taken from the report by Alvarez at the It is well known,that K® and K° mesons have 
Kiev Conference of 1959.° different interactions with atomic nuclei. We can 
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describe the passage of the K-meson wave 
through plate a by introducing indices of refrac- 
tion ng for K° mesons and fig for K® mesons: 


Ng = 1 + 2nk-=Nafa (0), Ma = 1+ 2nk?=NQf,(0). (5) 


Here k is the momentum of the incident K$ 
mesons, fg (0) is the coherent scattering ampli- 
tude for K° mesons scattered at angle 0° by the 
nuclei of plate a, and it (0) is the corresponding 
quantity for K® mesons; Na is the number of atoms 
in 1 cm’. Analogous formulas hold for plate b. 
After passage of a beam of K} mesons through a 
thin plate there is an admixture of kK} mesons in 
the transmitted wave: 


Kp = (K°— K) /V2 5 (1 + ikdana) K°/ V2 
—(1 + ikttgda) K°/ V2 = [1 + ikda (ma + a) / 2] Ko 
+ ikda (Na — ng) K?/ 2, (6) 


where dg is the thickness of plate a. If we intro- 
duce the notation 


> Rdg (Na — Na) = rae'*4, (7) 
tan Qa = Im (fa (0) — he (0)/Re (fa (0) — fa (0)), (8) 
ra = ANdgk™ {{Im (fo — fa)? +(Re(fa—fa)i?y? (9) 


the amplitude of the K} wave after plate a is of 
the form 


Ko ir, exp {ipa 4 ik,x— 1x / 23, 
(= V o2— m?, 


ay =A1/1%1, 


2=h/o, n=o/m,. (10) 


It follows from Eq. (6) that in first approxima- 
tion we can neglect the weakening of the K$ wave 
in the thin plate a; similarly, we can neglect the 
weakening of the K} wave in plate b. Then the 
total amplitude of the wave of Ko mesons produced 
in plates a and b, evaluated at distance x from 
plate b (see diagram) can be written in the form 


Ki ~ i[ra exp {i (Pa +Ril) — W's | 2} 

Ere exp {i (Go + Rol) — Nol / 2)1 x exp {iki — Mx / 2}, 

(11) 

where gp and rb are quantities analogous to ¢a 
and ra, and the factor exp{ ikpl —A51/2} [where 
ky = (w*—m})!/?] in the second term is due to the 
fact that in the interval between plates a and b 
part of the K} wave goes over into the form of a 
K$ wave. In the derivation of the formula (11) we 
have used the condition da, db < I. 

For the total probability of K} decays to the 
right of plate b we have 
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: = 4 Be —(Ay-}-re) to/2! 
W (Kx) = tae + ree + Qrarye 1)! cos (Ap — Amt), 


Ag = Qa — o, Am = ig — ns, 5491 / oY. (12) 


It can be seen from Eq. (12) that by measuring 
the number of Ky, decays (in particular, of 
decays 0) — a+ m ) to the right of plate b for 
various distances between plates a and b (differ- 
ent values of ty) one can determine the magnitude 
and sign of Am. It is easy to see that the sign of 
Am can be determined only if the plates a and b 
are made of different materials. In fact, if the 
plates are made of the same substance, then it 
follows from Eq. (8) that Ay = 0 and w (Kz, ) is 
an even function of Am. 

It can be seen from Eq. (12) that it is advan- 
tageous for Ag to be close to 1/2. It is obvious 
that in order for Ag to have the optimal value the 
nuclear properties of plates a and b must be 
very different. Evidently it is desirable to make 
one plate of a substance with a small atomic num- 
ber and the other of a substance with a large atomic 
number. 

The formula (12) shows that to determine the 
sign of Am from this experiment we must know 
the sign of Ag. For this, in turn, we must know 
the signs and magnitudes of Ref(0) and Ref(0) 
for the plates a and b and the magnitudes of 
Imf(0) and Im f (0) (as is well known, the signs 
of these latter quantities are always positive). For 
light nuclei the information we want can be obtained 
from data on the interactions of K* and K~ mesons 
with these nuclei, if we use the isotopic invariance 
of the strong interactions. 

An analysis of the experimental data on the 
interaction of K” mesons with protons indicates 
that the interaction of K mesons with nuclei at 
energies < 100 Mev must evidently be of the nature 
of an attraction, i.e., Ref(0)> 0. This follows 
from the fact that the real part of the amplitude for 
the scattering of a K meson by a nucleon is posi- 
tive both in the state with T = 1 and also in the 
state with T = 0(T is the isotopic spin). 

For K* mesons the situation is less definite: it 
is known that the amplitude for the scattering of K* 
by a nucleon in the state with T = 1 is negative 
(repulsion), but the data on the interaction of the 
K* meson with the neutron is so incomplete that no 
definite conclusion can be drawn about the sign and 
magnitude of the amplitude with T= 0. Therefore 
so far we can say nothing about the sign of Ref (0).* 


*If the amplitude with T=0 is small, as the experiments 
evidently indicate, we may suppose that Ref(0) < 0. 
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It follows from Eq. (12) that the number of K3 
mesons that must be sent through the pair of 
plates a and b in order to observe one K} decay 
to the right of plate b is of the order of magnitude 
of rf. 

If in the expression (9) for r we neglect f(0) 
in comparison with f(0), we get 


rx PNR | fz, (0) [. (13) 


Assuming that plate b is made of copper and is of 
thickness d = 2mm, and taking 


Ox, (Cu) = mr2A% = 10*4*cm?, 4n| fz (0) - oe 


for K mesons of energy 40 Mev, we get rie =4 


x 10°. If we use the fact that the decay 0} — 7* 
+ ™ comprises two thirds of all decays of KY 
mesons, we find that to observe one decay 6 
— m+ +m one must send about 600,000 K} me- 
sons through the plates. 

The proposed experiment can also be made 
with a nonmonochromatic beam of KS mesons, if 
from the kinematics of the decay 0) — n* + 1 
we determine the momentum of the incident K} 
meson and thus determine the time t) for each 
case of decay. 

The experiment considered above is of course 
not the only possible one. For example, instead 
of observing decays 6)—> 1* + m to the right of 
plate b, one can register the production of hy- 
perons in this plate. The number of hyperons pro- 
duced in plate b is proportional to the density of 
K° mesons in the plate, and this quantity is in turn 
proportional to 


° 


< + exp {— Arto / 2} ra sin (Pa — Amty) 


(in this formula we have neglected terms of order 
r’ and terms of order Agty). 

This version of the experiment has the impor- 
tant disadvantage that the effect in which we are 
interested is in this case a small correction of 
order r added to the term ¥, (the presence of the 


(14) 
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plate a causes a slight change of the number of 
hyperons that are produced in plate b). Therefore 
we think that the version of the experiment con- 
sidered before is better. 

We note that the sign of Am can be obtained if 
we study the interference effects in the decay 
Ki 2 7 + 7 + 7° that have been considered re- 
cently by Weinberg and Treiman.’ The experi- 
mental study of these effects is, however, evi- 
dently much more complicated than the experiment 
we are suggesting. 

The writers are grateful to V. I. Veksler, 
Ya. B. Zel’dovich, I. Ya. Pomeranchuk, and B. M. 
Pontecorvo for their interest in this work and for 
helpful discussions. 

Note added in proof (July 19, 1960). In the actual experi- 


ment it is advantageous to use thick plates, since this in- 
creases the yield of K? mesons. The calculation for the case 
of thick plates has been made by S. G. Matinyan. For ~1 cm 
of copper the yield of K? mesons is 10~*. 
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CONCERNING THE THEORY OF THE EXCITON STATE IN SEMICONDUCTORS 


iP OZY.UB 


Mathematics Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor March 12, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 610-615 (Sept., 1960) 


Exciton states are treated by the Green’s function method. The spectra of Frenkel and Mott 
excitons are determined for an arbitrary temperature. 


INTRODUCTION 


‘Tue investigation of exciton states in semiconduc- 
tors can provide certain information concerning the 
band spectrum of electrons. The presence of exci- 
ton states to some degree provides a measure of 
the deviation of the energy spectrum of a system of 
electrons from the spectrum described by the band 
approximation, which in the majority of cases is 
sufficient to explain the available experimental 
data. The existence of excitons is related to cor- 
relation effects in a system of electrons which are 
located in the crystal lattice. 

There are many experimental works confirming 
the exciton structure of the electron energy spec- 
tra near the bottom of the conduction band.!? The 
majority of them are concerned with investigations 
of polar crystals, and only two investigations® ® re- 
late to the atomic semiconductor Ge. In the latter 
case the exciton level lies very close to the bottom 
of the conduction band and is thus quite difficult to 
detect experimentally. Investigations of the inter- 
nal, 11 and external!’ #8 photoeffects in semicon- 
ductors also point to the existence of excitons. Of 
the theoretical works, which have appeared in re- 
cent years, we may mention references 14—19. 
There is coz3iderable interest in works concern- 
ing diffusion of excitons,2°-”* and concerning their 
contribution to the dielectric constant”*-”* and to 
the coefficient of heat conduction, etc. 

This wide variety of questions concerning exci- 
tons might usefully be considered from a single 
viewpoint. We wish to show that this is apparently 
possible by using the Green’s function method. The 
superiority of this method over the others usually 
employed is that the treatment is carried out for 
an arbitrary temperature from the very outset. 

On the other hand the exciton energy spectrum 
(including the problem of damping), the absorption 
of light, the dielectric constant, the diffusion coef- 


ficient, and the thermal conductivity can be obtained 
by investigating the two-particle Green’s function.”® 

In the present article we consider only the prob- 
lem of excitons in an undeformed lattice. 


EXCITON STATES IN AN UNDEFORMED LATTICE 


Let us consider a system of valence electrons 
placed in the crystal lattice. The lattice sites are 
assumed stationary. In the general case the system 
of valence electrons is described by the Hamil- 
tonian”’ 


H=DL(hfa) apap +$ SF (hifefafs) afapanan, (1) 
fafe fafofols 
which takes into account the interaction between the 
electrons and the lattice site and between the elec- 
trons themselves. The index f defines the coordi- 
nate of the site and the state of the electron at this 
site. In particular, if the electron state is de- 
scribed by means of the Wannier function, then f 
defines the number of the site and of the band. 

The band spectrum of the electrons can be ob- 
tained from the Hamiltonian (1) in the self-consis- 
tent field approximation. The problem is to calcu- 
late the correlation effects in the system of elec- 
trons; these effects have a considerable influence 
on the character of the energy spectrum close to 
the bottom of the conduction band. We shall inves- 
tigate these correlation effects by making use of 
the two-particle (and double-time) retarded and ad- 
vanced Green’s functions determined by Bogolyubov 
and Tyablikov”® (for convenience these functions 
are multiplied by the factor —i, cf. reference 26): 


(dj, (t) A, AT)Iag (t’) A(t’) ue 
=— i0(t— 1) (a; (1) a, (4), 


(2) 
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# '\\adu 
f(t) apy (Tag (t A(T), 


(3) 


= 1 (1 —T) <La;. (T) ay, 
where we denote 
Beas Or seine ote 


The Fourier transforms of the functions (2) and 
(3) can be analytically continued in the upper and 
lower half-planes respectively and are to all in- 
tents and purposes a single analytic function 
throughout the whole of the E plane, which has a 
linear cut along the real axis.”° 

This situation enables us to determine the 
double-time correlation function 
Safi (7) age (T) age (7° )agn (7) >, by means of which 
we calculate the majority of the physical quantities 
relating to the electron system.” 

The equations for the Fourier transforms of (2) 
and (3) coincide. They are easily obtained by using 
the equation of motion for the operators in the Hei- 
senberg representation. By simple calculations we 
obtain 


e-H/0), C= 


Xx 


Spe—#, 


E¢a,a [Oe iO » x (a, Oy, » bo (AyD yn > Bape 
ate )K az Ay 072, -Biy (F’f)€a;a,| @.a) 
f 
o (Ffif'f2) — F (Ffufaf’)) <af a,>€az a, | at...) 
ae (f'fiffe) — F (f'fifef))<aj.a>at a, | ata,,); 
Lett(fife) = L (fife) + 2) CF (Ail Pel”) — F (hil f'fa)} (ata, 
alia 


(4) 


In the derivation of this equation we used the fol- 
lowing approximation to the three-particle Green’s 
function: 


CG, APO, A, | AO )= <A; a, Ca, a, | ay, yn 5S 


=o, A, Ka, a, aa ett <a; a, Ka; a, | AA») 


— (GG, DK GF A, | GA) (3) 
Physically this approximation implies allowance 
for the interaction of the excited electron with the 
hole, which is formed in the background of filled 
single-electron states. 

Equation (4) is easily solvea by using the follow- 
ing subsidiary problem: 


(ff) = = 2s Let FF) a (FF) — Dy Lege (FF) ty (FF) 
f 


a) oa {(F (ffaf fo) — F 
fifef 


SI ata) = Te fafot)) <aia,>} u. (fife), 


(ffafaf")) <a,ta,,> 
(6) 


Pea DAY UB 


with the normalizing condition 
> a (FP) uv (FP) = 8 
ig 

The solution of (4) will have the form 


(aay | CO y= Qj (E— Bye, gilt, (FP) uz, (2'8"); 
apg, Seif} la (fife) Ua’ (S182). 
(7) 


From the result obtained we conclude that in the 
electron system there are possible collective oscil- 
lations (called excitons), the spectra of which are 
determined by the eigenvalues of (6). This deduc- 
tion is based on the fact that the Green’s function 
(7) has a pole on the real axis. We note that the 
eigenvalues of (6) depend on the temperature 
through the mean value <af, af, > 

Let us consider two concrete cases. 

Frenkel Exciton. Let us suppose that the excited 
electron remains at that site, at which it existed 
in the ground state. Conditionally we will define: 
Og-ground state of the electron at the site g; lg 
excited state of the electron at the same site g. 
For simplicity we neglect the degeneracy of the ex- 
cited state. In this case Eq. (6) takes the form 


dati, (1S OS) = (Ler(1g, 18) — Leg (08, Og)) u, (1g, Og) 


> {<a,0},> 8 gofs —_ 


£182 Fife 


+ >i {[F(vg", 1g’; Ig, 0g’) 

revi) al 
— F (vg", 18’; 08", 18)]<a4.a,,>— [F (08, 18’; vg", 0g’) 
— F (08, 1g’; 0g’, v8") <ata,,,>} u, (18’, 08’) 
+ >) (F(vg’, 0g’; 1g, 12’) 

g", 2", v=0, 1 
— F (vg", UES" 1g’, 1g)] (Oe A Va (0g, 0g’; ve", 1g’) 
— F (0g, 08"; 18’; v8")] <ai,a,,.>} uw, (08’, 18’). (8) 


By analogy we can also write the equation for 
uy (Og, 1g). From the translational invariance of 
the crystal lattice we find that uy (1g, 0g) and 
u. (0g, 1g) are proportional to exp (ikg), where k is 
the quasi-momentum vector. Equation (8) and the 
analogous equation for u y(0g, 1g) are easily solved. 
Retaining only the two- ee integrals and neglect- 
ing the exchange integrals, we obtain the energy 
spectrum of the exciton 

Ey = E(k) = {|AE + Fy(k)P—|Fa(k)|*)", (9) 
where AE = Loge (1g; 1g) = Loge (0g; 0g) is the 
width of the gap, while F ,(k) and F, (k) are respec- 
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tively the Fourier transforms of the functions 
Fi (|g —g’ |) =(m%).—n) F 
F3(!§ —8' |) = (m9 —n,) F 


(Ig, Og’; Og, 1g’), 
(ig, 1g’; 0g, 0g’), 


+ + 
No = (Agog >, Ny = (QjgQig>. 


The integrals F,(|g—g’|) and F,(|g—g’|) have 
the character of a Coulomb dipole interaction. 2° 
The difference between the spectrum (9) and that 
‘obtained by Heller and Marcus”? by a variational 
method lies in the presence of the term F,(k) in 
(9). We note that this difference is insignificant 
for small k, i.e., when 


|Fi(k)[<AE, | Fz (k)| <AE, 


for in this case E(k) = AE + F,(k). 

Mott Exciton. Let an electron, located at the 
site g in state 0, be transferred by excitation to 
site h in state 1 (for example inthe S state, as in 
Cu,0). In this case Eq. (5) is rewritten 


E,u, (1b, 0g) = >) Le (1h’, 1h)u,(1h’, 0g) 
oF 


— >) Le (08, Og’) uy (1h, Og’) 
= 


+ 9» 


g’, h’, c=0g”, 1h” 


{iie(6, Lins th, Og") 


(6, th’; 0g’, th)] <a, a,> —1F(0g,. 1h’-%c, 0g’) 
— F (0g, th’; 0g’, s)] <ajndo)} uy (1h’, 0g’) 
>) AF, 0g’, ih, in’) 

g’, h’, o=0g”, 1h” 
— F (s, 0g’; 1h’, 1h)]<a2aog) —[F (Og, 0g’; 6, 1h’) 
— F (0g, 0g’; 1h’, 6)}<ajnao>} wy (Og’, 1h’). (10) 


An analogous equation can be written for 
u vy (08, ih). 

icin ining only the two-center integrals, we re- 
write (10) in the form 


Eyu, (1h, Og) = >) Ley (1h’, Ih) u (Ih’, Og) 
S 


— >} Lo; (Og, Og’) u, (1h, Og’) + [F (Og, Ih; 1h, Og) 
a 


—F (0g, lh; Og, Ih)] (2) — 1) uy (1h, Og), (11) 
where 


s: + 
No — CAngQog >» ny = <QynQjn >- 


In such an approximation the equations for the 
functions u, (1h, 0g) and u,(0g; th) are not coupled 


to each other. For excitons of large radii the differ- 


ence equation (11) can be replaced by a differ ential 
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equation. This can be done in the following way. We 
first separate the motion of the center of gravity, 
putting 


uy (lh, 08) = exp {ik (ag + Bh) u,(g — h), 


where k is the exciton momentum. In the momen- 
tum representation we obtain for the function U 


the equation 4 
E,t, (p) = (e® (p — Bk) — & (p + ak)) uy (p) 
— DV (p—p' uy (p'), (12) 
p’ 


and the dispersion laws for an electron have the 
following form in the conduction and valence band 
respectively. 


20) (p) = >) Ley (1h, 1h’) e—2Pth—n’), 
h—h’ 


2 (p) = >) Lop (Og, Og’) erle—e’), 
ge) 


In (12) we denote by V(p) the Fourier transform 
of the function 


vg ar h) a (Ny —= fy) 


[F (Og, 1h; Og, 1h) 
—F (0g, ih; th, 0g)}. 


In the effective-mass approximation 


e@) (p) = AE + p?/ 2, 2) (p) = —p? / 25, 


where AE is the energy gap and Hy, H, are the ef- 
fective masses. 

Putting @ = Mo/(My + Hy) and B = Hy/(My + Hy), we 
write down Eq. (12) in the coordinate representation 
in the form 


a ; k2 h2 
Eyity (1) = [AE + aya — Be 


A, | w(t) = V (6) ty (r), 
where - is the reduced mass. 

We thus arrive at an equation that defines the 
discrete structure of the exciton spectrum. The ap- 
proximation adopted in going from Eq. (10) to Eq. 
(11), which consists in neglecting configurational 
integrals above the second order, means that the 
resonance mechanism of transferring the exciton 
excitation is disregarded. An account of these in- 
tegrals alters the dependence of E,, on k.°° We 
shall remark only that a correct account of the 
resonance transfer of exciton excitation must be 
accomplished by using Eq. (10). 

We note now that the exciton spectrum depends 
on the temperature factor ny - ny, indicating a de- 
crease of the degree of population of the ground 
level with increasing temperature. In the case of 
the Mott exciton the presence of this factor leads 
to a decrease of the effective Coulomb interaction 
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between the electron and the hole. Furthermore, 
from a comparison of the results obtained here 
with those which Heller and Marcus” obtained by a 
variational method, it follows that for small k the 
use of the variational method is justified. 

The approximation (5) does not permit the find- 
ing of the attenuation for the exciton level. To find 
that attenuation it would be necessary to consider 
more accurately the three-particle Green’s func- 
tion, which is a cumbersome matter. This is all 
the more so, because there is no attenuation at 
small k, for, as perturbation theory shows, the at- 
tenuation is due to the transition of the exciton to 
two electron-hole pairs, which is impossible when 
E,(K) <2AE. For small k the attenuation is largely 
determined by the interaction of the excitons with 
the lattice vibrations and with impurity centers. 

The author thanks N. N. Bogolyubov, S. V. Tyab- 
likov, and D. N. Zubarev for valuable advice and a 
discussion of the present work. 
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The experimental data on collisions between nucleons and emulsion nuclei are compared with 
the various theories of multiple production of mesons, in which the tunnel model has been 


employed. 


1. METHODS OF ANALYSIS OF THE INTERAC- 
TIONS 


Ly the following discussion, a comparison is made 
between the experimental data and the various 
theories of multiple meson production using the 
tunnel model. By ‘‘tunnel’’ we understand a cylin- 
der of nuclear matter with the base equal to the 
geometrical cross section of the nucleon. The idea 
of such a comparison consists of the following: if 
we take into account!~? the experimental data indi- 
cating that, at energies E = 10'! ev, the cross sec- 
tion for meson production coincides sufficiently 
with the geometrical cross section of the target 
nuclei’~’ and varies very little with the energy of 
the producing particles, then we can calculate the 
corresponding tunnel length distribution, from the 
composition of the nuclei of the detector medium. 
If we take into account that the matter density in- 
side the nucleus is constant, it is easy to calculate 
the effective mass of the tunnel n in units of the 
rest mass of the nucleon. In the present experi- 
ment, the Ilford G-5 emulsion served as the shower 
detector. The distribution of the differential prob- 
ability AN/NAn of observing a tunnel with mass n 
for this emulsion is shown in Figs. 3 and 4. 

On the other hand, generalizing the theory of 
multiple production for the case of a collision be- 
tween a nucleon and a nucleus, one can find the 
variation of an expected multiplicity ng with the 
primary energy and the number of nucleons in the 
tunnel. If we now consider the showers observed 
in the emulsion, we can estimate the energy inde- 
pendently of ng for each individual case, using the 
theoretical relation between them to calculate the 
corresponding number of nucleons n in the tunnel 
for each theory. If a sufficiently large number of 
showers are available, one can construct the dis- 


tribution of the relative number of showers with 
respect to the values of n calculated in such a way, 
and then compare it with the expected distribution 
for the emulsion. From such a comparison, one 
can draw conclusions about the applicability of var- 
ious theories of multiple meson production to nu- 
cleon-nucleus collisions within the framework of 
the assumed model. 

In the present paper, data of other laborator- 
ies®-° were used* in addition to the showers de- 
tected in our laboratory.! Only the events with 
Ng = 5 shower particles, produced by neutral or 
singly-charged particles, were selected. Second- 
ary showers observed in the emulsion were not 
taken into consideration. Since the emulsion was 
exposed in the majority of cases at a high altitude, 
one can assume that the showers selected in such 
a way were primarily produced by nucleons. No 
limitations on the number of grey and black tracks 
in the stars were imposed. The Lorenz factor ye 
of the nucleon-tunnel center-of-mass system 
(c.m.s.t.) was found assuming a symmetrical 
emission of shower particles and the equality of 
their velocities in the c.m.s.t. to the velocity of the 
system itself. The latter leads to a systematical 
overestimate of yc.'’»!! However, the possible ef- 
fects of such an overestimate will be discussed be- 
low. We then selected showers with yg = 7, which 
corresponds in the laboratory system (1. s.) to 
energies of E = 10!! ev. The total number of such 
showers was equal to 154. 

We shall now discuss the various theories. 

a) The hydrodynamical theory of Landau was 
generalized for the nucleon-nucleus collision in the 
article of Belen’kii and Milekhin’? where, in par- 


*Unpublished data sent to us from the Moscow and Lenin- 
grad laboratories were also used. 
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ticular, a small infraction of the emission sym- 
metry of produced mesons in the c.m.s.t. is shown 
to exist. Generalizing the relation between the 
total number of produced particles N and the en- 
ergy in nucleon-nucleon (NN) collisions, we can 
write for the nucleon-nucleus collision 


(1) 
(2) 


N=(a-- liv? for. n=. 3,7, 
N = 1,84(n—1/,)y'2 for n> 3,7. 


Assuming, furthermore, that only 7 mesons and 
nucleons are among the shower particles taking 
part in the collision, we find 


(3) 
(4) 


b) The energy spectrum of the produced mesons 
as derived from the Heisenberg theory has been 
widely confirmed experimentally in showers pro- 
duced on light and heavy nuclei.’ 8 14-16 Tt will 
therefore be useful to consider the application of 
this theory to nucleon-nucleus collisions within the 
framework of the assumed model. In order to ex- 
plain the observed multiplicity in NN collisions, 
Heisenberg considered the inelasticity factor K, 
which he connected with the impact parameter of 
nucleons. In spite of the fact that, as a result, it 
is possible to explain the observed multiplicity, 
and that, moreover, the experimental data confirm 
the character of the variation of the average value 
of K with the energy of colliding particles, !% 11>!" 
there is also considerable discrepancy between 
theory and experimental data, e.g., the absence ot 
a logarithmic increase of the meson-production 
cross section with the energy.!® 19 

We shall therefore consider an essentially dif- 
ferent scheme, in which we postulate the possibility 
of an inelastic collision of the primary nucleon 
with a nucleon or a nucleus, without relating it to 
the impact parameter. The kinematics of such 
collisions within the framework of the accepted 
model is as follows (see Fig. 1): before the colli- 
sion (Fig. la), the primary nucleon and the tunnel 


ns = 0,67 y(n + 1) —(n+ 1)/6 for n<3,7, 
1) 6 forth 93,7. 


foe ie (= 


4; Te 
b T A H FIG. 1. Scheme of the inelas- 
ox e ¢ tic nucleon-nucleus collision ac- 
Pr We : 
cording to the tunnel model. a— 
M Mes before collision, b—after colli- 
a sion, c—corresponding Feynman 
e diagram. 
Fx 
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have equal and opposite momenta in the c.m.s.t. 
After the collision (Fig. 1b), a strongly excited 
volume of meson field A is produced in the c.m.s.t., 
from which the produced mesons are emitted. If 
the symmetry of emission of these mesons in the 
c.m.s.t. is conserved, the momenta of the tunnel 
and of a nucleon after the collision will again be 
equal. Moreover, the energy € transferred to the 
meson field is determined as the difference in the 
total energy of the system nucleon-tunnel before 
and after the collision. The inelasticity factor K 
for y2, > 1 can, in analogy to an NN collision, be 
determined from the equation* 


e = KM (2ny. —n — 1) = 2KMn%. (5) 
The scheme under consideration may be repre- 
sented by the Feynman diagram (Fig. 1c), which 
describes the whole process as an interaction be- 
tween a virtual + meson from the cloud of the in- 
cident nucleon with virtual 7 mesons of the nucle- 
ons of the tunnel, leading to the production of a 
single excited volume A. Moreover, the nucleons 
are not excited, or only weakly excited.’ It is es- 
ential to note that, for large energies (yZ > 1), 
consecutive peripheral interactions of the primary 
nucleon with each of the nucleons of the tunnel (17 
collisions with a production of real mesons ), 
clearly are impossible. This follows from the fact 
that, in c.m.s.t., the time of existence of a virtual 
m meson belonging to the cloud of the primary nu- 
cleon y; ~ yc/u, is much greater than the time 

T) ~ 1/uqye necessary for traversing the distance 
between the two neighboring nucleons in the nu- 
cleus.f The Heisenberg theory is fully applicable 
to the description of the meson-production mech- 
anism from the excited volume A. An unimportant 
difference, as compared with the usual theory, con- 
sists only in the determination of the maximum en- 
ergy €, of produced particles, which, in the given 
case, is determined from the minimum dimensions 
of the nucleon-tunnel system. 


by =H ny,/(1 + 2°). (6) 


Using the relation (6) and the expression for the en- 
ergy spectrum of produced mesons of the i-th 
type,'? we calculate the number of mesons N; and 
the energy «; carried away by them:t 


*Here and in the following, we used a system of units in 
which fh =c=1. 

tThe author is thankful to D. S. Chernavskii for a number 
of useful comments concerning the physical interpretation of 
‘the discussed scheme. 

tui is the rest mass of the i-th type of mesons. 
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Ni = AiG (a) /2, (7) 
& = A,@, (a;) (4; = p,/em), (8) 
a8 soul =] 1— oe 
Lior V2 a- 
ah 2 Ge =A 2 | eens mn 

Oh; V1 a; tan ( =| 5 VY i—o, (9) 
= 1+a?+|/1—a? — 
P2(%)=5V 1 os : V aay il 05: 

AUS 2 4 — gg? 
a Vv a (10) 


Following Heisenberg, '* we put A; = gjA, where gj 
is the number of possible charge states of the i-th 
type of mesons (taking strangeness into account), 
and A isa constant. In the case of multiple pro- 
duction of s and K mesons, g, = 3 and gx = 4. 
The ratio of the number of K* mesons to the total 
number of charged K and 7 mesons can be ob- 
tained, assuming charge symmetry, by means of 
Eqs. (7) and (9): 
NX 

(VE TNE) 
In Fig. 2, this ratio is shown as a function of yg 
for NN collisions (curve 1), and for the collision 
between a nucleon and a tunnel containing seven 
nucleons (curve 2). The contribution of heavier 
particles is small and has been neglected. The 
ratio Nx /(NR + N=) for high energies (y¢ > 30) 
tends towards the value 0.2. This is in satisfactory 
agreement with experimental estimates!”)'6.2! of the 
fraction of heavy charged particles in showers. 


2.5 1 Z 
Q3 
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wee 3H 2KP1 (2) (11) 
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FIG. 2. Ratio between the number of charged K mesons to 
the total number of charged mesons according to the Heisen- 
berg theory. Curve 1—for a NN collision, curve 2—fora col- 
lision between a nucleon and a nucleus consisting of seven 
nucleons. 


In order to obtain the variation of multiplicity 
with the energy, we shall use the equations (5), (8), 
(9), and (10), from which we shall determine the 
constant A. Substituting its value into (7), and as- 
suming that ng = Nz + Ng, we obtain 


o ExPe (4,.) + EKP(%K) 


KM (20,0 — 1). 62 Be 18 i 
[sae d+ Tye % OH) - 


(12) 


An additional unknown parameter in Eq. (12) is the 
quantity K, which may be different in each shower. 
In order to give an estimate of this quantity to a 
roughest approximation, let us assume that it is 
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constant for all showers with energy higher than 
100 Bev. The order of magnitude of the quantity 

K can be estimated from the condition that thé dis- 
tribution of showers with respect to the tunnel 
length corresponds to the distribution of the rela- 
tive differential probability of collision with the 
tunnel for the detector medium. 

The value of n for each shower has been calcu- 
lated from the hydrodynamical theory [ (3) and (4) ] 
and the Heisenberg theory (12), for various K = 0.1, 
0.2, 0.8, and 0.5. The histograms of the distribu- 
tion of the relative number of showers with respect 
to the values of n calculated in such a way are 
shown in Figs. 3 and 4. 


WT = = = pS 


6 # I tt i 16 eR tO 


FIG. 3. Distribution of the relative differential density of 
the number of showers AN/NAn with respect to n according 
to the Landau theory (dotted line). Density of the probability 
of distribution of tunnels with respect to n for the Ilford G-5 
emulsion is shown by the solid line. 


x] 


FIG. 4. Distributions of the relative differential density of 
the number of showers AN/NAn with respect to n (dashed 
line) obtained from Heisenberg’s theory for inelasticity factor 
K = 0.5, 0.3, 0.2, and 0.1 respectively. The solid line repre- 
sents the probable distribution of tunnels with respect to n 
for the Ilford G-5 emulsion. 


2. DISCUSSION OF RESULTS 


1. The histogram of shower distribution with 
respect to the tunnel length obtained from the hy- 
drodynamical theory of Landau (Fig. 3) generally 
follows the distribution expected for emulsions. 
However, a considerable shift towards greater 
tunnel lengths is observed. The fraction of showers 
to which one has to ascribe a fictitious tunnel length 
n> 7 in order to explain the observed multiplicity 
amounts to 30%. This is also reflected in the ratio 
of the number of showers N, produced only on 
heavy nuclei (n > 3.7) to the number of showers 
N, produced both on heavy and light nuclei (n 
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< 3.7). For the emulsion, this ratio is equal to 
0.9, while, according to the hydrodynamical theory 
of Landau, it equals 1.8. The multiplicity of show- 
ers to which, according to the theory, it was nec- 
essary to ascribe a fictitious tunnel length (n > 7) 
is great (ng > 15), and the taking into account of 
the fluctuations inthe angular distribution of shower 
particles will therefore not lead to considerable 
corrections in yg. Since the values of y¢ used*!4 
were systematically overestimated, one can con- 
clude that the disagreement between the theory and 
the actual conditions cannot be ascribed to experi- 
mental errors.* 

2. The modified Heisenberg theory leads, within 
the framework of the accepted model, to a sharp 
discrepancy between the tunnel-length distribution 
of the showers and the expected distribution for 
emulsion for values K = 0.5 (Fig. 4). For values 
K = 0.1 and 0.2, the ratio Ny/N, is equal to 0.3 
and 0.1. The value N;,/N», = 0.9 could have been 
obtained for K < 0.1. However, such a value of 
inelasticity cannot be accepted, since it lies outside 
the limits of estimates carried out directly for 
showers with a known energy distribution of sec- 
ondary particles.'»"'!)!7 It should, however, be 
noted that a systematical overestimate of y, leads 
to a worse agreement between the histograms 
shown in Fig. 4 (yc is found? to be overestimated 
by roughly a factor of 1.5). Taking this into ac- 
count, one can expect an agreement between the 
present model and the experiment for values of the 
inelasticity factor substantially smaller than unity 
(K = 0.1—0.2). The value of K corresponding to 
the Feynman diagram (Fig. 1c) is approximately 
equal to u,/M = 0.15.”° For the analysis of high- 
energy showers (E = 10" ev) with a known energy 
distribution of secondary particles and a small 
number of grey and black tracks (Np = 3, i.e., 
mainly NN interactions), the mean value of the 
inelasticity factor K was found to equal 0.2 — 0.3 
(references 7, 11, 17), which is not very different 
from the estimate obtained above. Analogous 
measurements on showers produced in interactions 
of nucleons with heavy nuclei (Np > 7) are of 
great interest. 

For two showers with Nh > 10 (of type 20 
+12 p and 18+11p), it was found possible in our 
laboratory to measure the energies of shower par- 
ticlest (reference 15). 
~ *Transformation to the system of equal velocities does not 
lead to a greater similarity between the histograms shown in 
Fig, 3.? 

tThe energy of all particles was measured in the shower 


20 + 12 p. In the shower 18 + 11 p, the energy of three shower 
particles emitted at the greatest angle could not be measured 
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For high energy (v2 > 1) we can write* 
Kn = ie See (13) 
t=1 
In columns 1 and 2 of the table, the type of the 
shower and the corresponding mean value of the 
transverse momentum of shower particles are 
given. In the columns 3, 4, and 5, the values of 
Yq Kn and the shower energy in the l.s. Ej are 
given. If we assume that, in these showers, a col- 
lision of a primary nucleon occurred with a tunnel 
of at least average length (n ® 3.5), then the value 
K is found to be substantially smaller than unity 
(K # 0.1—0.2). For K #1, the quantity Kn 
should amount to several units, which does not 
correspond to the table. These data are a very 
tentative indication that the inelasticity coefficient 
should be considerably less than unity in showers 
produced in the collision between a nucleon and a 
heavy nucleus. The final solution of this problem 
depends on a marked increase in the number of 
similar showers observed. 


1 2 3 | 4 | 5 
Type of | by fin| re | Kn |B Bev 
20+12(p)| 0.9 | 5—6 |0,8—0.6| S100 
18+44(p)| 1.4 | 8—414|0.3—0.2| >100 


An interesting consequence of the discussed 
model of multiple meson production in nucleon- 
nucleus collisions is the possibility of explaining 
the appearance of a large number of grey and black 
tracks in high-energy showers. According to the 
usual hydrodynamical theory, the appearance of 
such tracks cannot be explained without additional 
assumptions, since such a large momentum is 
transferred to the tunnel as a whole (for K = 1) 
that it manages to leave the nucleus before disin- 
tegrating into separate particles, and the excita- 
tion energy equal to the variation of the surface 
energy of the nucleus is insufficient to explain the 
observed number of grey and black tracks. 

In the case where K <1, the nucleons of the 
tunnel conserve high velocity in their original di- 
rection after the collision with a primary nucleon. 
In the l.s., their velocity 87 relative to the nu- 
cleus is small, and they can therefore initiate in- 
tranuclear cascades. Such cascades can, in prin- 


because of the small length of the track in the emulsion layer. 
The energy of these particles was found by assuming that their 
transverse momentum p, is equal to the value Pp. of all re- 
maining particles. 

*The energy of shower particles in the c.m.s.t. Ej is mea- 
sured in units of rest mass of the 7 meson. 
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ciple, be calculated according to the scheme of 
Goldberger.” Since the initial velocity of nucleons 
of the tunnel is, in the l.s., mainly in the same 


direction as the primary particle, one should expect 


the appearance of anisotropy in the angular distri- 
bution of recoil nucleons with the maximum in the 
same direction. 

A simple kinematic calculation shows that, if 
we take the time of flight + of the primary nucleon 
(without interaction) through a distance equal to 
the tunnel length (Tt ~ n/u,,) as the time scale in 
the l.s., then the fraction of nucleons An/n in the 
tunnel remaining during that time inside the nu- 
cleus amounts to An/n & (1 — Bj), For a high en- 
ergy (yi, > 1), By ¥K and An/nx (1—K). The 
mean energy of these nucleons in the L.s. is Y] 
~~ M(i—K?)"'/2, wor K < 0.5, the kinetic energy 
of the tunnel nucleons is ~ 1000 Mev, which is 
wholly sufficient for the ejection of recoil nucleons 
from the nucleus. If we assume that the mean 
transverse momentum of the tunnel nucleons py, 
= M, we can estimate the opening angle w of the 
cone in which they are collimated as tan 3 
~ v1 — KK. The formulas presented are only es- 
timates. However, it already follows from them 


that, for K = 1, the development of the internuclear 


cascades is impossible, since the fraction of nu- 
cleons remaining in the nucleus and also the angle 
of their collimation are very small. This prac- 
tically coincides with the ideas of the hydrodynam - 
ical theory. 

c) The statistical Fermi theory” is not appli- 
cable in the energy range E = 10" ev, since, by 
means of it, it is impossible to explain the aniso- 
tropy in the angular distribution of the produced 
mesons”! without using the law of conservation of 
moment of momentum. In that case, however, the 
theory becomes self-contradictory even when using 
it for NN collisions,” and all the more so for the 
tunnel model. 


CONCLUSIONS 


1. An analysis of different theories of multiple 
meson productions carried out on the basis of the 
tunnel model shows that none of the discussed 
theories in the energy range E = 10’' ev leads to 
a good agreement between the tunnel-length distri- 
bution of showers and the distribution expected for 
photographic emulsion. 

2. The comparison shows that the hydrodynam- 
ical theory of Landau, and the theory of Heisenberg 
extended for the case of nucleon-nucleus collisions, 
lead to diametrically opposite effects. Using the 
first theory, one obtains too great a number of col- 
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lisions with long tunnels (N,/N, = 1.8), while the 
second theory results in an excess of collisions 
with short tunnels (N,/N, = 0.3) as compared with 
the number expected for emulsion (N;/N, = 0.9). 
This difference is mainly determined by the value 
of the inelasticity factor. The hydrodynamical 
theory is applicable under the assumption that only 
head-on collisions (K ~ 1) occur, while, for the 
field theory, one has to expect an agreement with 
the experiment assuming that only peripheral in- 
teractions of a primary nucleon with nucleons of 
the nucleus (leading to the production of a small 
number of mesons, K ~ 0.1) occur. At the present 
time, the ideas on the multiple meson production 

in nucleon-nucleus collisions with a small energy 
transfer to the particles produced (K « 1) should 
be regarded as a model whose experimental con- 
firmation requires that many more showers pro- 
duced on heavy nuclei (Np > 10) be analyzed in de- 
tail. Within the framework of this model, it is pos- 
sible to explain, at least qualitatively, the appear- 
ance of a great number of grey and black tracks in 
corresponding stars. 

In conclusion, the author wishes to express his 
deep gratitude to Prof. Zh. S. Takibaev for propos- 
ing the subject, and for his constant attention to the 
present research. 
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The correlation of the polarization of conversion electrons and 8 particles emitted in the 
decay of oriented nuclei is considered. The calculation is carried out with allowance for the 
electric field of the nucleus. Formulas are derived for the angular distribution, and longitu- 
dinal and transverse polarization of conversion electrons from any shell with an arbitrary 
multipole mixture. The numerical results for the Ly, Ly, and Lyy shells refer to M1 and 
E2 multipoles or their mixture, and are presented in the form of tables of the bey coeffi- 
cients. These coefficients also determine the polarization of conversion electrons emitted 
after 8 decay of nonoriented nuclei. The correlation of the 8 and conversion electrons can 
be employed to verify the invariance of the 6 interaction under time inversion. 


Unie the 6 decay of nonoriented nuclei, the 
daughter nucleus obtained after the B decay of an 
oriented nucleus would be polarized even if parity 
in B decay were conserved. The presence of an 
initial orientation of the nucleus leads to an aniso- 
tropy of the angular distribution of the internal- 
conversion electrons. The polarization of internal- 
conversion electrons following the £ decay of non- 
polarized nuclei was considered in a number of 
works.‘~ The present article supplements the re- 
sults of these papers by considering mixed conver- 
sion transitions from three L subshells, and pure 
transitions from the Ly subshell. 

The investigation of the polarization correlation 
of 8 particles and the following conversion elec- 
trons in the B decay of oriented nuclei can furnish 
more complete information on the #-interaction 
constants. 

We consider the 

B Cc e& 

) de al 
cascade (c.e. is a conversion electron). We 
choose the direction of the spin Ij of the oriented 
nucleus as the z axis, we denote the momentum of 
the emitted B particle with p, and the unit vector 
along the direction of emission of the conversion 
electron with n. The correlation function of the 
two successive nuclear emissions, when the inter- 
mediate state is not perturbed, can be written in 
the form 


Pee = Ney, <aMips |Hp| 16Miv> 


X (1,Mpo'|Hal Li Mivy* Baym DiM, rms» (1) 


where the summation is over all magnetic quantum 
numbers, and the prime denotes averaging over 
all unobserved quantities. ®M,... is the matrix ele- 
ment of the conversion process, and &’ charac- 
terize the polarization of the conversion electron 
InsitsueiM_Sse and PMj is the density matrix of the 
initial state. The Hamiltonian of the 6 interaction 
is the same as in reference 4, represented in the 
multipole form analogous to that in reference 5. 
The electron is described in (1) by its momentum 
p, and its spin component along p. The wave func- 
tion of the emitted electron is a solution of the 
Dirac equation which represents at infinity a 
superposition of a plane and converging spherical 
wave: 

|po> = (4m) 2) i(21 + 1)%"C (ly}/205; j) Drs (2p) 


xm 


x exp [—iA (x)]| xm), (2) 


samy = (THO EO) (3) 
By (1) Xi (r) 


The state of the electron is characterized by the 
magnetic quantum number m, and by the eigen- 
value k of the operator B(oL + 1). 

The conversion matrix element can be written 
in the form 


m= 2 | W5Q* (nLM) Wyde\p.B (LM) de (4) 
L 


where W. and ¥; are the wave functions of the 
nucleus after and until conversion, ~, and 7; are 
the corresponding wave functions of the electron, 
and 7 indicates the transition parity which is 
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(—1)4 for electric and (—1 yl * | for magnetic 
multipoles. The electromagnetic interaction is 
invarient under time inversion; the nuclear matrix 
elements can, therefore, be considered real with- 
out loss of generality. 

For an electric multipole we have 


B(ELM) = [oa] (or)i¥ rm (n) 


es 


"/2 
Tor | fea (or) a¥2, 1, (n), 


and for a magnetic multipole 
B (MLM) = Ay (@r)aYirm (n), 


where w = E; — Ey, is the energy of the conversion 
transition, @ is the Dirac matrix, and hj, isa 
spherical Hankel function of the first kind. The 
initial wave function of the electron is normalized 
to unity in configuration space, and the final to a 

6 function of the energy. We can then write 


it 


po = 40 XY 2 ite @e ies 422 (0) iexp [— iA (x,)]. 
ramet PROM NE By, lle (n) (5) 

The electron matrix elements in (4), after inte- 

gration over the angular variables, take on the 

form 

B5, (nLm) = \ sp:Byp.dt 


oy) 


= 2 (1 [QL + 1) jet I 


X2Mop-2 


]2 Ie [1\ (le Vo . 
= (Mt, m My) i ie —Mz 


0) Yeon (1) 8 (HL), 
8, (ML) =(L(L + 1)IYexp (i8x,) (1 + #2) (Ri + Ra), 


6x, (EL) = [L(L + 1)}-“exp (i6,,) (Rs + Ra — Rs + Re) L 
— (%, — %,) (Rs + Re)], 


ON (ue) ot Ug — 1)/2, (6) 
The radial integrals Rn are defined in the book by 
Rose,° ji is the angular momentum of the electron 
before the conversion, and L is the multipolarity 
of the transition. 

The polarization of the conversion electrons is 
determined by 


<¢> 5p Pojsp re, (7) 
where Y <a> is the mean value of the electron 
spin in the rest system. The Pauli matrices are 
conveniently expressed in terms of the coefficients 
of the vector sum: 


gd ila a hae Se (8) 


, E —m 
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Employing formulas (1) — (8), and averaging over 
the direction of emission of the neutrino and the 
polarization of the B particle, we obtain 


G = Sp Ps 


S) Serene neh Pe 

L,/-+-R-+y v+t1 }/ y 

= 2 ORK a 

VRRTR pe 
Dehed a 


x OR(LyL,) [Frve(P, 019 (2 —8nndr1’) N (aL) N (aL’) 
x [1% (WL) 15! (eh PAF, (LL Tol )0%) (nL L’) +e. ¢. (9) 


4 Li +Riv [1+ (— 1) Dee 
Sop 2 eae eo fey a 
p ae a ) 2 fy Ud) | aR 4 
Fin oer ew i 
ede Mi 
xX], 11 L, | OR (LyL1) Frve (P, 0) 
Vine R 


x (2 —bawdiL’) N (nL) N (aL’) 

* [Io(al) Ion’) 4 Fp (LL Ie),) bes ala’ L’)+e.c. 
(10) 

Here F; are the ‘‘geometric factors’’ that charac- 

terize the electromagnetic radiation; they are 

tabulated in reference 7. We note that 


Fo (LL Tol) = Orr. 
We describe the initial orientation of the nucleus 


by means of the statistical tensors 


eo 
M; 


bk and bkq are parameters of the conversion 
electron for the correlation of the directions and 
for the polarization, respectively: 


Be (nLa'L’) 


ea Ss Pe Ae Ny a ge ey 
=(— 1) [ (QL +1) QL’ +1) | 


M7? (aL t'L’) 
De RL) Dale 


ee) = en AEE 


My, (Graf Bape) 


[De («L) D¥* (x L’)y'2” ee 
My tN ee L(L+1)L’ (E75 4) 27 Le Nil 
Mig (1La'L’) [ (2L + 1) QL’ + 1) | ( =) 


opaeName A py ayes eh 


XX 


x (2K + 1)7S,, (mL) Bx, (n’L’) 
XC (Gjafil; Y2—Ya)C (jefLl’; Vo — "/2)C (jeisK; 4/2 — 1/2) 


X Ag (%2%3) W GieLjsLh’s ji); 


—1 q=—i, 
Aq (XX) = jX2+% g=4, 
i(X2—x3) g=0. 


(12) 
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, K 
The expression for Mi? is obtained from (12) if it 
is assumed that Ag =1. Furthermore 


BESEA) 


Do' (aL) = 


Mo' (nL) 


See 1) SL) PC4U(j fb; 4 ¥),) 
E2 Do? (aL) 


E-NGuby) = = oS 
att) pe 2b et? 


the latter value is proportional to the conversion 
coefficient up to a nonessential factor. 

N(7L) are the reduced nuclear matrix ele- 
ments, and bR are parameters characterizing the 
B decay. For allowed transitions bR(L,L{) has 
the form [for L;, # Li; the values bR(L,L{) 

+ bR(LiL;) are given ]: 

£9(00) =[|Cs/+ (Cs +|CvP 
+|Cy 22 Re (CsGy + CsCy) v/e]| Mel, 
69(1, 1) =— V3l|CrP? + [Cr+ 


+2 Re (C7C4 + C7Ca) 7/2] 


[Cal? +1 Cal? 
| Mer, 


61(0, 1) =[2(C7Cs + C505 CxCy 6 aC y a a) 


x(CaCs + CaCs — CrCy — Cr Cy) aZ/p| MerMr p/e; 
O(1, 1) =+ V 2[2(C7Cr — CaCa) 
F (— i) 2(CrC4 + CrC a) oZ/p}} Mar Pp/e. 


Here the upper sign refers to the electron decay, 
the lower to positron decay, and € is the energy 
of the electron. The value MGTMF is assumed 
real. For first-forbidden transitions one can use 
the most complete results of Morita.® 

The function FRp, determines the angular de- 
pendence 

F poe (p, 1) = 40D) C (WRR; Op) Yeu () Yin (0) 


p 


(13) 


The function mayor is obtained from FRpk by 
substituting (—1)/Y,-, for ia where 


YG) Gane 
Yi. (n).= [e+ Cee vn) q=1 
we (be ey, (a). see 


On the right we have the spherical vectors’ which 
are conveniently represented in a spherical coor- 
dinate system: 
[Ween —— Yop, 
[Vy = TIVO Je = Le (e+ DIM 3g Yann (), 


yee p (m1). 
(14) 


y¥eD), = —11YOu}o =k + ary Se 


Hence it is seen that it is sufficient to know the 
FRypk in order to obtain the values of [FRvk by 
simple differentiation. 

The mixing coefficient of the multipoles L and 
L’ for y rays is determined in the following 
manner: 


8 (aLa’'L') = N (n'L')/N (nL) = £1, (n'L’)/1, (WL), 


where Iy,(7L) is the intensity of the pure ™L-pole 
y radiation. For conversion electrons one can 
introduce the corresponding mixing parameters 


8(nLn'L’) = ees | 8 @tn'L) = [‘ on ]'oeze’Ly, 
where c(7L) is the conversion coefficient for a 
™L multipole. Selecting an arbitrary multipole 
TyLy as the standard, we can write the polarization 
of the conversion electrons for an arbitrary mul- 
tipole mixture in the form 


ihe Dy) Ee 


vRRan’; 
IDE Cee 


2 7) 1 V2 
yErtR+y fF, (1,) Geen Ne 


x OR (Lila) [Fave (p, n)]? (2 a 6nn’OLL’) 


K 8 (Nolo; WL) 8 (ttyl tL) 


x Fe(LL'Toly) 0% (nLa'L’) + 0.0. \W>: (15) 
WV = Si ry | eed)" 
ea ( ) | i, | 
pl ep sea 
apie 
Dyas lee en a 
x fy 2) algae 
Ee a | a8 b 
x bR (LiL1) F rvk (Pp, n) (2 = Onn 6:1’) 5 (tpl onL) 
20 (msLyn L) Fal Lalo; (bri) secure an ( 16) 


The quantity W determines the angular distribu- 
tion of the conversion electrons following the B 
decay of oriented nuclei. 

The angular correlation of the conversion elec- 
tron from the £ decay of an oriented nucleus can 
be used to verify the invariance of the f# inter- 
action under time inversion. One of the methods 
of verification consists in measuring the upward- 
downward asymmetry of the f intensities for the 
correlation of the B particle and the conversion 
electron (with regard to both direction and polari- 
zation) in the decay of oriented nuclei with respect 
to the plane containing Ij and n. 

If it is assumed that there occurs an AV and 
TS interaction (the assumption that there is no 
interference between the AV and STP interactions 
is in agreement with present-day data on f decay), 
it follows from (15) and (16) that the asymmetry 
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arises from terms with odd v + R + k correspond- 
ing to the interference between 8 -decay matrix 
elements of various rank (this follows from the 
properties of the Fano coefficients for odd v + R 

+ k). All these terms contain the factor 


Im (CrCs He OnC j= aC 107 Olde): 


To observe the contribution of such terms to the 
polarization of the conversion electrons, it is suf- 
ficient to know the dipole polarization of the initial 
nucleus (the term which contains F4,; ~ I[p xn]). 
The absence of such terms in the experiment could 
serve as a proof of the invariance of the 6 inter- 
action under time inversion. However, if another 
combination of the interaction variants occurs 
(interference of the AV and STP interactions is 
present), then terms proportional to @Z/p will 
enter into the correlation of 6 particles and con- 
version electrons. These terms may cause an up- 
ward-downward asymmetry of the f intensities 
with respect to the plane containing Ij and n, even 
when time parity is conserved; an example is the 
term 


Re(CiCsa CCCs —-CrCy — CrCy) oZ 7 p: 


Hence it is clear that in this case both terms 
which do not conserve time parity, and Coulomb 
terms which do conserve time parity will contrib- 
ute to the same phenomenon. It must be noted that 
in this case (interference between the AV and 
STP interactions) it is possible to check time 
parity by investigating the correlation between the 
polarization of the 6 particle and the conversion 
electron without employing oriented nuclei. 

We denote the pseudovector of the 8 -particle 
polarization in the rest system by £;(y, w ). The 
angles x and w are taken in a coordinate system 
whose z axis is along the direction of p. The fol- 
lowing expression for the longitudinal polarization 
of the conversion electrons, when the 8 electron 
and its polarization are observed and the initial 
nucleus is not oriented, can then be obtained: 
<yn= D) {12p Re Qm + 2aZ Im Qu — dry, (p Re Qi 


mn’ L<L’ 
+ aZ Im Q,)] FE} cos 9, — (2 Re D + AIq/,G) 
X (cos 8, cos y + sin y sin 6, cos w) 
+ [— 2p Im Qn + 20, Z Re Qm + Aru, (p Im Q, 
— aZ Re Q,)] EF! sin 9, sin y sin 
+ 5 (1 —1/E)[—2 Re (Dy + Dy) 
+ Ans; (Mi + N,)] (2 cos 9 cos y — sin 9, sin x cos w)} 
X (2—BanSir’) 8 (mobo) & (moLon’ L’) ' 
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OF LL Ig] s) Otay GoLn’L) 


< ik 2 
> 2° 


+ E*[p Re(Qo + Qi) + 4Z Im (Qo + Qu)] cos Mia 


(tol onL) V3 [e° (0,0) + Mi— 7M, 


The transverse polarization is obtained oe the 
same formula by substituting bit for bi! (aot), ane 
by using relations (14). Formula (17) is written in 
a coordinate system whose z axis is directed 
along p, and in which n lies in the zx plane. In 
(17) we have put 


Mat; = Ua + 1) — Ji I) + 


The remaining quantities in (17) are defined as 
follows (cf. reference 10): 


Dy 2 i, 


Qm = — (Bsr —Bva)MrMer, Qn = (Bvr — Bsa) MrMar, 
Do = — (sr + aya) MrMor, Di = (Ayr + asa) MrMar, 
Re Q; = (8rr — Baa)| Mer|?, Im Q; = — 2 Im Bar| Mer|?, 


Re Qy = (Bss— Bvv)| Me|?, Im Qo = — 2 Im Bys | Mr |?, 
My, = (¢rr + o44)|Mer/?, N, = —2 Reara| Mer|?, 
D = (Dy — 7Dy/E) — 2(D, = YD/E), 


G = (M, — N/E) — 2(N1—My/E), 
where 


yp SOL C.C,. CR Se Rng oT 


Formula (17) describes electron decay. To ob- 
tain positron decay, the following substitutions 
have to be made: 


Z——Z, 
and 


Cae Cres iG eee (j =V, T). 
Finally, we bring the expression for the polar- 
ization of the conversion electrons for the case 
when an M1—E2 multipole mixture is considered, 
the initial nucleus is not polarized, and the £ 
transition is allowed (no polarization of 8 parti- 


cles is observed). From (15) or (17) we obtain 


<8) = aamveit (2 n) [Fy (1101) bit) (M1) 
+ QF, (12 Loly) Ott (M1E2) + BF, (22191,) 0% (E2)} 
+55 [p ~ (pn) nj [Fy (11 41,) 68 (M1) + 25F, (122e1,) 
x “i (M1E2) + 8F, (22/14) bi (E2)}} : 


6 (MI1E2) and a differ by a factor 
—|[ a + 1 iyi }'? from the expression employed 


by Geshkenbein.” For reference we list the values 
of Fy: 


Here 
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Fate LAT y) _ V8 ILht)+¢h(htl)—hib+)] 
; 2b (L + 1) (i (h +1)” : 


Fi, (2hI) = [3 (2 + Ty —1) lo + La + 3) (1 — In 4+-2) (Io 


i+ 2)]'h 


4 [5/1 (I, + 1)]"4 


Our consideration of the B-e correlation is 
applicable when the nucleus is free in the inter- 
mediate state. If the nucleus is acted upon in the 
intermediate state by a torque, arising as a result 
of the interaction of the magnetic dipole moment 
H with the external magnetic field B, or from the 
interaction of the electrical quadrupole moment Q 
with the gradients of the electric fields &V/08z’, 
then the B-e correlation, generally speaking, de- 
creases. The magnitude of this perturbation de- 
pends mainly on the average lifetime T1, of the 


nucleus in the intermediate state. If the perturba- 


tion is described by the precession frequency w, 
then for magnetic interactions w is equal to the 
Larmor frequency, and for the quadrupole inter- 
action w~Q and 8’V/dz?. A rough criterion of 
the applicability of our considerations can be ob- 
tained from the condition WT], < 0.1. Hence Tl, 
< 10 sec. 

In conclusion, I express my deep gratitude to 
B. V. Geshkenbein and I. S. Shapiro for their 
interest in the work and its discussion. 


APPENDIX 


Below we list the values of the polarization 
parameters calculated with the aid of tables of 
radial integrals compiled by L. A. Sliv (private 


TABLE I. Polarization pa- 


rameter aes (M1E2) for 

the longitudinal polarization 

for an M1—E2 mixture and 
conversion from the Lj shell. 


k 


Z 

0.40 | 0,15 | 0.2 | 03 | 05 | 01 
57| 0.045) 0,48 | 0.25 0.45/0,54 
65 |—0.047) 0.047} 0.14)0.26 |0,36/0.47 
73| 0.44 |—0,046) 0.02)0.14 |0.29/0,39 
81] 0.44 | 0.075|—0.47}0.03410.19]0.34 


TABLE IV. Polarization pa- 


Li 
rameter by-1) (M1E2) for 
the transverse polarization 
for an M1—E2 mixture and 
conversion from the Ly shell. 


57 | —0.94 | —0.83 | —0,841| —0.76 
65 | —0.92 | —0,87 | —0,84}| —0.79 
73 | —0.93 | —0.88 | —0.85} —0,84 
81 | —0.94 | —0,88 | —0.86| —0.80 


TABLE VII. Polarization pa- 


Lil 
rameter b4,-1) (M1E2) for 
longitudinal polarization for 
an M1—E2 mixture and con- 
version from the Ly shell. 


Z 

oa [os[o.2 | 02 | 0.8 | OsT 
57 |0.55| 0.58) 0.56] 0,48) 0.28) —0,011 
65 | 0.54] 0.56] 0.52/0.45) 0.26] 0,011 
73 |0.44| 0.49] 0.48] 0,43}0.24| 0.046 
81 |0.38] 0,45] 0.43] 0,38}0.24] 0.12 


TABLE I. Polarization pa- 


L 
rameter brn (M1E2) for 
the transverse polarization 
for an M1—E2 mixture and 


conversion from the Ly shell. 


k 


0.40 | 0.2 | 0.3 0.5 | 0.7 


57 |—0.098|—0.35 |—0,49 |—0.63|—0.68 
65 | 0.008)—0.23 |—0.37 |—0.50|/—0, 61 
73 |—0.13 |—0.081/—0.23 |—0.40|—0. 54 


81 |—0,42 |—0,001/—0.094|—0.28]—0. 44 


TABLE V. Polarization pa- 


LIU 
rameter by_;) (M1) for 
longitudinal polarization in 
the case of a pure conversion 
transition from the Ly shell. 


oo |S oa | oe | vo 


57 |—0.06/—0.21|—0.32|—0, 43|—0, 49 
65 | 0,006 |—0,14|—0.27|—0, 41|—0. 48 
73 | 0.08 |—0,12/—0.24|—0.38|—0. 46 
81 | 0,43 |—0.08/—0.19|—0.34|—0.44 


TABLE VIJ. Polarization 


parameter ete (M1E2) for 
transverse polarization for 

an M1—E2 mixture and con- 
version from the Lyy shell. 


Z 
0,4 co 0.2 | 03 | 0.5 | 0,7 
| 
57 10.68] 0.62 10.61 | 0.56 | 0.65 | 0.69 
65 |0,82]0.74] 0.68 | 0.66 | 0.69 | 0.75 
73 |0,89]0.82]0.72]0.71 | 0.74 | 0.81 
81 |0.89]0.83]0.77|0.72|0.79 | 0.91 


TABLE IU. Polarization pa- 


LI 
rameter bji:_;) (M1E2) for 
the longitudinal polarization 
for an M1—E2 mixture and 
conversion from the Lj] shell. 


<5 | 

0.4 0.3 | 0.7 
On —=1,0 —0,99 (Oi 
65 41 50) —0,99 =—0,97 
73 —1.0 —0.98 —0,95 
81 = 9)7 —=()) 19 )5) —0,92 


TABLE VI. Polarization pa- 


Lin 
rameter bi;) (M1) for 


transverse polarization in 
the case of a pure conversion 
transition from the Ly shell. 


ot | O20) eh Oe aon, 


57 0.19 | 0.29) || 0,38 | 0.44 | 0.40 
65 0505) 0223) 0230) sO. 370238 
73 | —0,03} 0.16 | 0.23 | 0,32 | 0.34 
81 |—0.09} 0.08 | 0.16 | 0,24 | 0.27 


TABLE IX. Polarization pa- 


rameter ee (E2) for 
longitudinal polarization in 
the case of a pure conversion 
transition from the Lyyj shell. 
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TABLE X. Polarization pa- 


LIT 
rameter bi;) (E2) for the 


transverse polarization in 
the case of a pure conversion 
transition from the Ly shell. 


0.4 | 0,2 | 0.3 | 0,5 | 0.7 
o7 | 0.83 | 0.59 | 0.37 |0.006 | —0, 42 
65 | 0,97 | 0.71 | 0.47 |0.14 | —0,27 
73 | 1,45 | 0,87 | 0,64 |0,27 | —0,062 
8474529) | 0.98" 0.79) (0,43 0,15 


communication). The calculations are carried out 


for nuclei with Z = 57, 65, 73, and 81, and transi- 
tion energies from 0.1 to 0.7 in units of mec? for 
conversion from the Ly, Ly, and Ly shells. 
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The formulas of a relativistic general theory of reactions for the cross section and the polar- 
ization in terms of phase shifts may assume a different form for different definitions of the 
relativistic spin operator. However, in the rest system of the particle the spin operators 
coincide. This allows one to express the general theory in a form which is the same for all 


equivalent definitions of the spin. 


INTRODUCTION 


For the relativistic generalization of the formulas 
expressing the differential cross section and the 
polarization in terms of phases it is necessary to 
define the relativistic spin operator for the parti- 
cle and to find the transformation functions for the 
transformation from a representation in terms of 
the momenta and the projections of the spins toa 
representation which is diagonal in the conserved 
total angular momentum of the system of inter- 
acting particles. In the papers of Chou Kuang- 
Chao and the author! and Yu. Shirokov’ the Foldy— 
Yu. Shirokov representation’ was used for the de- 
scription of particles with spin. Chou Kuang-Chao 
and the author’ arrived at this representation 
starting from a definition of the spin as the in- 
ternal angular momentum of the particle with 
respect to its center of inertia. 

However, other relativistic definitions of the 
coordinates of the center of inertia (see, for 
example, the papers of Pryce‘ and Yu. Shirokov’) 
are possible, for which the operator of the internal 
angular momentum is different from the spin of 
Pryce-Foldy-Shirokoy (there is, for example, the 
possibility of a spin operator whose components do 
not commute, as the Pauli matrices; see references 
4). Moreover, the Dirac spinors transform ina 
different way in going from one Lorentz frame to 
another than the spinor functions in the Foldy- 
Shirokov representation.* There exist still other 
possibilities of defining the relativistic spin 
operator (see, for example, references 5 and 6). 


*It can be shown that these possibilities of a relativistic 
description of particles with spin correspond, mathematically, 
to non-unitary representations of the inhomogeneous Lorentz 
group (whereas the Foldy-Shirokov representation, which is 
particularly convenient for the general theory of reactions, is 
a unitary representation of this group). 


Different definitions of the spin may give rise 
to different transformation functions and, corre- 
spondingly, to different expressions for the cross 
section and the polarization.* In the present paper 
we show that there exists a form of the general 
theory in which the transformation functions and 
formulas for the cross section and polarization 
are the same for all equivalent representations of 
the inhomogeneous Lorentz group (abbreviated 
ILG). We assume that the rest masses of all par- 
ticles are different from zero and the spins are 
arbitrary. 

We note that the wave functions describing the 
states of the interacting particles must transform 
according to representations of the ILG. The 
theory of representations of the ILG gives a de- 
scription of systems all the states of which can be 
obtained from any arbitrary given state by trans- 
lations, rotations, and Lorentz transformations 
(and superpositions of such states). There is 
thus no relativistically invariant difference be- 
tween different states of the system.’ The homog- 
eneous Lorentz group does not contain translations 
and, therefore, cannot describe all states of the 
free particles. 


THE SPIN IN THE REST SYSTEM OF THE 
PARTICLE AND THE GENERAL THEORY OF 
REACTIONS 


1. The state of a free particle with spin is de- 
fined in the following way: 1) we give the momen- 
tum of the particle, p, (for example, in the c.m. 
system of the reaction), and 2) we give the spin 


*It can, nevertheless, be shown that the angular correla- 
tions (for example, the azimuthal asymmetries in experiments 
on double and triple scattering) are the same, although they 
are expanded in terms of different complete systems of angu- 


lar functions. 
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state of the particle in the Lorentz system in 
which it is at rest. 

The spin operator of the particle in the rest 
system, s’, is equal to its total angular momentum 
M (since the orbital angular momentum in this 
system vanishes ); hence all spin operators coin- 
cide in the rest system of the particle. The pro- 
jection of the spin is defined as the eigenvalue of 
the operator 2 = s’n = Mn, where n is a unit 
vector in the direction of p (with respect to the 
rest system ). 

2. The general principles of the formal theory 
of reactions have been given in a paper by the 
author® (Sec. 1) and in the paper of Jacob and 
Wick’ (Introduction). The elements of the S 
matrix for a reaction of the type a+ b— c+ d, 


(1) 


must be expressed in terms of the phases* (more 
precisely, in terms of the elements of this matrix 
in the representation which is diagonal in the total 
angular momentum). The conservation of the total 
momentum is assumed to be already accounted for; 
p’ and p are the relative momenta of the parti- 
cles; the m’s are the eigenvalues of the operators 
x of the separate particles. In contrast to refer- 
ence 9, the spin functions which enter in the ele- 
ment (1) of the S matrix are referred to the c.m.s. 
of the particles (besides this, mg in reference 9 
is the eigenvalue of Md(— nn’ ), whereas here mq 
denotes the eigenvalue of the operator Mgn’ ). 
However, the total angular momentum (being a 
quantity which is common to the initial and final 
states ) must be referred to the same Lorentz 
frame (conveniently, the c.m.s. of the reaction ) 
and, of course, to the same axis of quantization z. 

The expression for the matrix element (1) in 
terms of the elements (AcAgp’ | So|AgAbp), which 
are referred to the c.m.s. of the reaction, must 
have the form 


(memap’ | S | matsp) 


(memap’ | S| mamep) = q" (me, Ma, p’) 


<(memap’ | So|ma Ms p) J (Ma, Ms, p), 


(2) 


because we are dealing with Lorentz transforma- 
tions with velocities parallel to the momenta of the 
particles (see the Appendix ). 

The elements of the matrix S) appearing in (2) 
can now be expressed in terms of the elements of 
So in the representation determined by the squares 


*The invariance under four-dimensional rotations can also 
be expressed in the manner adopted by Stapp,° but only in 
terms of the phases can the unitarity of the S matrix be simply 
accounted for. 
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and the z projections of the operator J = M; + M), 
the total angular momentum (which is the spin of 
the system of interacting particles in the c.m.s. 

of the reaction ), the operators 2, and 2, and the 
total energy E. The corresponding transforma- 
tion function was obtained in the papers of Chou 
Kuang-Chao”” and Jacob and Wick.® Its derivation 
(see reference 10, Sec. 2) does not rest on any 
assumptions about the particular representation 

in which the particles are described (in particular, 
even representations with vanishing rest mass are 
allowed). Using the fact that S) is diagonal with 
respect to the square, J(J + 1), and the projection, 
M, of the total angular momentum, we have (with 
the normalization of Jacob and Wick’) 


(Mmcmap’ | S | Matep) 


244 ae 
= as >) Ding+mg.M(— 1, 8, M—Q’) q" (te, Ma, Pp’) 
JM 


4 


S 


x (memap'JM|So| mamepJM) q (iia, me, P) 


x Diet, (g, a, 0). (3) 


If we now introduce the matrix S, 
(4) 


we have completed the inverse transformation of 
(2) niger. S =S. We note that in the phase analysis 
we can only determine the product of all the 
factors on the right-hand side of (4), but not each 
factor separately. 

The expression for the polarization tensors of 
the reaction products in terms of the elements (1) 
and the tensors of the beam and the target are de- 
termined by the nonrelativistic formulas (see, for 
example, reference 11). The elements 
(memg|SJ|mamp) can be introduced in these 
formulas. In particular, they appear in the ex- 
pressions for the angular distribution and the po- 
larization vector of reference 9. Of course, the 
polarization vector, for example, must be defined. 
as the average value of the spin vector of the par- 
ticle in its rest system. If it is initially known in 
some other Lorentz system, for example, in the 
laboratory system (polarized beam ), one must 
find the corresponding expression in the rest 
system of the particle. To do this one may need a 
specific representation. In the remaining part of 
the paper we present a form of the general theory 
which is not significantly different from that dis- 
cussed in detail by Jacob and Wick? and which is 
the same for different representations of particles 
with spin. 

3. In this general theory of reactions still 
another problem comes up, the formulation and 


(me | S!E | ma) = q* (me, p’) (me | Sol= | ma) q (May P)s 
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solution of which we shall demonstrate on the 
example of the double scattering of the proton. 

Let us assume that we have found the polariza- 
tion of the proton from the azimuthal asymmetry 
of the angular distribution ot scattering II and that 
we want to use it for the phase analysis of scatter- 
ing I. From the asymmetry of II one can find the 
components Py; Py,, and oS of the polarization 
vector in the direction of the proton momentum Py 
in the c.m.s. of II (or in the laboratory system, 
since the target I] is at rest), of the normal y, 
to the plane of scattering I, etc, as referred to the 
rest system of the proton Kj. For the phase 
analysis of scattering I we need the components 
Pre Py) and Px, (z, is parallel to the proton 
momentum p; inthe c.m.s. of I, y, Il yo, etc.), 
referred to the rest system of the proton K,, 
which differs from the rest system of the proton 
K, in the way explained below. 

By rotating the components Pz», Py, Px, 
about the angle between p, and p, we obtain the 
components Pz, Py, Px, referring to 21, yi, x 
(for details see reference 11, Sec. 3), but ex- 
pressed in the system K,. In order to go from 
K, to Ky, we must carry out the following Lorentz 
transformations: 1) from Ky, to the laboratory 
system Kj] by the velocity Ps, Il py, 2) from Ky] to 
the c.m.s. of I by the velocity B parallel to the 
scattered beam I, and 3) from the c.m.s. of I to 
K,. The corresponding velocity 8; is computed as 
the relativistic sum of the velocities f, and B. 
The product of these three transformations is a 
three-dimensional rotation (see reference 12, 
Sec. 22; reference 6; and also reference 1, foot- 
note 5). 

Thus the system of axes z1y;x; is oriented dif- 
ferently with respect to the spatial axes of K, than 
with respect to the axes of K;. In other words, the 
vector p,; has different spherical angles with re- 
spect to K, than with respect to Kj. 

The determination of the axis and the angle 2 
of the above-mentioned rotation is a purely kine- 
matical problem. In particular, 2 is the angle 
between the velocities w and w” of Méller (ref- 
erence 12, Sec. 22, formulas (59) and (59’ ), and to 
find sinQ it suffices to take the vector product of 
the expressions for w and w”. 

The results are given in reference 1 in terms 
of the rotation of the spin vector with respect to 
the fixed spatial axes, which is equivalent to the 
above-mentioned rotation of the axes of K; with 
respect to the axes of Ky». 

4. The general theory of reactions can thus be 
expressed in a form whose basic formula is (3), 
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the same for different but equivalent representa- 
tions of the inhomogeneous Lorentz group de- 
scribing a particle with spin. Formula (3) agrees 
in form with the corresponding non-relativistic 
formula. In contrast to the non-relativistic case, 
the polarization tensors must be subjected to a 
certain rotation of relativistic origin in the phase 
analysis or in the determination of the angular 
correlations. The axis and the angle of this rota- 
tion are the same for different representations of 
particles with spin. 

In conclusion I express my gratitude to Yu. M. 
Shirokov and I. V. Polubarinov for valuable 
comments. 


APPENDIX 


We presuppose the knowledge of the fundamen- 
tals of the theory of representations of the in- 
homogeneous Lorentz group (see, for example, 
references 13 and 14). The following considera- 
tions are valid for arbitrary representations of 
this group (not only for the unitary representations ). 

1. Since s° is equal to M in the rest system, 
[st sj ] = 1€ijkB kc. These commutation rules de- 
termine a representation of the three-dimensional 
rotation group, which can be assumed to be uni- 
tary.!° Hence, sk can be assumed to be a 
Hermitian matrix. 

2. We introduce the four-dimensional vector 


ste = oa ya Envor MyoPr 

(€uvor is the completely antisymmetric unit 
tensor of fourth rank), whose length T? is an in- 
variant of the inhomogeneous Lorentz group. In 
the rest system IT =x«M, Ty =0 (k is the rest 
mass of the particle), i.e., s’ =I'/k. It follows 
from this that the square of the spin in the rest 
system, (s°)*, is equal to the Lorentz invariant 
eres which characterizes (together with the 
mass «) a definite irreducible representation of 
the ILG (I* determines, in particular, the number 
of components of the wave function of the particle ). 

3. Without using a definite representation we 
cannot determine the transformation properties of 
the spinor functions under changes of the Lorentz 
frame. But in our form of the general theory we 
need only know how the spinor functions trans- 
form under Lorentz transformations A witha 
velocity B parallel to the momentum p of the 
particle. The operator == s'n=T,/ix|p| is in- 
variant under such transformations. Indeed, if 
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B = ap/py) (0 < a< 1), then 


7 1 (Ta — iB) ee yet 
ip’| (ip+B8 [Bp (y — 1)/B? — por) Ip|’ 


(we made use of the equation Pr uPu =@)). 


Let us denote the representation of the group of 
transformations A by Ua, so that ~ = UA’. We 
have shown that 2’ = U,ZUA Seis Grn [bey UAT 
= (0. This implies that the matrix UA is diagonal 
with respect to the eigenvalues of 2, and the state 
|p, m> goes over into 


Ua|pm> = >) | Ap, m’> Qmrm (p, A) =| Ap, m>q(m, p) 
m’ (A.1) 

for transformations A. 

We now show that the diagonal elements 
q(m, p) of the spinor part of the transformation 
Ua depend only on |p|. 

The generator of U, is an operator propor- 
tional to pN, so that 


Uy = expi{— tanh”! B(pN) /|p]}. 


The operator p-N is a three-dimensional scalar 
and, therefore, commutes with the three-dimen- 
sional rotation operators UR. Hence 


URU,|pm> = Uj UR! pm> 
or* 


RAp, m>q(m, p)=|ARp, m>q(m, Rp), (A.2) 


from where we conclude 
q(m, p)=q(m, Rp)=q(m, |p|). 


4. In conclusion we show that the proof of the 
equivalence of the irreducible representations of 
the ILG with the same values of x? and I’, given 
by Wigner, 4 can apparently be assumed to be valid 
for non-unitary representations as well. Wigner 
showed that an arbitrary representation is equiva- 
lent to the representation Uy, which is the product 
of the representation of some rotation within the 
“little group’’ (for particles with finite mass this 


*We fix the phases of states |pm> with different m by de- 
fining |pm> as 


Ipm> = >) pn» Dy, m (P), 
n 
with D(p) being the spinor part of Up which depends on the 
Eulerian angles of rotation {-7, 3}, 7—Q}, where J and @ are 
the spherical angles of the momentum p in some fixed refer- 


ence system, to which the projections n are also referred.°® 
Then 


Up|pm> = >) | Rp. n'> Darn (R) Dy m (P) 


n’,n 


= > Rpt’) Dp (RY) = Rp. >. 
f 
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group consists of the three-dimensional rotations 
in the space of wave functions with py = 0) and a 
representation of the Lorentz transformation of 
the class A which acts only on the momentum 
variables [see formulas (67) and (67a) in refer- 
ence 14]. More precisely, we have Qin, m’ 

x (p, A(p)) =6m,m’ for transformations A(p) 
from the rest system to a system where the 
momentum of the particle is equal to p. Ifa 
given representation does not satisfy this require- 
ment, then an equivalent representation which is 
obtained by a transformation which takes the func- 
tion g(p, m) into 


D Qn, mr (Pp, A*(p)) p(p, ™m’) 


does. 
We emphasize that this transformation is among 


those generated by the operators (representing the 
transformations A) of the given representation. 

For an arbitrary representation of the ILG one 
can thus find a transformation (not necessarily 
unitary) by which this representation is brought 
into the form (67a) of reference 14, which is iden- 
tical for all representations. 
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a variational principle is formulated and applied to a many-particle system with two-particle 
interaction. The wave function is chosen in a form which permits exact account to be taken of 
pair correlation. Equations are obtained for one- and two-particle functions in the first ap- 
proximation in the correlation. It is shown that these can easily be extended to the case of 
strong correlations and three-particle interactions. The results are applied to the case of the 
so-called nuclear matter. The equations obtained are compared with those of Brueckner. 


1. FORMULATION OF THE VARIATIONAL 
PRINCIPLE 


Great mathematical difficulties limit the solu- 
tion of the many-body problem in its application to 
atomic nuclei, in particular, in the study of infin- 
itely extended nuclear matter. In this case, it is 
always assumed that the methods developed for 
Spatially infinite systems (see, for example, refer- 
ence 1) can easily be extended to the case of finite 
systems. 

Inasmuch as such an assumption is not self-evi- 
dent, we shall from the beginning consider a sys- 
tem of finite volume, consisting of N interacting 
particles, and attempt to ascertain for what equi- 
librium density this system will be stable relative 
to spontaneous decrease in the volume. If we as- 
sume the interactions among the particles of the 
system to be given, then the total energy E will 
depend upon the particle density distribution p (r) 
and the condition for stability is written as 


dE/8p (r) = 0 (1) 
or 
S (YIM ¥)—E(bIW) _ 9 (2) 
dp 


where E is the total energy of the system. 

It is evident that such a system, as for example 
a stable nucleus, can exist for an infinitely long 
time in the ground state, and consequently (1) and 
(2) are satisfied for it. Similar relations are not 
valid for excited states. 

We shall now so particularize (2) that there is 
a possibility of taking into account the presence of 
two-particle correlations in the system. In this 
case we shall assume that the total energy depends 
not only on the single-particle wave functions 9j 


(Hartree-Fock), but also on the pair correlation 
functions yj, and requires that 


6E/dq; = 0, 6E/OXin == (0h (3) 


The first of these equations leads to an equation 
of the Hartree-Fock type, while the second permits 
us to consider direct interaction of pairs of parti- 
cles and to make the Hartree-Fock method more 
precise. 

If many-particle forces act in the system and it 
is necessary to take into account the effect of many- 
particle correlations, then (1) must be written in 
the form* 


6E 69; 
Se Se 
239, bp 5 


6E OX in ’ 


dE On | ZG) 
5X, dp i 


: bn. SP | 
i,k l<F (4) 


Detailed consideration of (4) leads to a system of 
functional equations of the type (3), which repre- 
sent interlocking equations for quasi-particles, 
pairs, etc. 

However, we note that only the relations (1) and 
(2) follow from general considerations of the exis- 
tence of a state which is stable relative to spontan- 
eous decrease in the volume. The system (3) im- 
poses a set of additional restrictions in compari- 
son with (1) and (2). 


2. EQUATIONS OF THE TYPE OF THE FOCK 
EQUATIONS 


Let us consider a system consisting of N iden- 
tical fermions and limit ourselves to the case in 
which the Hamiltonian of the system is described 
in the following fashion: 


*<F denotes summation over all occupied states and >F 
over all free states. 
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N N 
H =. > ANG ae > yi Vin, 


i=1 ~ i,kR=1 


Vin =V (rt; — fr). (5) 


We choose the wave function in the form 
N N 
p= (NI ATT oer) I] Xin (re tr), (6) 
t=] ick 
where A is the operator of anti-symmetrization. 
Improvement of the Fock method is necessary 
only in the investigation of systems in which forces 
appear which are large in size and small in radius. 
We assume that the presence of pair correla- 
tions in the motion of the particles xj, does not 
lead to the formation of bound complexes inside the 
system. Inasmuch as we shall be interested pri- 
marily in the explanation of the consequences fol- 
lowing from the relations (1) and (2), we limit our- 
selves to the case of weak correlations. Repre- 
senting yj; in the form? 1 + fi, we keep in (6) 
only the terms of first order in fj,:* 


N 
p=(N) “ATL e+ > falter). (7) 
i=1 k<l 


In what follows we shall write down some quali- 
tative considerations in favor of a similar approxi- 
mation. We note that although terms like fyjfjj 
possibly do not play a role in the calculation of the 
binding energy of such a system as an atomic nu- 
cleus, they are evidently important for the deter- 
mination of the wave functions of the quasi-parti- 
cles gj- 

In the variation, the following additional condi- 
tions are imposed: 


| 0; (F) ga (r) de = 8a, 
| 5 (6) ©) (0) @7(r) Ga (0) (1 + fins) (I+ By (© 1) ded’ 
= Cbr5 Sin; (8) 


where i, l, f, k, n= F, and C is a normalization 
factor. 

The second of the conditions (8) follows from 
the fact that all the levels in the ground state up to 
the boundary are filled. Therefore, distortion of 
the wave function of the pair dik = gig (1 + fix), 
due to the account of the two-particle interaction, 
can lead only to the appearance of components per- 
taining to the free states in the expansion of ji, 
in g;, and consequently, 


*Investigation of the properties of pair correlations in the 
case of nuclear matter, carried out by the Brueckner method in 
the work of Gomes et al.,° has shown that for pair interaction 
with repulsive cores of radius 0.4 x 10-** cm yix depends only 


on fi-tk and differs essentially from unity for rj — ry 
= (1 to 1.5) x 107° cm. 
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1 (0) 05 (6°) OF (6) a (0) fin (ts) aed’ = 0, (9) 


where k, 1, f, n = F, which also leads to the rela- 
tion (8). 
We introduce the notation 


po = (Niyo2 AIlQp (rp); (10) 
pO = (N!)—” Alga (te) Dy fo (p> 12)» (11) 
p<l 
p2=1/,(N!) ” ATqn (Tx) > fot(tp, 1) fej (Te, tA). (12) 
p<l,i<j 
tj+pl 


Then the energy of the system, in first order in 
fix, is equal to 


E = (sp | Hp) + (p@ | 7 |p) + (pO | A {pM). (13) 


However, the equations for the correlation func- 
tions can be obtained only by taking into account in 
the energy expression terms of second order in f 
and the change of the normalization of the wave 
function of the system: 


FB OE WO) + WO [A 9) +O 18 |p) 
1 (Ap | ap) + pO |p) + HO | Yl) 


(BO | A pO) + pO [A | pO) + HO 11 p™) 
4+ (yD | py + pO | pO) + Mp | pO) 


| (14) 
Denoting 9, (r) go], (r’ ) fz (vr, vr’) and gy, (LY) Pp 

x (r’) offkz (2, rv’) by kf and'kp?, respectively, 
we write down the matrix elements of first order 
in f in the form 


N 

(| 1 |p) = — >) (B| Ae l&)-+ + D (ik | Vie| Aik), (15) 

kR=1 g,k 

(xp [AF] sp) = >) (AL | — An —Ar + QusVnr|A Bd) 
k<l 
+ >) (pl | Von + Vas| Abpl), (16) 
k3p<l 

(YP |p) = (pO [FF] pO) * (17) 


where A is as before the anti-symmetrization op- 


erator, and Q,7 is a projection operator with the 
following property: 


Qua U (rr) = or (r) grr’) (ALU) + Dy oa lr) g(r’) (Ri | U) 


og Pi(t) ex (') EIU) + Dy oy (r) pe(r’) (jé|U). (28) 
LiF 

In the expression for the energy the operator 
Qk] is unimportant, since the matrix element in 
(16) does not depend on the presence of Q. The 
latter appears by virtue of the anti -symmetry of 
the initial wave function and the symmetry of 
by, Vik. Actually, 


i,k 
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N 
i 
De DVir va II ®r (Tr) > Vogt og (Fp, Tq) 
Boule j=l p<q 
Bucs, II Pr (Tr) ys Vir ipa (Tp, Tq). (19) 
k=1 y Sues 


The presence of the operator A permits us to 
rewrite the first term of (19) in the form 
S 
Allg, (rn) > 1 Qoq Vg pq (Fp: Tq); 
P<q 
which also leads to the appearance of Qk] in (19). 
The remaining matrix elements are computed and 
listed in the Appendix. 

Varying (14) with respect to m* and f*, a sys- 
tem of interlocking equations can be obtained which 
permits us to find @ and f. 

We introduce the following notation: the Har- 
tree-Fock Hamiltonian 


= — a, 4 Bae 
kR 

the Hamiltonian of Bethe-Goldstone? 

BG ; 

ere *(r") (V(r 


@, (t’) V (tr — 8’) Age (t’), 


Bi) V (ten) Age (r’) 


and the Hamiltonian 
Hnpq = — An— Ap — Ag+ Qrg VF — 8’) + V(r =F") 
+(e —1")) + Bar" g5 (0) (VF 8") 


l 


+V(r'—r”)+ V(r" —r")) Ag; (r"), 

where Qkpq is the operator which projects the 
function of three variables on the level k, p, q and 
on the level lying outside the Fermi sphere F. 


For Ypog we obtain* 


HBSip.q + {5} | Hog! A (pa + kpq)) + compl. conj. j 
k 


+ [Sl |Vig + Ve | A BE pa) 


k<l 


+ compl. conj. Sea aq (20) 


The meaning of the different terms entering into 
the equation is easily understood. The first form 
is the left side of the Bethe-Goldstone equation;‘ 
it describes the direct action of the pair pq moving 
in a self-consistent field created by the remaining 
particles of the system. The term in the curly 
brackets takes into account the effect of the direct 


*The complex-conjugate terms differ from those written out 
by the fact that the correlation functions enter at the left; for 
example, compl. conj. in the square brackets in (20) means 


(L|Vpq + V pp | Abtpa)- 
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interaction of the pairs pk and qk, moving in the 
self-consistent field generated by the remaining 
particles, on the pair pq under consideration. It 
is significant that this effect is described by the 
functions fpk and fkg. The last term describes 
the action of the remaining pairs kJ on the isolated 
pair pq. 

If all fik = 0 except fog: then ie obtain from 
(20) the Bethe-Goldstone equation:4 


(blake Wpg = EpqVpq- (21) 


This corresponds to the fact® that the Bethe-Gold- 
stone equation* can be obtained if the interaction 
of the pair under discussion is considered exactly 
and it is assumed that the remaining particles 
move independently (in the sense of an absence of 
correlation). Their effect on the pair is reduced 
to the formation of a self-consistent potential. 

We now consider the equation for gy obtained by 
variation of (13) with respect to 2p: 


Hp @p + [> (k | Hip — €xp | Akp) + compl. conj. 
k 


+{D) (| Vo + Vol Aped) 


k<L 


+ compl. conj. } = Ep. (22) 
The first term in (22) is the left hand side of the 
usual Hartree-Fock equation, since the term in the 
square brackets takes into account the effect of 
direct interaction of the particles p and k moving 
in a self-consistent field created by the remaining 
particles. We note that, as in (20) for three parti- 
cles, the effect of direct interaction in (22) for two 
particles is determined by the function fp. Fi- 
nally, the last term describes the action of the 
pair correlations of any two particles on the con- 
sidered third particle p. 

An important advantage of these equations is 
the comparative ease of their generalization to the 
case of the presence of three-particle forces or 
considerable pair correlations, when it is neces- 
sary to take into account some higher power of f. 
Actually, it is easy to write down Eq. (20) ina 
form in which generalization to the case of three- 
particle potentials is trivial. In our approxima- 
tion, the three-particle function has the form 

ine = PepePs (1 + fin + fir + Free). (23) 
With account of this formula, we can write down 
(20) in the form 


*It is equivalent to the equation for the t-matrix of Brueckner 
[see (29) in reference 4]. 
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es T Wg + 2 (| Hxpq | A (Prog — PePpq)) 
+ 2 (Pee | Vor + View| APpPa (Pee — Pnr)) 
+ compl. conj. ] = &pq%ppq 
+ (1/9 9%) 2} 2 (Pea Pk — ‘Paral Hang] Ae Petes) (24) 


Introduction of three-particle interaction leads 
to an evident change in the Hamiltonian Hp > Hao 
Hkpq The following equation, which is necessary 
for the determination of ¢xpq, can be written down 
by analogy with (24). 

Just as for (20), we write Eq. (22) in the form 


Hy @p +(e | Ee — exp | A (Pap — Pr Pp) 


+ >) (pee | Vox + Vor | AG (ther — Ga)) 


k<l 


+ compl. conj.] = E,g, 


alo) ) di (PePp — Vip | Hip — &%p | AQe@p)- (25) 
k 


In conclusion we note that in this section we 
have actually dealt with quasi-single-particle func- 
tions. Actually, in accord with (22), account of 
correlations in first order leads to the appearance 
of terms which depend on momentum (of the type 
of the effective mass Meg), and to the replace- 
ment of the two-particle interaction V by Vegff. 
We shall assume that fo. = =f. Then (22) takes the 
form 


[—3(4 jee + Ger 4) 


+ 3) \ ae’ 9} (r)) Vis(tr’) ge (0) — E 
Rk 


| (r)=0, 


4 M | ; 'r) dr’ 
Si yet = 1+ 2D [lon thao tery ar’ 


Vitti Vip {A+ fap A+ Alan + Ue filer) A 
i 
+ (21 G2 Aft) + (i! x Fee) A + (| ou Af) 


—Trp (Ag+ &px) A — (Ar + &pn) Afinp 


+ 2001 Vir | fee Aepr) + (@r| Vie | Afen @0)1- (22a) 
Hence it is clear that account of pair correlations 
in finite systems leads simultaneously to mass 
‘‘renormalization’’ and two-particle interaction, 
while, roughly speaking, Vors/V © M/Megf, in ac- 
cord with the fact that introduction of the effective 
mass requires a change in the depth of the poten- 
tial well in the relation written down, as is well 
known. 
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An approach was developed by a number of au- 
thors to the solution of the many-body problem 
which is known as the Brueckner approximation, 
which takes pair interactions between the particles 
into account, in more exact fashion than in the 
Hartree-Fock method. Let us consider the prob- 
lem of the relationship of the Brueckner method to 
our variational principle (22) and compare the 
equations of reference 1 with those obtained in the 
present work. 

According to Brueckner, the expression for the 
energy of a system of particles with the Hamilton- 
ian (5) can be described,! after some simplifica- 
tion, in the form 


N N 
E=—) (Al) +> D (ikl tj Aid), 
i=1 A, k= 
: : ; ik|\V| t\L 
(it|£ fq) = (e|V ig) + 3 Ele tped Grit), 
S,p>F q : P 


E,=—(L|A|l) + >) (lq|t|Alg). (26) 
q<F 
In the process of constructing the Brueckner 
equation for finite nuclei, it is assumed that solu- 
tions of the equation 


Aq; + \(r |U |r’) g(r’) dt’ = E,q; (r) (27) 
form a complete set of basis functions and the self- 
consistent nonlocal potential is chosen from the 
condition of vanishing of the contribution of terms 
of second order in the expansion of the energy of 
the system in t: 

>) (ik |t| Aik). 


R<F 


(p1U | gi) = (28) 


We introduce the operator R, for which t = VR, 
and denote Rgj y, = jk. Then, inasmuch as 


D Sorry 


i<F 


(r, r’|¢| Aik) = V(r —r’) Hee(r, vr’), 


NG U |r’) gx (r’) dv’ = r’, ri t| Aik) dv’, 


(28a) 


we find a set of interlocking equations [by trans- 
forming in (26) to a mixed representation] which 
connect the one- and two-particle functions. * 


—Ag; + SS \ avg; (co) Vir ) wie ry Ere, 


kR<F 
> \ de"de” 


q. l>F 
Le a ke Cl ke Cae 
E,+E,—E,—E, 


bin (0, 0’) = Ag; (r) @e (t’) + 


VAT i beet et 2) 
*It can be shown that the second equation of (29) coincides 
with the Bethe-Goldstone equation.‘ 
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The first equation of the set (29) is similar to 
the Hartree-Fock equation, but it cannot be obtained 
by the Fock variational principle from the equation 
for the energy of the system. 

Actually, by varying E with respect to »*, we 
would have obtained the equation 


=o, >| \ar' or) V (f— 1’) vie (r, 1) 
kR<&PF 
te Dy \avar'e, (95 (0) Ve" — 0") 
Rk, q<F 
<7 Op, (ie ea) dp (r) | 
“Gn Oe (30) 


which differs from (29) by a term which has been 
given the name ‘‘rearrangement potential’’ in the 
literature. 

If the wave function is determined from (30), 
then the initial assumption (28) is generally vio- 
lated; according to this assumption one can neg- 
lect terms of second order in t and in place of 
(26) there would be introduced another expression 
for the total energy. Estimates of the term arising 
because of the dependence of the t-matrix on the 
density of nuclear matter, carried out by Brueck- 
ner,°* show that it is approximately equal to 10-15 
Mev, and consequently it cannot be neglected. 

We shall now consider to what the variational 
principle (2) leads for the case of nuclear matter, 
where, as follows from general considerations 
connected with the absence of a singularity in the 
system with the Hamiltonian (5), the correlation 
functions fj, (Yj, tk) depend only on the difference 

— r,, while the quasi-single-particle functions 
are plane waves. In this case, as is not difficult. to 
show, we have in place of (9), 


\ eh (0) gle) fulr, r’)de = 0, (31) 
and the action of the projection operator on a func- 
tion depending on the difference in the coordinates 
is now determined by the relation 


QeiW(r —r’) = Di ee( 


Ba jpssde 


)(RL|W) + ) (iW), 


(32) 


x(t) Pr (t’) 


which takes the place of (18). 

The relation (31)shows that the matrix element 
corresponding to graphs of the type of Fig. 1 with 
free ends, corresponding to correlation functions, * 
do not make a contribution, in the case of nuclear 
matter, to the expression for the total energy of 
the system. The latter, in accord with (15), (16), 
and (17), is equal to 


*A description of graphical techniques is given in the Ap- 


pendix. 
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k) + >) ((ik | Vie| Aik) 


i<k 


+ (ik \Vix| ik) +e. c.)}. 
(33) 


FIG. 1 


This expression is essentially in agreement with 
(26) if we take into account (28a). 

From (15), (16), (17), and (33) we find equations 
for gj and %j, which we write in a form suitable 
for comparison with (29): 


—Agi+ Dd) (e(P)|Vr—r') (1 + £5, (r, £’)) | Avie (157) 
Rs 
= Eq, (34) 
BG ' ieagrer. 
Hin bik = &ietpin — Dy {(p \Vip | Anik) 
p 
+ (p|Vep| Apik) +c. e. }. (35) 


Hugenholtz® has shown that the Brueckner me- 
thod is valid in the approximation of small particle 
distribution density in the system if a number of 
assumptions are made whose validity is question- 
able. We have made use of the assumption of the 
smallness of the correlation functions. This is ob- 
viously equivalent to the approximation of low den- 
sity,* inasmuch as the latter reduces to elimina- 
tion of the possibility of simultaneous direct action 
of more than two particles. 

However, it is seen that even in the approxima- 
tion under consideration for wave functions of 
pairs an equation is obtained which differs some- 
what from (21) [it can be shown that (21) is equiv- 
alent to (29)]. The complementary terms in (35), 
in comparison with (21), have a very clear physical 
meaning; for example, the first term in the curly 
brackets describes the change of the self-consist- 
ent field acting on the particle i as a result of cor- 
relations between the moving particles k and p. 

It seems to us that the form of Eq. (35) strength- 
ens the validity of the doubts raised by Hugen- 
holtz,®” inasmuch as there are no very weighty 
arguments for the elimination of the additional 
terms in (35), except for, in our view, not very 
convincing general remarks which reduce 


*If we denote the momentum of the Fermi system by kp and 
the effective radius of the two-particle interaction by 1, then 
by the approximation of low density is understood an approxi- 
mation which is valid for kpr, <1. 
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to the fact that, inasmuch as the wave function of 
the pair yj, differs markedly from the product of 
one-particle functions only at small values of r 
—r’ (see reference 3), the remaining particles act 
on the given pair as free particles and, conse- 
quently, the term in the curly brackets in (35) 
should be thrown out. 

Comparison of (35), (20), and (21) shows that the 
method developed by Brueckner is valid only for 
spatially infinite systems and the application of it 
to finite systems requires not only the replacement 
of quasi-one-particle functions by functions of fin- 
ite systems (oscillator and so forth, as was done, 
for example by Banerjee and Roy,® and by Eden and 
Emery’ ) but also an important change in the funda- 
mental equations — the substitution of (34) and (35) 
for (20) and (22). 


4, SATURATION OF NUCLEAR FORCES AND THE 
VARIATIONAL PRINCIPLE (2) 


It is known from experiment that the energy en- 
tering into a single nucleon in the nucleus Eg, and 
the mean density of nuclear matter pgy do not de- 
pend on the number of nucleons in the nucleus N 
and are equal to 8 Mev and 2 x 10° em™3, respec- 
tively. For nuclear matter, by virtue of the infinite 
volume of the system Q, we have as Q) > «* 


dE Wgbee 


av __ 


= Ti Ray alin @peoo 
ON ~~ Q Op ; 


ON Q Q ON 
(P = Pay= N/Q). 


If the interaction between the particles is given, 
then E = E(p) and for a fixed number of particles 
we have for the ground state 

GE] _ 

Opn van 
that is, OEgy/dp = 0 and dEgy/8N = 9 not only 
when 2 —. It is thus seen that the requirement 
dEgy /dp = 0, which usually figures in researches 
on nuclear matter, follows from the condition for 
the existence of a stable configuration of nuclear 
matter which is distributed over all space with the 
same density. This requirement for nuclear mat- 
ter coincides with the experimental observed in- 
dependence of Egy on the number of nucleons in 
the nucleus. 

We note that the variational principle (2) does 
not guarantee saturation of nuclear forces and 
density, for finite systems, in the sense of inde- 
pendence of Egy and pay of the number of nucleons 
in the nucleus. The satisfaction of (2) speaks only 


(36) 


’ 


*The density of nuclear matter is equal to the mean density 
of finite nuclei. 
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of the existence of a stable state of the system with 
a finite number of particles in a spatially limited 
volume. 

For example, (2) can be valid also for forces 
entering into the ‘‘collapse’’ (contraction) of 
nuclei. Satisfaction of the same conditions 
dEay /ON © 0 and dpgy/9N ~ 0 depends on the 
specific character of the nuclear forces. 


CONCLUSION 


The reliability of the approximation of weak cor- 
relation used by us depends on how the forces act 
between the nucleons in the nucleus. Data on nu- 
cleon-nucleon scattering in the range from 2 to 
300 Mev can be interpreted with the aid of various 
potentials: the potentials of Signel and Marshak, 
of Gammel-Christian-Teller, of Gammel1-Teller. 
The latter is widely used in the researches of 
Brueckner and his co-workers. The characteristic 
of this potential lies in the introduction of infinitely 
strong repulsions at small distances (r = 0.5 
x 107! em). In the present research, we have 
essentially limited ourselves to the qualitative side 
of the problem, not touching on the possibility of 
the use of Eqs. (21), (22), (33), and (34) for calcu- 
lation of the ground state of a system of nucleons 
interacting, for example, through a Gammel-Teller 
potential. A more detailed investigation of the re- 
sultant equations, and also a concrete calculation 
will be given in a subsequent paper. 

Moreover, we have assumed from the beginning 
that pair correlations do not lead to the formation 
of bound states. Bound states, for example, in in- 
finite nuclear matter, are characterized by the 
fact that not f(r; — r,), but y (rT; —r.) — 0 for 
Yr; —Y,— «. Therefore, account of bound pairs, 
say in the region of the Fermi surface, would have 
required for the model under consideration the use 
of the correlation functions y and not f. 

The impression can be created that the super- 
position of a large number of conditions 6E/6éyi,_ 
= 0 makes the system redefined. However, if we 
assume approximately that all correlation func- 
tions are identical, then in place of N(N — 1) 
there will be only a single additional condition, and 
the equations (21), (22), (33), (34) are essentially 
unchanged. One of the achievements of the method 
considered is the ease of generalization to the case 
of strong correlations, many -particle interactions 
(24) and (25) of systems composed of particles of 
several sorts, a, B,..., etc. 

In the latter case, it is necessary to require 


SE/Spa= SE/opp=...=0, — SE/S™=SE/dp =... =0, 
8E/6y,0 =SE/6y)—= ...=0. (37) 
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in place of (1) and (3). Violation of (37) in the 
ground state of atomic nuclei leads to spontaneous 
conversion —*, a decays, and fission. 

In conclusion we note that the application of the 
variational principle (2) to boson systems with two- 
and many-particle interactions makes it possible 
to obtain equations for them of the type (20), (22), 
(24) and (25). 

I take it my pleasant duty to express my deep 
gratitude to Professor L. A. Sliv for numerous 
discussions and valuable remarks, and also to G. 
M. Sklyarevskii and B. L. Birbrair for discussion 
of the results. 


APPENDIX 


For the matrix element (v“)|H|y )), we find 


(pt | |p) = — >) (pq| Ap+ Aq| A pq) 


P<q 


— >} (A A|R)(pq|A pq) 
p<q 
R+#D.q 


Si} ee —, 
— Di (kpq| Ast Ap+Aq| Akp a) 


p<q,k 
— >) (epq| Ant Ap+ A,|Akpq) 
k,p<q 
— > (| Ali(epq| Akpg)— > (| A] (epg) Akpg) 
£+P,g,k t+p,g,k 
p<q,k k,p<q 
+>) (pa|Vpq|A pq) + >) (ik \Via| Aik)(pq| A pq) 


i<k; p<q 
ikR#pq 


+ >) (Rpq|Vap-+ Vag | AR P9) 


p<q 


R,p<q 
+ 2 (ikl Van! Aik)(lpq; A lp q) 
i<k; p<q,l 
ih#p,q,l 
+ DS) Gk|Va| Aik\(tpq| Alpaq) 
i<h;l,p<q 
t,k#p,q,l 
+} (epg | Vap-+ Vg Van! A epg) 
R, p<q 
+ >) (kpq|Vap+ Vogt Von! A kp q) 
p<q,k 
+ (Rpg l| Var + Vos +Veu| A Bp 42) 
p<q,k<l 
+ >) (&pql| Vast Vor Var | A Rpg!) 
k,p<q<l 
+ 2 (pg 1 | Vaz + Vpq | Ak pal). 


q<p,k<l 


It is convenient to associate a graph with each 
matrix element, introducing the corresponding 
graphical form for the different functions and cor- 
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responding operators entering into the expression 
for the matrix element. We shall denote the cor- 
relation function fpz(r, r’) by a solid line directed 
from r’ to r (see Fig. 2), the complex conjugate 
function f57(¥, r’) by a solid line directed from 
r to r’. The potential V(r — r’) will be expressed 
by a wavy line, and the Laplace operator A by a 
dashed line. 

The matrix element 


(kpq! Ant Ap+ Aq| Akpq) 


is described by the graph of Fig. 3a, and the matrix 
element 


(k pd Vit V pgtVqn|A kpq) 


by the graph of Fig. 3b. The matrix element 
(ik | Viz | Aik) (ba | A | PG) corresponds to the 
unconnected graph of Fig. 4. 

Consideration of the matrix elements makes it 
possible to formulate a number of rules with whose 
help it is possible to construct the expression for 
the energy of the system of N particles with ac- 
count of corrections of second, third and higher 
degrees in the correlation functions. 

1. Graphs determining the energy of the system 
contain not more than 2(N —1) straight lines, the 
vertex index p and its coordinate r are the same 
for all lines entering the vertex. 

2. In each graph there is not more than one 
wavy or dashed line. 

3. Graphs with disconnected straight lines are 
equal to zero. 

4. Summation in the expression of the energy 
is carried out over all indices encountered in the 
diagram, and integration over the coordinates of 
the end lines. 

5. Closed loops of solid lines are possible only 
in those cases in which it is possible with account 
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of the direction of the lines to form a closed con- 
tour with a definite direction of rotation —in the 
clockwise direction or the reverse. 

6. To each index k and coordinate r of the end 
of the line there corresponds g;(r) and per). 
The correlation functions directed to the right and 
the product of all functions g corresponding to a 
given graph are anti-symmetrized. 

7. Graphs with unconnected wavy and dashed 
lines do not, in any case for large systems, make 
any contribution to the expression for the energy 
since they correspond to normalization of the com- 
plete wave function of the system. 

8. If the graph consists of several disconnected 
parts, then summation in each part is carried out 
independently; however, in each term of the sum 


the disconnected parts do not keep the same indices. 


Making use of rules 1 — 8, it is possible to es- 
tablish the fact that graphs containing disconnected 
correlation parts of the type of Fig. 5 do not have 
to be taken into account in the computation of the 
energy since they correspond to normalization of 
the wave function of the ground state. 

Thus, the situation here is similar to quantum 
field theory where the vacuum-vacuum transitions 
do not change the propagation function. 

Higher degrees of correlation functions f take 
into account the change of the energy of the system 


as the result of finding three or more particles 
close to one another. y 2 

The matrix element (~°)|H| 6) + (p6) | |p?) 
= T®?) + y®) is represented by the graph of Fig. 6 
(T°) corresponds to the graph of Fig. 6a; U? to 
the graph of Fig. 6b; we have omitted the discon- 
nected graphs). Making use of rules 1—8, itis 
easy to write down the analytic expressions for 
T) and ul), 


‘kK. A. Brueckner and J. L. Gammel, Phys. Rev. 
109, 1023 (1958). 

2 A, De-Shalit and V. F. Weisskopf, Ann of Phys. 
5, 282 (1958). 

3 Gomes, Waleska, and Weisskopf, Ann of Phys. 
3, 241 (1958). 

4H. A. Bethe and G. Goldstone, Proc. Roy. Soc. 
(London ) A238, 551 (1956). 

°K. A. Brueckner, Phys. Rev. 110, 597 (1958). 

°N. M. Hugenholtz, Physica 23, 533 (1957). 

™N. M. Hugenholtz, Physica 23, 481 (1957). 

®M. Banerjee and B. Roy, Ann of Phys. 7, 484 
(1959). 

*R. Eden and V. Emery, Proc. Roy. Soc. (Lon- 
don) A248, 266 (1958); A253, 177, 186 (1959). 


Translated by R. T. Beyer 
124 


SOVLEA Se ibysl OS J hap VOLUME 12, NUMBER 3 MARCH, 1962 


THEORY OF RELAXATION OF THE MAGNETIC MOMENT IN FERROMAGNETIC 
MATERIALS 


V. G. BAR’ YAKHTAR and S. V. PELETMINSKII 


Physico-Technical Institute, Academy of Sciences, Ukrainian S.S.R. 


Submitted to JETP editor March 23, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 651-656 (September, 1960) 


The relaxation of the magnetic moment of a ferromagnetic material is considered. It is 
shown that because of sd-exchange interaction between Spin waves and conduction electrons, 
there is first established a quasi-equilibrium distribution of spin waves and conduction elec- 
trons with a definite nonequilibrium value of the projection of the magnetic moment along the 
axis of easiest magnetization. Then because of weak relativistic spin-orbit interaction, 
there is gradually established an equilibrium value of this quantity. The relaxation time of 
the projection of the magnetic moment along the axis of easiest magnetization is independ- 


ent of temperature and of order of magnitude 10° to 107? sec. 


ik. Kinetic and relaxation phenomena in ferro- 
magnetic materials are determined by various 
processes of interaction of spin waves with con- 
duction electrons and with one another. In the 
temperature range 


0, S= T > 40, (Ja /fivo)? 
(@c is a quantity of the order of magnitude of the 
Curie temperature, J is the sd-exchange inte- 
gral, a is the lattice constant, and v, is the 
limiting Fermi velocity), the strongest interac- 
tion is the sd-exchange interaction of spin waves 
and conduction electrons; because of it, there is 
established a quasi-equilibrium distribution of 
conduction electrons and spin waves, correspond- 
ing to a definite value of the magnetic moment of 
the body. 

The transition to the equilibrium value of the 
magnetic moment is caused by a relativistic spin- 
orbit interaction of spin waves and conduction 
electrons. This interaction is weak in compari- 
son with the sd-exchange interaction, and there- 
fore the relaxation of the magnetic moment pro- 
ceeds slowly in comparison with the process of 
establishment of the quasi-equilibrium distribu- 
tion functions. 

2. We shall use a model of a ferromagnet 
that starts with the concept of two groups of 
electrons — the conduction electrons (s elec- 
trons) and the ferromagnetic d electrons.' The 
s and d electron interaction energy operator is 
the sum of a Hamiltonian #;, which describes the 
exchange interaction between s and d electrons, 
and a Hamiltonian jf,, which describes the inter- 


action of the magnetic moment M(r, t) of the d 
electrons with the conduction-electron current 
J (2) 


The Hamiltonian #,; has the form 
= w\ 9" (r, tee (r, t) HO (r, tar. (1) 


where yp is the Bohr magneton, o is the spin op- 

erator of a conduction electron, Q and ¢ are the 
creation and absorption operators of a conduction 
electron, and H‘®) is the exchange magnetic field, 
equal to 


The Hamiltonian #, has the form 
Hs=\M(r, 1) H(r, tar, (2) 


where H(r, t) is the magnetic field produced by 
the conduction-electron current:” 


H (r, ¢) = ; Lie, PO) 9B erigy!, 


|c—r’ (8 
4mne?\"/2 
oes ( me? ) 

(an is the shielding radius; e, m, and n are re- 
spectively the charge, mass, and density of the 
electrons; c is the speed of light). 

The current operator j is connected with g* 
and by the relation 


j = (ieh/2m) {py 9*— (Ve) @"}- 


The operators y* and ¢ can be expanded as 
series of Bloch wave functions u, (Yr) eik-r, 


p 1 * 5 
(0) = a Chat (rye, p. (o) = Vw chu, (Fr) ea tkr | 
. k 
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where Cho and c,_ are the creation and annihi- 
lation operators of an electron with wave vector 
k and spin projection o. 

On further expressing M(r, t) in terms of the 
creation and annihilation operators af, ag of the 
spin waves, we finally express the Hamiltonian of 
*the ferromagnet in the form 


KH = Hot H rint + Se ints (3) 
Hy = pi Esl). Cks + ~ ea; aj, (4) 


Hy int = p (Ame) : a Jidun: {Ap Cys Ck, 


4+ a¢t. c.) A ie Ree (5) 
mie /4Mo a a zea 
Se int = — — (4 : “fel (1 tan fe 
X CkoCy., (47 Fx [Vit Vel 
Bea Patverevi lt A (kos k 28): (6) 


Here ef = (at)? + €) is the energy of a spin 
wave; Exg = Ex + 2uModoo is the energy of an 
electron with wave vector k and spin projection 
ar (Gey = AY V_ = ii! aE,/ dk is the velocity of 
the conduction electrons; A* = AS oa Ay; 
Mew = & a) Mi ue dr, Jr=\ J (r)edr, A (k) = x sash 

(7) 
(Q is the volume of the elementary cell). 

The operator #;int describes the creation and 
annihilation of a spin wave with change of the pro- 
jection of the electron spin (sd-exchange interac- 
tion), and the operator #» int describes the crea- 
tion and annihilation of a spin wave without change 
of the projection of the electron spin. 

3. The change in unit time of the number of 
spin waves with wave vector f, caused by the sd- 
exchange interaction #,; jnt and the spin-orbit in- 
teraction #2 int, is determined by the formulas 


n= np°= Ly {n, N}, 
Brin, NY Lin, Nye LO tn}, (8) 
where the collision integrals ¢'©) and £), con- 


nected respectively with the Hamiltonians #, int 
and #2 int» are equal to 


207, Nya Dede {(ne-+ 1) Ne, (1 — Me ) 


—nNye (EAN ’—k + f) 8 (es— Ey. + caer 
Auge Pf) 7 es Ne 
ra (1 ; tan fl 
% | fe [Vit Viel |? ((29-+ LIC — Nes) Nico — 4 (1 
— No) Nur} A (k — k'— f) 8 (e¢-+ E, — Ex). 


GL in, N} = 


Be me? 4u Mo 
en > 


(10) 
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Here ng and Nxg are the distribution functions of 
the spin waves and of the electrons, respectively. 

The change in unit time of the number of elec- 
trons in the state k, o is determined by the fol- 
lowing kinetic equation: 


Nes = (Nols LO {n, N}+ L122 (2, N}, (11) 


where the collision integrals L{® and L{? are 


connected with the Hamiltonians 4; int and #2 int 
and are equal to 
e 8 
Lae tn, Nps Sa Dy di Aww |? {roe (1 


aay ea WTA De Ne) Nx,} A (k’— k + f) 8 (Ew_— Ex, t+ et), 


— Nx,) Ny 


(12) 
it w= SESH ae Ft 
x [Fx [vet viel |? (m+ ICL — Nii) Vy’ 
— np Nu(I—Ne,)) A (kK —k’+ 8) 
x OUE?, Js és) —[(me + 1) Nu, I—N,) 
—m (1 NE) Welle Oe ae eee 
(13) 


The collision operators Le and Lie have a 
similar form. y : 

By use of the expressions for the collision op- 
erators, one can find the mean rate for the various 
processes of collision of spin waves with electrons. 
This rate is determined in accordance with the 
formula 


W=2=—-S(S) mye, (14) 
where (6£/6n) 9 is the variational derivative of 
the collision integral with respect to the distribu- 
tion function, evaluated at the equilibrium values 
of the distribution functions of the spin waves, np 
and of the electrons N? 

By use of the expression (9) for £°) and of 
formula (14), one can calculate the mean rate of 
emission or absorption of a spin wave by an elec- 
tron, as a result of exchange interaction: 


Te 
(ri 


1 (ako)? Oo 


0) nf (3/9) h (15) 
where T is the temperature; @ = 4@g (J/E*) ?; 

E* = hvg/a; vy and hky are the limiting Fermi 
velocity and momentum of an electron; and 


x/(1—x) 


3 Beco 


YG) = In(1 — x)In 


—x 


The expression for Ire simplifies consider- 
alily in the limiting cases of high and low tempera- 
tures: 


MAGNETIC MOMENT IN 


1 Va 


oe 9 Oo i. 1/y 
a) ad 6E (8/2) (ako) Ta (a; ) 


1 (ak, Ne (3) (3) Vo 1 3) 1, 
alae (St) "ee for @S>7. (16) 


~ 
c 


Tee Bee Cis) 


for 0S TSS 6,, 


We note that for T = ©), both limiting expres- 
sions in formula (16) have the same order of 
magnitude. 

In a similar way one can calculate the mean 
rate of emission or absorption of a spin wave by 
an electron, as a result of the relativistic inter- 
action # int: 


1 —512Va 9. alte wMoma? \2 
=a wre eT (ake (“Gr ) Inyg 


Yo= (8./T)"*aq (O5>T > 0, (aq)’) 


On putting ©, =-108 °K, ak) ~ 1, a~ 107 8 om, 
m~107% g, and T ~ @ ~ 10°K, we get oe 
10°" sec. ied ea 1078 sec; that is, T°) « 7) 
for T =@) * 10°K. This means that in the 
temperature range T 2@p, the inequality 

gS) > g™ holds. 

The mean rate of scattering of electrons by a 
Spin wave, as a result of exchange interaction, 
can po falculated by use of the expression (12) 
for ia . We give here the final answer for 
1/7) in the limiting cases of low and high tem- 
peratures:° 


(17) 


1 SEF OT NZ 

ee —O,/T 

ar ane (a,) ¢ for T= 0;, 
aE” Opie ul 

a ~ iar 8, @("6 
e Cc 


1) for OSSTSSO,. (18) 


By use of the expression (13) for L™), one can 
calculate the mean rate of scattering of an elec- 
tron by a spin wave, as a result of the relativistic 
interaction HH, jnt: 
/ 2 2 

a ain (=)(z5) + : 
By comparison of the expressions (18) and (19), it 
is et verified that in the temperature range 
T 2@p, the inequality ce <«K to holds. 

4. Thus, in the temperature range T %@p, the 
strongest interaction is the exchange. 
in determining the quasistationary distribution 
functions n and N one can start from the equa- 
tions* 


(19) 


L°{n, N}=0, £° {n, N}=0 (20) 


It is easily seen that the general solution of these 
equations has the form 


ma =i Ey a Gu: 
n= [ exp (“5 z = 1] > Niue = |exp( #5 =) 


Wheres twa y + oo 
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Consequently, 
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By use of the conservation law for the number of 
electrons, 
| Vig Const, 
ko 
we get 


C.= Eot+ 1/2, 


The arbitrary y can be related to the size of 
the projection of the magnetic moment along the 
axis of easiest magnetization (the z axis): 


M= —p | pto.pdr +- \ M.dr 
= MV 2h np ee Ne Ne 
f k 


The possibility of the existence of solutions of 
equations (20) with an arbitrary value of the 
chemical potential y is connected with the fact 
that the magnetic moment of the body commutes 
with the exchange-interaction Hamiltonian WH, ;y4- 
We note that in formula (22) we have not in- 
cluded the contribution of the orbital magnetic 
moment of the s electrons; this is permissible 
if the length of the free path of the electrons is 
much smaller than the Larmor radius in a field 
My: 

We now take into consideration the relativistic 
interaction #» jyt- Then the distribution (21), 
since it satisfies (20), will no longer satisfy the 
equations 


Gn, Ny + Bn, Ny = 0, 


C= Eo— y/2. 


(22) 


Lin, N} + Ltn, N} =0. 


Since, however, L‘©) > L™) and ¢f©) >» gi), 
the distribution (21) with a slowly varying para- 
meter y can satisfy approximately the kinetic 
equations 


ne ey ee Ngee an 


Since the size of the projection of the magnetic 
moment, M,, is determined by the occupancy num- 
bers of the spin waves and of the electrons, it is 
possible, by use of the kinetic equations (8) and 
(11) and of the quasi-equilibrium distribution 
functions (21), to determine the change of mag- 
netic moment with time caused by the relativistic 
spin-orbit interaction. On differentiating equation 
(22) for ®, with respect to time, we get 

~ ko it ae 
p 


Since the relativistic interaction diy int Goes not 
change the number of electrons with a given spin 
projection, 

Di (Mx 4) = 0. 

k 
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By using the expression (10) for Le ), one the relaxation time of the magnetic moment is 
easily gets the following equation for the change independent of temperature. 
of the quantity y with time: The authors express their gratitude toA.I. 
Jt ie 23 Akhiezer for proposing the problem and for val- 
ee ie F v ess, (23) able discussions, and to M. I. Kaganov for dis- 
= oe (a2) al ra ) eet : (24) cussions of the work. 
The change of the projection of the magnetic 1S, V. Vonsovskii, JETP 16, 981 (1946). 
moment, M,, with time is determined by the 2%. Abrahams, Phys. Rev. 98, 387 (1955). 
formula 3&. A. Turov, Izv. Akad. Nauk SSSR, Ser. Fiz., 


19, 474 (1955), Columbia Tech. Transl. p. 426. 


M,— M, = M —— ©, et, 295 
Mi ( ) = (Meg ) 22) 4 Akhiezer, Bar’yakhtar, and Peletminskii, 
where ®, is the equilibrium value of the mag- JETP 36, 216 (1959), Soviet Phys. JETP 9, 146 
netic moment at the given temperature. On set- (1959). 


ting Vo ~ 108 cm/sec, €) ~ 1°K, n~ 107? em=3, 


My ~ 10° gauss, a ~10 ° cm, and Go ~ 10°°K, we Translated by W. F. Brown, Jr. 
get 1/T ~ 10® to 10° sec-!. We emphasize that AS, 
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Hydromagnetic waves excited by disintegration of the boundary between the plasma and 
vacuum are investigated. The boundary velocity (escape velocity) is determined. The am- 
plitude of the electromagnetic wave radiated into the vacuum during the disintegration of the 


discontinuity is determined. 


lle In the present article we investigate the flow of 
plasma into vacuum in the presence of a magnetic 
field. This problem has many applications in astro- 
physics and plasma physics. The formulation of 
the problem is as follows. A stationary plasma of 
infinite conductivity fills the half-space x > 0 at 
the initial instant of time t= 0. The state of the 
plasma is characterized by a pressure p,, a den- 
sity p,, and magnetic-field components Hx and 
Hiy (to be specific, we put Hx > 0, Hiy > 0, Hyz 
= 0). A constant magnetic field with components 
Hx and Hoy and a constant electric field Eyz <«< Hoy 
are produced in the vacuum. The necessary bound- 
ary conditions are not satisfied on such a discon- 
tinuity (when Hy = 0),* which therefore breaks 
up into several shock waves and self-similar waves. 
In the plasma there will propagate a rapid wave 
(shock or self-similar ), followed by an Alfvén dis- 
continuity, and finally by a slow wave. An electro- 
magnetic wave propagates in the vacuum.t Some 
of the aforementioned waves may be missing. The 
problem is to determine the character of these 
waves, their amplitudes, and the velocity of the 
plasma on the boundary with the vacuum. 

This problem was solved by Golitsyn* for the 
case when the normal magnetic-field component 
Hx vanishes. In the solution, Golitsyn used the 
fact that when H, = 0 the equations of magnetohy- 
drodynamics assume the same form as the equa- 
tions or ordinary hydrodynamics,°’® provided the 
pressure p and the energy per unit mass € are 
replaced by the total pressure p* =p + H/8n and 
the total energy «* =€ + HY 87p. 


*If the vacuum is considered as a limiting case of a mag- 
netohydrodynamic medium of zero density, the relativistic 
equations must be used.”” 

+The emission of an electromagnetic wave from a discon- 
tinuity with a conductivity jump was first noted by Kulikovskii 


and Lyubimov.° 


The presence of a longitudinal magnetic-field 
component Hx leads to a qualitatively different 
picture of the flow of plasma to the vacuum. 

As already noted, three waves travel in the 
plasma (instead of one in the case Hy, = 0). After 
the departure of these waves, the following condi- 
tions should be satisfied on the boundary between 
the plasma and the vacuum: 


p=0, {Hy}=0, {E}=0. (1) 


The first of these conditions means that the 
pressure vanishes behind the waves that go into the 
plasma, i.e., cavitation takes place. Since cavita- 
tion is impossible on a fast rarefaction wave,’ the 
cavitation takes place on the slow wave, which is 
thus self-similar. The fast wave can be either 
self-similar or a shock wave, depending on the 
initial conditions. 

The discontinuities of the electric and magnetic 
field in the electromagnetic wave propagating in 
the vacuum are connected by the relation AHy 
= AE,. If the velocity of the flowing plasma be- 
comes nonrelativistic, then the discontinuity of the 
magnetic field in the electromagnetic wave will be 
considerably smaller than the magnitude of the 
magnetic field. Therefore, to solve the problem 
of the flow of a plasma into a vacuum it is neces- 
sary to satisfy only the first two boundary condi- 
tions in (1). The concomitant discontinuity of the 
electric field Ez determines the amplitude of the 
electromagnetic wave radiated into the vacuum. 

Thus, the amplitudes of the fast and the slow 
waves are obtained from the equation 


Pit+A,p+Ap=9, 2) 


Ay+ A ,Hy+ AaHy+ A_Hy= yy, (3) 


where A,, A_, and A, denote the jumps in the 
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magnetohydrodynamic quantities on the fast wave, 
the slow wave, and Alfvén discontinuity. Since the 
fast and the slow waves are plane (the magnetic 
field inside the wave and behind the wave are in the 
same plane that passes through the x axis, in our 
case the xy plane), the Alfvén discontinuity, if it 
does exist at all, can rotate the magnetic field only 
through 180°. Therefore the jump of the magnetic 
field in the Alfvén discontinuity is equal to AAHy 
= — 2Hy, where Hy is the transverse magnetic 
field ahead of the discontinuity. The velocity jump 
in the Alfvén discontinuity is 


Aavy= 2H,/V 4np. 


Since the transverse magnetic field does not re- 
verse sign in shock and self-similar waves,’ there 
is no Alfvén discontinuity when Hoy > 0, anda 
180° Alfvén discontinuity occurs when Hpy < 0. 

In order to find the amplitudes of the fast and 
slow waves, we must express A,Hy in terms of 
A,p and A_ Hy interms A_p. Equations (2) and 
(3) then determine the amplitudes A,p and A_p. 

2. To obtain the dependence of A, Hy on A,p 
and of A_H, on A_p, we use the fact that the solu- 
tion of the equations of simple waves reduces to 
the integration of the differential equation? 


dq../dr = q® (qs — 1) /4(rq2.— 1), (4) 
where 
rey Any oly c(r) = const -ro—ner, 
OH aa 0 7 27), Ge Ue, 


Us = (U2 c+ [(U2+ &)?—40°U 2 yA /V 2, 


the upper sign pertains to the fast wave and the 
lower one to the slow wave; y is the Poisson- 
adiabat exponent (c is the velocity of sound and r 
is the dimensionless pressure ). 

The quantities q,;, and r, ahead of the fast 
simple wave are specified. Consequently Eq. (4) 
determines the function q,(r), and the jumps in 
the velocity are then determined from the well- 
known formulas! 1! 


"1 


d= ——) (Va ¢ (5) 


le 


Lexie 
A vy= = ore aoe Gye | dr. (6) 


The subscript 2 refers to the region behind the 
fast wave and ahead of the slow wave. 

The quantities rp = 0 and qo = Hi /H} are spec- 
ified behind the slow wave. Therefore Eq. (4) de- 
termines the function q_(r), after which the jump 
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in the velocity is determined from the formulas 


dom —z\enVaine (7) 
A e(ypi—aq_ (ne 
A _vy=— a Oey" ar. (8) 


The magnetic field in the region contained be- 
tween the two waves is defined by the relation 


H3,/H= Q. (r2) = Q_ (fs); 
Qs (r) = [9 (r) — 1)lrqs (7) — 11/9 (7). (9) 
The pressure jump in the fast shock wave is 


connected with the jump in the magnetic field h 
= (Hoy — Hyy)/Hy by the equation!” 


nt i“ Cig n| (yh/2) sin 61+ r1—1 + VR (A) i 
se (10) 


fi.) eal 2sin 0i— (y— 1) A 


where 


y)(L + 11) Asin % 


R(h)=h [= y? sin? 6,— (7 


+ [4r, sin? 6,+ (1 —r,)?], 
Sint Oy= Fy) Hz: 


1)j + (2 


The sign ahead of the root in formula (10) is 
chosen to satisfy the condition r, > ry. The jumps 
in the velocity in the fast shock wave are deter- 
mined from the relations 


A,o,= U;, (1 — Asin 0,)—*, (11) 
A ,0y= U,,h (1 — nh sin 6,)'2/cos 6), (12) 
where 
anaes — (yh/2) sin @,+ r— 1 -- VR (A) 
nas 2ry sno est 1) A | : (13) 


The sign ahead of the root in (13) is chosen in 
the same way as in (10). 

If Hiy /HX = Q, (11) > Q_ (1;), then the equa- 
tion Q, (r) =Q_(r) determines the root r, < rj, 
after which the values of A,v are determined. In 
this case the fast wave will be self-similar. 

If Hiy /H2 < Q_ (x;), then the fast wave will be 
a shock wave, and the value of r, > r, is deter- 
mined from (13) and from Hy Je asec): 

The escape velocities vy and Vy in the absence 
of an Alfvén discontinuity are given by 


d= AEA UA 0,= A,v,4 A; (14) 


where the quantities A,vy and A,v, are deter- 
mined from (5) and (6) if the fast wave is self- 
Similar, and from (11) and (12) if the fast wave is 
a shock wave. The quantities A_vx and A.vy are 
given by (7) and (8). 
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The escape velocity in the presence of an Alfvén Here 


discontinuity is given by 
C= A.ox+ Adz, 
where A,v have the same meaning as in (14). 


The electric field on the boundary between the 
plasma and the vacuum is determined by 


Ez= vyH,— vxHy, (16) 


(the velocity of light is set equal to unity). The 
amplitude of the electromagnetic wave AE, radi- 
ated into the vacuum is AE, = Ez — Ep,, where 
E, is given by (16). 

3. The foregoing relations become much sim- 
pler when the Alfvén velocity U, = H;/V47p, is 
considerably smaller than the velocity of sound. 
In this case the fast shock wave will be the same 
as in the absence of the magnetic field, and the 


jump in the magnetohydrodynamic quantities in the 


self-similar waves can be obtained in explicit 


form!®, 


ity will exist only when yp < 0. The fast wave will 
be a shock wave if | pw | > 1 and self-similar if 
be | <1. 

The escape velocities vx and vy and the elec- 
tric field E, on the plasma — vacuum boundary 
are determined by the following formulas (see the 
figure) 

1) In the case when 


vy= Ajvy+ 2Uyy— ASOT, (15) 


In this approximation, the character of the 
waves that travel into the plasma is determined by 
the quantity = Hoy /V 87p;. The Alfvén discontinu- 


AG) = TAY Lyerly )Al(a yen, b/s) = 3.52. 
2) In the case when Ujx /e; « | yp | = 1, we have 

U/C, = — 2/(y — 1) + 2] p iY] (7 — 1) — Uy (ier | we, 

Uy/C1 = — pg (¥) (pi, 

E,/Hxty = — (g —V 2/7 fyp| pia 


+ 2V Qe (1 —jple—9ry/(y — 1)V 7 Ux 


Here P 
4 —(¥-#1)/27 
f(t) => \ ts, 
V2y JV1—s@+14 
1 
eo aT ACE Ae a eee 
em=tlV pase oY 4FD/27 do, 
0 
f (°/s) = 2,78, g (8/3) = 3.67. 


3) In the case when | p | > 1, we have 
Ux/Cy = |p lV 2/¥ (y=- 1), 
ve. = —V (¥—)/ (1+ ler)p, 


EA xy = as 2c\p | fe /v Vi ol Ux. 


The author thanks L. I. Sedov for a general for- 


mulation of the problem, and A. I. Akhiezer and 
G. Ya. Lyubarskii for variable discussions. 
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We discuss the effect of phonon interactions between electrons on the decay of a plasmon in a 


solid (in the isotropic model). 


Ik Although plasmon oscillations in a solid have 
been considered in a number of papers (for exam- 
ple, references1-3), processes involving phonons 
have not been discussed up to the present. In this 
paper it will be shown that the phonon interaction 
between electrons changes the frequency and relax- 
ation time of a plasmon. The methods of quantum 
field theory*~® provide tools for examining this 
question. As is shown in references 3 —5, thepoles 
of the single particle Green’s function give the en- 
ergy and relaxation time of the quasi-particles. 
The Green’s function of interest is that for the 
photon, and is given by 


Dale a0 )=icT (A, @) A, (x))> (1) 


where the indices » and vy run from 1 to 4 and the 
Au (x) are the electromagnetic field operators in 
the Heisenberg representation. The average is 
taken over the ground state of the system. This 
function describes the interaction between the pho- 
ton and the surrounding medium, and satisfies the 
equation 


(GO + P) D(x) = —8(x) (2) 


(see reference 5,forexample). Here P is the po- 

larization operator, which is related to the com- 

pact photon self-energy part [I through P = ill. 
The homogeneous equation 


(BSS 5 Ute (3) 


is satisfied by the wave function corresponding to 
the given excitation (or, more precisely, by the 
matrix element <0 | A, | r> for the transition 
from the ground state to a single-particle excited 
state ). 

Since we are interested only in longitudinal 
waves, we neglect retardation effects and write 
these equations as 


(A + P) D(x) = —6(x), (2’) 


(ASP) <Ojigie 20, (3’) 


or, in the momentum representation, 


[k? — P(k, @)] D(k, ) = 1. (oa) 


The dispersion relation in which we are interested 
takes on the form 


k? — P(k, o) =0. (4) 
2. Feynman’s well known rules can be used to 
write the polarization operator as 


soar SP\G (P+ 5)F p, k) G(p—5) dp, (5) 


IDS, @) = Fi } 


Here, ['(p, k) is the vertex part, while G(p) is 
the electron Green’s function; in the absence of 
interactions’, it is given by 


4 20) 
A —> 5 
(p) ‘i ; 


p> Po 
p< Po. 


Go(p) == (6) 


ne = TD) 


Carrying out the calculation to first order in 


2, we obtain for wk « wy: 


e 


(2 


Po (k, ©) = Fome SP |G. (p+ 5 


) Gy (p = = d'p 
her (9, , 29) ap 


pee 0 pk [1 \ ( Uak ) 
3 0\9 9 Be Dg 2 I 
(2m) ee (Cae, — oe . Oo 
0 


2 
Af 


9 


where w is the plasma frequency, vi = = pj, m 


=h=wW. 
Substitution of (7) into (4) leads to the well 
known dispersion relation 


A © 
wo? = we + vak?. 


(8) 


The frequency w is real, with the consequence 
that for small k the plasmon does not decay, which 
is a well known result (see, for example, refer- 
ences 3 and 6). In this approximation, the plasmon 
decays for k= ky, as determined by the poles of 
the expression under the integral sign in (7), 


@ (Rim) = = Rin aia RmPo- (9) 


If higher order diagrams were to be taken into ac- 
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count, the qualitative picture would not be changed. 

8. Phonon interactions between electrons can 
lead to decay of the plasmon. This interaction 
would be described by the Hamiltonian 


Hin = 2 AqAp tap (bq + b*4), 
9<4m 
where the ap( ap) and bg( bq) are creation ( anni- 
hilation) operators for electrons and phonons; 
ay = how’ we /Do; wy = Coq; Ag = 1; Gm is the maxi- 
mal phonon momentum and ¢y is the speed of 
sound. 
The Green’s function for a free phonon is (see, 
for example, reference 7), 
af il ! 
Ko (q) = %q J | \ : 


0 : a 
Lo —o— i0 a, + @ —i0 


(10) 


(11) 


It is not difficult to find the effect of phonons on 
the dispersion relation for the plasmon. We cal- 
culate the polarization operator only to first order 
in e’. Then the function G( p) in(5) should be 
taken as the propagation function for an electron 
interacting with phonons; the difference between 
I'(p, k) and 1 will also be due to phonon interac- 
tions. 

Migdal has shown’ that when phonon interactions 
are included, G(p) differs from G)(p) only for 
| €-€) | ~ Cody and | p-py | K py. On the other 
hand, it is easy to see that G(p) contributes to 
the polarization operator of the plasmon only for 
| p-Dp | ~k « py and | €-€) | ~ wy > Codm. Hence 
in calculating P(k, w) we can use perturbation 
theory, i.e., we can expand in powers of the photon 
interaction constant and keep only the first order 
terms, which are those corresponding to the dia- 
grams shown in Fig. 1. 


fo eee 
FIG. 1 


The first two terms give small contributions to 
the imaginary part and affect only the frequency of 
the plasmon; the principal contribution comes from 
the third diagram. The imaginary part can be 
written 


Im Py (k, ©) 
= Ea ReSp | Go(0-+F)Fa(p. #) Go(p— 5) d¥p, (12) 


where the vertex part I; (p, k) is given by Fig. 2. 


Kw 
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Assuming that T';(p, k) has no poles, we find 
that 


: ImTy(p-+-5, 29 + $5 k ) 
De! c Teepe ay ayiKs 
(es hy ee \ INI ye Ser) a 
(2s)3 o_o v 
P<Po p-+k p & 
|P+k|> po 
/ k 0) \ 
: ImT;(—p—3, Soe aK, o) 
=F \ paw d*®p 
P<Po P ptk + © 
|jp-+k|>p, 
2e2 3 ( : 
== (21)8 ( d p \ dpa NUE Pi &) — @) 
P<DPo Pi<Po 
Ip+-k|> po |Pi—P|<9 yy, 
‘90 ns 0 0 0 -1 
a eS €5 Oy : i0) (254k ars Op o)] 
gzillhe (0) 50) ae QO) os a0), 0 ; 
[(e, © p+k OES “p Dea) 
sv (20 70) a ay LL Ald) 
Meare Ch oe ae 
\ 
; Ao 
aes 
sl 80c? TGS 
FS ==") e 


| tenes (FE) 
ApNCo (=| k, 29K k<py, 
where «x = min{qm, 2po}. 
Upon substituting the polarization operator P 
= P) + P; in (4), we find that the decay constant 


18 
k <a 2Co 


oy (YP, ey <k <p ae 
which is fairly large. From the third diagram in 
Fig. 1, it is clear that this decay constant may be 
considered to be due to the decay of a plasmon 

into an electron and a hole, with the emission of a 
phonon. This differs from the decay described by 
Landau and which may be considered as the inverse 
of the Vavilov-Cerenkov effect. 

In conclusion, I should like to express my deep 
gratitude to D. S. Chernavskii for suggesting this 
problem and to E. S. Fradkin for valuable discus- 
sions and for communicating his own results to me. 
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Correlation functions are found for resonance scattering of y quanta with excitation of the 
a. (7.46 Mev) levelin Li’ for two cases of excitation: single-particle and rotational. 
In addition, the lifetime of the Wipe (0.477 Mev) state of this nucleus was determined. 


‘THe present work concerns the investigation of 
resonance scattering of y quanta by the Li? nu- 
cleus with excitation of the des (0.477 Mev) and 
*/, (7.46 Mev) levels. 

Let us first consider the resonance scattering 
of y quanta by the °/, (7.46 Mev) level. Itis 
clear that this level can be obtained in general 
either by single-particle or by collective excita- 
tion. We may expect that the correlation function 
relating the directions of the emitted and absorbed 
y quanta in the process of resonance scattering 
will have different forms, depending on which of 
the mechanisms of excitation is assumed in the 
calculation. Comparison with the experimental 
data will then enable us to answer the question 
as to which of these mechanisms should be pre-. 
ferred. 

In Fig. 1 we show the first few excited states 
of Li’. Let us assume that the °/.- (7.46 Mev) 
levelis a 3f;/, single-particle level. It can then 
be shown that to obtain energy values for all the 
lower lying levels which agree with the experi- 
mental data, one must assign to these levels the 
respective states 1p; /2, 23/2, 3f7 /2, 3p3 /2; 
starting from the ground level, if the calculation 
is made on the oscillator potential model, in- 
cluding spin orbit coupling and for an oscillator 
parameter with the value 


ro = (hi / 2pwo)”* = 1,8-1078 om, 


On the other hand, as has been shown,” this 
level can be considered as a rotational level if 
we treat the Li’ as a rigid rotator consisting of 
an @ particle and a triton, Li’ = (q@ + Le 

It is easy to see that in both cases of excitation 
the transition from the °/.- level to the ground 
Wes level can in general occur by a radiative 
transition of type E2 + M1. However, according 
to the selection rules for the orbital angular 
momentum, in the case of a single-particle ex- 


2 


citation the M1 transition is forbidden, whereas 
there is no such forbiddenness for collective ex- 
citation. Therefore, in the latter case the corre- 
lation function will differ from that which corre- 
sponds to a pure quadrupole transition of type E2. 
In order to find the form of this function we use 
the expression for the quadrupole moment opera- 
tor of the Li’ nucleus given in reference 2, 


Q= Pr, (1) 


where r? is the mean-squared separation of the 


a particle and the triton. In addition, we must 
determine the operator for the magnetic moment 
of the rigid rotator (a +t). 

For this purpose we construct an ellipsoid 
of revolution which is equivalent to this rotator, 
so that its quadrupole moment, computed in the 
hydrodynamic approximation, coincides with the 
quadrupole moment (1), i.e., 


3ZR%8/V 5a = 89, (2 


where Z = 3, R is the equilibrium radius of the 
sphere, and B is a parameter determining the de- 
formation of the Li’ nucleus. 

On the other hand, the operator for the mag- 
netic moment of a nucleus which is deformed to 
the shape of an ellipsoid of revolution with defor- 


466 


RESONANCE SCATTERING 


mation parameter 8 has the form (cf. the paper 
of Davydov and Filippov’®): 


Stes welt V 24, 


5V6 
71 


+B 


Y}21p —», ¥ | 1p) Dp wo (0) Joh, (3) 


v 


where Jp is the spherical part of the total angular 
momentum vector of the nucleus, gis the gyro- 
magnetic ratio, equal to ~Z/A, De —y, 0 (9) 
is the well-known matrix of transformation of the 
spherical functions, 6; = (61, 99, 63) are the 
Euler angles. 

Using formulas (1) and (3), we can find the cor- 
relation function for the case where the 5/,~ 
(7.46 Mev) levelis assumed to be a rotational 
level. It is easy to see that this function will de- 
pend on R?. Substituting the value B = 0.56 which 
was found in the paper of Gonchar, Inopin, and 
Tsytko* in formula (3), we obtain R? = = 1.1r?, 

If we take for (r2)1/2 the value 2.71 x 107 em 
which was used in reference 2, we finally obtain 
for the correlation function 


1 (8) ~ [1 + 1.22P, (cos 8) + 2.77P, (cos 9)}, (4) 


where @ is the angle between the absorbed and 
emitted y quanta. 

Curves showing the correlation functions ob- 
tained on the assumptions of single-particle and 
collective excitation are shown in Fig. 2. As one 
sees, these curves are symmetric around 90°, but 
their shapes differ essentially from one another. 
Therefore, experimental investigation of the cor- 
relation of y quanta can make possible a solution 
of the question as to which assumption is closer 
to reality. 


1(8) 


20 40 60 I 120 140 160 180 & deg 


FIG. 2. Curve 1 corresponds to single-particle excitation, 
curve 2 to collective excitation. 


We note that the sequence of levels shown in 
Fig. 1 can be obtained also on the assumption 
that the excitation of the nucleus occurs because 
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of a change in the relative motion of the triton 
and the a@ particle. In this case, the correlation 
function turns out to be the same as for the case 
of single-particle excitation. Therefore, on the 
basis of an analysis of data concerning resonance 
scattering of y quanta by the 7.56 Mev level, one 
cannot obtain information as to whether we have 
a single nucleon or a single triton excitation in 
the nucleus. But, as we shall show below, such 
information concerning the structure of the Li! 
nucleus can be obtained if we consider the reso- 
nance scattering in the first excited state Wee 
(0.47 Mev) of this nucleus. This level corre- 
sponds to J =1, j ='/, both on the single particle 
and the qa-triton model. Then, since the ground 
state has 1 = 1, j = %4, we may conclude that the 
excited pj 72 level is obtained on the first model 
as a result of a rotation of the spin of the nucleon, 
and on the second model by a rotation of the triton 
spin with respect to the corresponding orbital 
angular momentum. This assumption is the more 
likely to be valid if the excitation energy corre- 
sponding to the pj, /, level is sufficiently small. 

The lifetime of the p, /2 state, from experi- 
ments on resonance scattering of y quanta by this 
level of Li's is (1,092 0,07) 10.4 see. Mtns 
easy to see that, on both models for the Li! nu- 
cleus, both E2 and M1 transitions are permis- 
sible, but, as the calculation shows, the probabil- 
ity for E2 transition is two orders of magnitude 
lower than the probability for M1 transition. In 
addition, the M1 transition contains both orbital 
and spin magnetic terms. However, the contri- 
bution of the orbital term to the transition prob- 
ability is very small, since the spin term plays 
the major role in an M1 transition. Here it is 
assumed that only those nucleons participate in 
the process which are outside the closed shell in 
Li? 

On the basis of the assumption of single-nucleon 
excitation, we obtained for the lifetime of the eS 
(0.49 Mev) state of Li’ the value 1.5 x 107 sec, 
whereas the a-triton model gives 0.96 x 10 a Secs 
The latter value is in good agreement with the ex- 
perimental value 1.09 x 1078 sec. Thus we see 
that the assumption that the 1/.” (0.47 Mev) level 
of Li! is the result of a rotation of the triton spin 
and not of a nucleon is in better agreement with 
the experimental data. 

As for the correlation function, it is almost 
constant, not dependent on the angle between the 
y quanta, because of the fact that this transition 
is basically a pure spin transition. 
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The general properties of cylindrical waves ina cold plasma are examined. The results 
are applied to low-frequency natural oscillations of a plasma cylinder surrounded by con- 
ductive walls. The conditions of magneto-acoustic resonances that ensure effective pene- 
tration of the oscillations inside the plasma have been found. The nature of the resonance 
phenomena depends on the linear density of the electrons. Approximate formulas are given 
for the natural oscillations of a long plasma cylinder. It is shown that purely radial os- 
cillations are not feasible in a region close to the geometric mean of the electron and ion 
cyclotron frequencies for even slight deviations from it sharply change the resonance 


frequency. 


Wate the propagation of waves in a plasma has 
been adequately treated in the literature (see, for 
example, references 1-4) natural oscillations of a 
bound plasma have been studied mainly in the high 
frequency regions,°’® where the ion motion can be 
neglected. Low-frequency (magnetohydrodynamic 
and magnetoacoustic) oscillations of a bound plas- 
ma have been examined only for special cases.’~!° 

In this paper we investigate oscillations of a 
plasma cylinder surrounded by conducting walls in 
a homogeneous static longitudinal magnetic field. 
The main problem is to find the natural oscilla- 
tions, but we study first the general properties of 
cylindrical waves in a cold plasma. Attention is 
directed particularly to the case when the oscilla- 
tion frequency is low compared with the plasma 
frequency (magnetohydrodynamic and magneto- 
acoustic oscillations). 

The entire examination is carried out ina 
linear approximation by neglecting collisions and 
other dissipative processes (an ideal plasma) 
and thermal motion (cold plasma). The plasma 
is assumed to consist of two components (elec- 
trons and homogeneous ions) and its density is 
constant over the entire area of the examined 
cylinder. 


BASIC EQUATIONS 


By assuming that the electron mass is small 
compared with the ion mass, we can write equa- 
tions for the motion of charged particles in a 
plasma in the form of equations for the mass- 
velocity: 


v = (n:MV; + nemve)/(niM + nem) (1) 


and for the current density 
j = e(Zn,V; — neve) ~ en (V; — Vv). (2) 


In the linear approximation for a cold plasma 
without collisions these equations have the form 


(4) Ae 
a = ‘pe. [ixHol, (3) 
Oj Oe il Cure 
St = 52 (€ + = [vx Ho]) — [ix Hol. (4) 
Here 
p = Mn; + mn, = Mn, (5) 


H, is the static magnetic field, which is assumed 
to be homogeneous and, according to the linearity 
condition, is large compared with the alternating 
magnetic field Hf. 

Setting the time dependence in the form e7!“t, 
we can write (3) in the form of 


v = (i/pcw) [j X Ho]. (6) 


Substituting in (4) and expanding the triple vector 
product we finally get: 
2 

0} = 15 E +o, [j —h (jh)] — foo. [ix], (7) 
where h is a unit vector along the static magnetic 
field Hj, wo is the electron plasma frequency, 
while w; and we are the ion and electron cyclotron 
frequencies. 

If the electron mass is not neglected compared 
with the ion mass, but the quasi-neutrality condi- 
tion is retained, then the form of the equations can 
be preserved by changing only the definitions of 
the characteristic frequencies: 


“) 


2 4mne” (1 ma OB ews 4mne* os — Mo (1 a= eH 


Wo = 7 M ~ m ? é mc mc 


ZeH , —— ZeHg 
©: = Me (1—Zm/M) ~ Mc * 
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Obviously, Zm/M can almost always be neglected 


compared with unity. 
To analyze the oscillations, it is more conven- 
ient to rewrite Maxwel!’s equations in the form: 


WE —grauuive-+2 € = — iB}. (9) 


SIMPLE CYLINDRICAL WAVES 


We locate two coordinates q, and qd, of the lo- 
cally orthogonal coordinate system in a plane per- 
pendicular to the magnetic field, and align the 
coordinate q3 with the static magnetic field Hp. 
The electric field and the current density are best 
represented in the form 


Cs = G+ iG, oa (Ey + iE,) Fs (415 Ge, 33 i), 
€; = EsF3 (91) qa qs» t), 


i+ = ja + Ue =F (ja + je) F (1; q2) q35 bE). 


is = JsF's (iy Ye, 3, t). (10) 


The Gothic letters indicate the variable quantities 
to distinguish them from the constant amplitudes. 

Equation (7) can be written in the variables (10) 
as: 


(@p@/4n) €. = i (@;@, — wo? + Wo,) jx, ai) 


js = i (w9/4rw) >. (12) 


We shall use henceforth a cylindrical system of 
coordinates: q,; =; do = ~;43 =z. The function 
F is sought in the form: 


F = Z\kir)e?, p = kgz + mp — ot. 


Here m is the azimuthal number, k, and kg are 
the components of the wave vector and Z desig- 
nates a cylindrical function. The solution that 

remains finite on the cylinder axis has the form 


Ls = Sig (kar); 


(13) 


22 = J msi (kr), (14) 


where J is the Bessel function of the first kind. 
For a coaxial gap they are replaced by general cy- 
lindrical functions, i.e., linear combinations from 
the Bessel and Neumann functions with the same 
indices. Substitution of (11)—(13) into the expres- 
sion for the differential operators and use of the 
properties of the Bessel function gives: 


div © = i(k, E, + ksEs) J m (kur) e", (15) 


V7E= — (ki +h) = — BG, (16) 


(grad div €), = ik; (kyE + RgEs) Imai (Rir)e*, (17) 
(grad div ©), = — ks (kiE2 + yEs) Jm (Rare. (18) 
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We see from this that Eq. (9) is satisfied for the 
selected form of the functions. Substitution of 
(10)—(18) into (9) yields a characteristic system of 
linear homogeneous equations connecting the inte- 
gration constants E and j, while the determinant 
of this system yields the dispersion equation. 

We shall first examine the components along the 
magnetic field. Substituting (14) in (10) and taking 
(10), (16), and (18) into account, we get 


Es = Eokikac? | (ki c® + 05 — @?). (19) 


It is seen directly that in the two special cases 

k, = 0 and k3 = 0 (axial and purely-radial oscilla- 
tions) the equation for Ez; separates. In these 
cases there are two independent oscillation modes. 
The mode with E3 = 0 constitutes for kz = 0 pure- 
ly radial magnetoacoustic oscillations and for 

k, = 0 magnetohydrodynamic waves propagated 
along the field. The mode with E3 # 0 constitutes 
in the second case longitudinal plasma waves and 
in the first a transverse electromagnetic wave. 
The dispersion equation for this mode is obtained 
by equating to zero the denominator of the left 
portion of (19), and is independent of the presence 
of the magnetic field. 

In the general case of oblique propagation, the 
equation for E 3 does not separate and (19) gives 
only the connection between E3 and Ep». Inserting 
(19) in (15), (16), (17), and (9), we get 


kc? + w? — o? 


Ri E, + ksE3 = #aqet—or leo. (20) 
(— k? + w?/c?) (Ey + iE) + ik; (RiE2 + RgEs) 
= — i4nwc™ (j, + ije). (21) 


From (21) we can get the connection between the 
amplitudes of the electric field and current in the 
form 


(R°c? — w*) E, = idnoj,, (k5C?q — w?) Ey = idnwjo, (22) 


where 
q = (@ — @)/(kic* + @5 — @*). (23) 
From (11) we get for the same amplitudes 
(w5@/4n) Ey =i (@@,— 0?) j; + @@¢je, 
(wo@/4:2) E,=1 (@@-—*) jg — OMe). (24) 


The system of characteristic equations (22)— (24) 
yields the dispersion equation 


om 2 ayo? 
(ara — 01 + 0 ) (aay — O10 + 0? | Se ey 
3 
(25) 


We note that the parameter q contains kc? in 
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the denominator, so that the Cerin pouatics is 
the second rete: in k? (or keyg k3 and w? are 
given, or in k3 if kf and w* are given. The 
dispersion equation does not contain m and is 
identical with the equation for plane waves,’ if _ 
the direction of the propagation is assumed to lie 
in the r, z plane. 

Maxwell’s equation: 


(iw/c) H = curl & (26) 


makes it possible to find the alternating magnetic 
field H. We can then write the complete solution 
with the azimuthal number m: 


€, = i= ((1 — p) Img (Rar) — (1 + p) Ima (Rar) ef, (27) 
E; rd 
Eo = [C1 — p) Ima (Rar) + (1 + p) dma (Rare, (28) 
Gz = EgJm (Air) e’, (29) 
ea 2 [(1 — 8) Jing (Rar) — (1 +8) Ima lardle, (30) 
ig = —if# (1 —s) Jima (Air) + (1 — 8) (Rir)le?. (31) 
Here 
a) w; w \ 5 
ie ama ea 
a al apa aa Rk? c? — w? ; 
k2c2 == @2 ; 
char ereaers Ge) 
jg is related to Ey by formula (22). Furthermore, 
Ore 
ji-=—iz. Edin (Ryr)e’, (33) 
oe eS [(q — Pp) Jm4i (Fir) +:(q + Pp) Im—a (kar) ec, 
(34) 
[ae Ae Pena Ve 
el 9 — P) Imta (Rar) + (g — p= 2) J m— (Rir)] e, 
(35) 
fi, = ipE, Jim (ar) e. (36) 


Here k; = ky and k; =kz are the radial and axial 
wave numbers. ds 

We note that the radial magnetic field Hy is 
expressed in terms of the electric field compon- 
ents Ez and Ey in the form 


i> H, =i = 6, —ikG>. (37) 


We shall call the complex solutions of type (27)— 
(36) simple cylindrical waves. The real part of 
such a solution directly gives directly a helical 
traveling wave. Because of the gyrotropic plasma 
properties, the natural oscillations have the form 
of standing waves along the axis but are traveling 
waves in azimuth. 

Natural oscillation with given k} can be ex- 
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pressed as the sum or difference of the two 
simple cylindrical waves with axial wave num- 
bers +k; and —kg3. It is convenient to set the 
origin at a node of the standing wave and to ex- 
press the natural oscillation as a difference of 
simple cylindrical waves. In this case, since the 
first power of k3 enters only into formulas (19) 
(35) and (36), we have 


,, Gy, frie, Heooisinkse; Gz, jz, H-, Hpcocosksz. (38) 


From such formulas (27)—(36) it is apparent 
that the radial distributions of the amplitudes are 
different in oscillations with azimuthal numbers 
+m and —m. This discloses the gyrotropic prop- 
erties of the plasma; this is precisely why the 
natural oscillations of the plasma should be repre- 
sented by azimuthal traveling waves. 

In deriving all the previous formulas we have 
neglected only the non-linearity, thermal motion 
and collisions. Otherwise, the formulas are gen- 
eral and applicable for arbitrary frequencies. In 
what follows we shall examine a number of very 
simple cases, with special attention being directed 
to low frequencies, where the ion motion is signifi- 
cant, i.e., to magnetoacoustic and magnetohydro- 
dynamic oscillations. 

All the results cited can be also obtained from 
the general theory of propagation of electromag- 
netic waves in gyrotropic media®“!! by substituting 
the dielectric tensor of the plasma. However, it 
is necessary in this case to express not the field 
in terms of the current, but the current in terms 
of the field, which results in a rather cumbersome 
derivation. For the cases of specific interest to 
us, the method given above is the simplest and 
clearest. 


EXACT BOUNDARY CONDITIONS 


The natural oscillations of a bounded plasma 
are described by the obtained solutions of the 
equations if they satisfy the boundary conditions. 
The electromagnetic fields as well as the plasma 
motion are relevant in this respect and, there- 
fore, the boundary conditions may generally be 
both electrodynamic and hydrodynamic. 

The hydrodynamic boundary condition must be 
imposed when the plasma comes into direct con- 
tact with the solid walls. Then the normal com- 
ponent of the mass velocity must vanish at the 
wall surface. In a cold plasma, according to 
formula (6), the velocity along the magnetic field 
is also equal to zero. Therefore, the hydrody- 
namic boundary condition is imposed only on the 
lateral surface of the plasma cylinder. It appears 
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from (6) that if this surface comes into direct con- 
tact with the solid walls, then the following condi- 
tion must be in effect on it: 


le (2, Ro) = 0, 


where Ry is the radius of the plasma cylinder. 
The electrodynamic boundary conditions are 
that the normal component of the alternating mag- 
netic and the tangential components of the electric 
field at the plasma surface have at all times the 
same values as in the surrounding medium. At the 
ends of the cylinder the conditions are imposed on 
H,, €,. and € For solutions of type (38), values 
of kg satisfying such conditions can always be 
found. In particular, if the plasma cylinder of 
length L is bounded on the ends by ideally conduc- 
ting walls, then the boundary conditions at the ends 


give 


(39) 


Peele (40) 


where I is an integer. 

It is apparent from (38) that the solution with 
1 =0 contains only €z, jz, Hr and Hoe This 
special solution, with k3; = 0 and E3 # 0 consti- 
tutes, as we have already pointed out, a transverse 
electromagnetic wave polarized along the magnetic 
field and propagated in the same manner as without 
a field. For the oscillations of interest to us, 
which depend on the magnetic field, and especially 
for all the low-frequency oscillations, the eigen- 
values ks correspond to values of 7 from 1 to 
co in (40). 

Considerably more complex are the electrody- 
namic boundary conditions on the lateral surface of 
the cylinder. Here, they are imposed on Hy, ,, 
and € ,,. The connection (37) between these values 
makes it possible in the simplest cases to reduce 
the three conditions to two. 

It is seen from (27) and (28) that the radial de- 
pendences of €z and © are expressed by various 
combinations of Bessel functions. Therefore, one 
simple cylindrical wave, generally speaking, cannot 
satisfy the boundary conditions; a linear combina- 
tion of two simple cylindrical waves with different 
k, is required for this. 

Since the dispersion equation is of the second 
degree in Ke two such cylindrical waves can al- 
ways be constructed for given w* and k3 sy ROIS 
is imaginary for one of these solutions, their 
linear combination can still satisfy the boundary 
conditions for the natural oscillations. In a region 
where both values of k, are imaginary, however, 
only forced oscillations are possible. 


D. A. FRANK-KAMENETSKII 


APPROXIMATE BOUNDARY CONDITIONS 


The problem of natural oscillations makes 
sense if the plasma is located inside a closed 
cavity with ideally conducting walls, for example, 
coaxially inside a metallic cylinder. Then an ex- 
act condition for the lateral surface will require 
matching to the oscillations of a coaxial dielec- 
tric gap. 

The radial functions for a coaxial gap are 
combinations of Bessel and Neumann functions of 
the argument ker. Here ke is the external radial 
wave number, determined from the relationship 


(41) 


Ay =C/w is the vacuum wavelength and )3 =1/k3 is 
the longitudinal wavelength, If the thickness of 

the gap is small compared with Ag and Az, the 
variation of the fields in it may be neglected. Then 
the boundary condition on the plasma surface can 
be assumed given in the following form: 


Cy (Ri Ro) — 0, &, (RyRo) = 0 


where Ry is the radius of the plasma cylinder. It 
is apparent from (37) that the boundary condition 
for Hy is thus satisfied automatically. On the 
other hand, for small kg and low frequencies, €z 
may, according to (19), be neglected. Then the 
conditions at the lateral surface of the plasma cy- 
linder will have the form 


Ey (A, Ro) 53 0, 


Ri = Me r= hie 


(42) 


ie (R1Ro) == 4) 


The second condition pertains only to cases when 
the plasma surface is in direct contact with the 
solid walls. In case of a free plasma surface the 
approximate boundary condition reduces to 


k,R, = On, (44) 


where ay are the roots of the right half of (28). 
One can speak of oscillations of a plasma confined 
by a free surface only to the extent that the peri- 
ods of the considered oscillations are small com- 
pared with the skin times. 


(43) 


MAGNETOACOUSTIC REGION 


For frequencies which are low compared with 
ionic cyclotron ones, the gyrotropic properties of 
the plasma do not affect the oscillations. We shall 
call this frequency region the magnetoacoustic re- 
gion. From Eqs. (26)—(30) two independent os- 
cillation branches are obtained for it. For the 
first: 

R2c?/@? S 05 /@:0.; 


(45) 
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for the second: 


E,=0, &5c?/w? = w3/oja,. (46) 

This approximation is valid when 
Rice? XK w, (47) 
Rect Oy: (48) 


Newcomb” calls the first branch the TE mode, and 
the second the TEM mode. 


LINEAR DENSITY OF THE ELECTRONS 


For small ks, the magnetoacoustic region is 
determined by inequality (47). We substitute the 
plasma frequency and express k, from the bound- 
ary condition, written in the form of (44). Then 
(47) will have the form 


w/Ric? = 4a,” (€2/mc?) wRén, S> 1. (49) 


The quantity 


(e/mc®) tRine = II (50) 


contained in (50) has a simple meaning. This is 
the total number of electrons along the length of a 
cylinder equal to the classical electron radius. 
At the suggestion of S. E. Braginskil, we call II the 
linear density of the electrons. 

We shall call the following quantity, 


w/Ric? = 4a, II = Il" (51) 


which depends on the boundary conditions, the ef- 
fective linear density of the electrons. 

Now inequality 49) acquires the following 
meaning: the magnetoacoustic region is realized 
when the effective linear density of the electrons 
is large. 


DISPERSION EQUATION IN DIMENSIONLESS 
VARIABLES 


In going over to dimensionless quantities, 
the dispersion equation (25) can be given ina 
form containing two dimensionless parameters: 


2 2 
A = 05/00, = CLA, D =O); 


and the dimensionless variables 


x = (Rc? + 2 + 0”)/m9, y = k3c*/5, Q = w?/w,W-. 


The parameter A depends only on the velocity 
ug; it is equal to the square of the index of re- 
fraction of the plasma in the magnetoacoustic 
region. The parameter B depends only on the 
nature of the gas, and is always large (B =M/m). 
Expanding the left side of the dispersion equa- 
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tion (25) in powers of X and Y, we can set it in 
the symmetric form: 


AgoX® + AioX + ayxy + any + any? = 0, 
Ag = (1 —Q)(A+1—2)— BQ, ay = BQ—A—14+Q, 
ay = A(1—Q) + (A — 22) [BQ — (1 —9)5]/9, 
ao, = (A — Q) (1 —2 — BQ)/Q, | 

Qo = (A — Q) [BQ — (1 — Q)*]/Q. 


(52) 


The index of refraction of the plasma tends to 
infinity when the highest-order coefficients agg 
OY ag, vanish. The coefficient agp vanishes at 
frequencies close to the electron and ion cyclo- 
tron frequencies. ag) vanishes at two frequencies 
which, after Hurwitz,°® are called hybrid. The 
higher one is close to the plasma frequency and the 
lower one is determined by the relationship: 


Oh = 0H / [1 + (we / @o)?). (53) 


LOW- FREQUENCY OSCILLATIONS OF A LONG 
CYLINDER 


We shall examine a case when an approximate 
expression for the lower natural frequencies can 
be obtained in explicit form. We set in (25) 


wpo?/ (302g — w*) S> 0,0, — o*. (54) 


Obviously, this approximation is suitable for not 
too high ks; we shall therefore call it the long- 
cylinder approximation. A special case where ap- 
proximation (54) is inapplicable is the TEM mode 
in a magnetoacoustic region. Otherwise, its ap- 
plicability region is rather extensive: in particu- 
lar, itis always applicable when kic*q is close to 
w* or when w” is close to wjwe. Moreover, by 
setting: 


ow < RC, w <M, (55) 
we get from (25) 
Bee ete See ae 


1 + (Wo/ke)? + (@,¢/@o)” 


If kg « k,, we can introduce the effective linear 
density of the electrons [II according to (51) and 
write (56) in the form 


4+ (1I* + 1)* (@,/@,) (Rs / Ra)? 


(57) 
TI*+ 4+ 02/0? 


w? S W; 0, 
In the limit of a very large linear electron density, 
(57) goes into expression (45) for the magneto- 
acoustic region. But this limit is attained only 
when 


IL" > (@¢ / @;) (Rs /P1)”, (58) 
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which, for not too small kg, is a very stringent 
requirement. If the less stringent condition is 
imposed: 


Ss 1, Iss (@-/ @)?, 


then (57) will give: 


w? = (Ri + R30, / I*@;) uh. (59) 
Here the natural frequency is almost as if the prop- 
agation had an Alfvén velocity across the field and 
a velocity ue /VI* along the field, where ug is the 
‘¢electron Alfvén velocity’? which is VM/Zm times 
larger than the Alfvén velocity. 


us = wxC?/o4 = Ho / 40m. (60) 
When Pegi II* «< wWe/w; the natural frequency no 
longer depends on the ion mass and becomes in- 
versely proportional to the length of the cylinder. 
This region can be called pseudo-magnetohydr ody- 
namic. 


EXCITATION OF THE OSCILLATIONS 


The forced plasma-cylinder oscillations are 
best analyzed by expansion in a series of natural 
oscillations. When the forcing frequency approxi- 
mates one of the natural frequencies of the cylin- 
der, the corresponding term of the expansion 
sharply increases and resonance occurs. 

We consider the simplest case of excitation. 
Let the plasma be surrounded by an ideally- 
conducting metallic cylinder, the lateral surface of 
which has a dielectric cut along the generatrix. A 
sinusoidal external voltage of given frequency w is 
applied to this cut. By assuming the cut to be in- 
finitesimally thin we may write the boundary con- 
dition in the form: 


€,=(V/Ri)6(9), for r=Ri, (61) 


where V is the voltage on the cut. We assume 


Ve Ve" (62) 
and expand the 6 function in a Fourier series 
il = ime 
$(9) = On (63) 


Because of the gyrotropic properties of the 
plasma, waves with positive as well as negative 
azimuthal numbers must be independently present 
in the expansion. 


The solution for the forced oscillation is found 
in the form: 


CG, == >| Crm (Air) ey, 


—oo 


(64) 


Dasari Nig 
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where Zy is a function of the form (28) or a 
linear combination of two such functions; k;, satis- 
fies the dispersion equation for given w and kz, 
but does not satisfy the boundary conditions for 
Ey. For low-frequency oscillations, an approxi- 
mate boundary condition can be used by consider- 
ing that (61) is given not at the inner radius R, 

of the metallic housing, but at the radius Ro of 

the plasma cylinder. Then 


C= Vi20RiZ nm (Rik): (65) 


When k,Ry approaches one of the roots of the right 
side of (28), one of the terms of the series in (73) 
sharply increases. Under these conditions reso- 
nances should be observed, accompanied by an 
effective penetration of the alternating field into 
the plasma. 

Other excitation schemes are considerably 
more difficult to calculate, since it is necessary 
to expand not only in azimuthal, but in radial 
functions. The qualitative conclusion that reso- 
nance phenomena are present is general. 


MAGNETOACOUSTIC RESONANCE IN A PLASMA 


The dispersion equation (25) or (52) for a cold 
plasma is of the fifth power with respect to the 
square of the frequency. Therefore, generally 
speaking, up to five different resonance frequen- 
cies correspond to given values of k,, ks and m, 
but these frequencies differ in character. 

For a cold unbounded plasma there are also 
five characteristic frequencies: 2 cyclotron, 2 
hybrid, and 1 plasma. Often these frequencies 
are called natural or resonant. In this case the 
term resonance is not always unambiguously de- 
fined. 

Near cyclotron and hybrid frequencies, one of 
the indices of refraction of the plasma tends to 
become infinite on passing from positive to nega- 
tive values. This phenomenon is similar to 
anomalous dispersion in optics. 

The tendency for the index of refraction to be- 
come infinite indicates that the phase velocity 
vanishes. Near this point, thermal motion can no 
longer be neglected. If the phase velocity is small 
and there is even a slight thermal motion in the 
direction of propagation, there will always be par- 
ticles for which the thermal velocity component in 
this direction will be close to the phase velocity. 
These particles move in phase with the wave and 
irreversibly draw energy from it. In other words, 
it can be said that these particles are in reso- 
nance with the wave. Examples of sucha single- 
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particle resonance are ion and electron cyclotron 
resonances. 

Single-particle resonance is associated with the 
conversion of oscillation energy into energy of 
other degrees of freedom of the plasma motion 
(for example, cyclotron rotation). Therefore, 
single-particle resonance results in a unique en- 
ergy absorption not associated with collisions and 
oscillation damping. It can be stated that if account 
is taken of even the slightest thermal motion, then 
the imaginary part of the index of refraction must 
tend to infinity together with the real part. 

For a bounded plasma, a phenomenon of a com- 
pletely different nature takes place — collective 
resonance at the natural frequencies of the plas- 
ma volume. These natural frequencies have been 
examined above; they depend on the plasma con- 
centration and on the boundary conditions. Res- 
onance at the natural frequencies of a bounded 
plasma results, generally speaking, in the pene- 
tration of alternating fields inside the plasma. 

However, if the geometric dimensions of the 
plasma volume are small compared with the 
vacuum wavelength, then high indices of refrac- 
tion are required for resonance at the natural 
frequencies. Therefore, certain of the natural 
frequencies of a plasma volume are in many 
cases close to the anomalous dispersion frequen- 
cies, i.e., the collective resonance practically co- 
incides with the single-particle resonance.® 

If the natural frequency of a plasma volume 
coincides with the single-particle resonance, then 
the plasma cannot be made to oscillate at this 
frequency, because of specific absorption; i.e., it 
is impossible to produce in the plasma large alter- 
nating field amplitudes. We call such resonances 
absorption resonances; they include the ion and 
electron cyclotron resonances. They result only 
in surface heating of the plasma, i.e., the latter is 
opaque to the corresponding frequencies. 

Anomalous dispersion type resonances consti- 
tute a larger group and include all the resonances 
close to frequencies where the index of refraction 
tends to infinity, i.e., resonances at hybrid as well 
as at cyclotron frequencies. All these resonances 
may be called trivial, since their frequencies are 
close to the natural frequencies of an unbounded 
plasma. 
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Natural-frequency resonances that depend on 
the boundary conditions, i.e., on the geometry and 
the plasma volume dimensions, are characteristic 
of a bounded plasma. These resonances are not 
due to specific absorption; the phase velocity is 
sufficiently large and assures effective penetra- 
tion of the alternating fields inside the plasma. We 
shall call such resonances build-up resonances. 
The most important of them is the magnetoacous- 
tic resonance, which is produced when the linear 
density of the electrons is large. 

The use of build-up resonances and, particu- 
larly, of magnetoacoustic resonances, in contrast 
to the ordinary surface effect of high frequency 
fields (skin-effect), makes possible a deep penetra- 
tion of the alternating field inside the plasma. 

I thank V. P. Demidov for valuable consulta- 
tions. 
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The relaxation time of the magnetic moment of an antiferromagnetic dielectric is calculated 
in the case in which the nonequilibrium magnetic moment is perpendicular to the axis of the 


crystal. 


It is shown that at temperatures satisfying condition (17), the relaxation time is in- 


versely proportional to the first power of the temperature. 


Tae present work deals with the problem of relax- 
ation of the magnetic moment in an antiferromag- 
netic dielectric in the case in which the external 
magnetic field and the magnetic moment of the body 
are perpendicular to the crystal axis z. After 
switching off of the magnetic field, the magnetic 
moments of the sublattices begin to relax, turning 
toward the crystal axis; that is, the magnetic mo- 
ment induced by application of the field disappears. 
Since the nonequilibrium value of this magnetic 
moment is determined by the number of spin waves 
with momentum k = 0, the magnetic-moment re- 
laxation time found here determines, in order of 
magnitude, the line width in uniform antiferromag- 
netic resonance. 

As is known, the exchange-interaction Hamil- 
tonian commutes with the total magnetic moment 
of the body, and therefore it cannot change the 
previously induced nonequilibrium magnetic mo- 
ment. The change of the magnetic moment of the 
body will occur because of weak relativistic inter- 
action. 

1. We write the Hamiltonian of an antiferromag- 
netic dielectric in the following form: 


@M1\2_, a /OM»\2 dM,, OM,,, 
His \av [5 ) r(as,) re oe Ox, 


(1) 
+ 7MiMs + 5 (Mix + Miy + Mix + M3,) + =|, 


where M, and M, are the magnetic moments of 
the sublattices; h is the magnetic field produced 
by the oscillations of the magnetic moment; a, 
Q2, and y are constants related to the exchange 
interaction; and f is the magnetic anisotropy 
constant. 

By analogy with the work of Holstein and 
Primakoff,' we introduce the spin-wave creation 
and annihilation operators aj and ayy = 12.2), 
connected with the sublattice magnetic moments 


M, and M, by the relations 


mj = Mix — iMjy = (2uM)'? (a; — (w/ 4M) ajajaj}, 
mj = Mjx + hae (2uM)"/: (aj — (pw / 4M) afa;a;), 
m; = Mj,— M = — paja;. 
Here » is the Bohr magneton and M is the satu- 
ration magnetic moment of a sublattice. The op- 


erators aj and aj are subject to the usual com- 
mutation rule 


[az (r), af (r’)] = 6,5 (r —r’). (3) 


By using formulas (2) and expanding the opera- 
tors aj (1) and aj (r) in Fourier series, one can 
write the Hamiltonian (1) in the form 


Hn = gto — Hints 
=> {5 Anaya + = AyQ34Q2x + By xQo—« 
k 


(2) 


(4) 


+ Cyajuat_1 + Cxdoxdo—n + 2Cyatzao,} + Herm. adj. 
(5) 


Hint 7 ae 


> (Qyk,A4k.Aik, Uk, 
ae tkaksk, 


i. 3, Tk, Ak, 2ok,) A (ky = ke re k; ae k,). (6) 


Here the following symbols have been introduced: 
Ay = pM (ak? + 2 sin? 6, + 7 + B), 
By = BM (a,,k" + 2 sin? 4, + 7), 


Cy = mM sin? 6, exp (— 2igx), (7) 


where $k and g, are the azimuthal and polar 
angles of the wave vector k; A(k) =1 for k= 0, 
= 0 for k#0. In Hjnt we have not included terms 
containing products of three operators aj kaj ks as 
will become clear later, these will not interest us. 
2. To find the spin-wave spectrum of the anti- 
ferromagnetic dielectric, we diagonalize the Hamil- 
tonian (4). To this end, we go over from the opera- 
tors ajk and ajk to the operators cj, and of: 
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Qik = U 44 Cype7f81t/h == U y5Coy € Feat /h 


+ Vict ete + Vioca_ e%€2t/h, 
Qk = U axle “e2t/h + Uoi0yeFt/hi 

+ Vine velt#/h + Vo,ct_pertlh, (8) 
The amplitudes Uij and Vij in (8) are found with 
the aid of the equation of motion of the operators 
ajk: 

Gj = (i /f) [Ho aul (9) 

On substituting formula (8) in Eq. (9) and 
equating coefficients of cj, and Cik, we get the 
system of linear homogeneous equations 

(Ax — ex) Ui + BeVor + 2CxVir + 2Cf U2, = 0, 

2C Uy + 2CVo1 + (Ax + &x) Vir + BeU ar = 0, 

ByU yy + (Ax + &) Vor + 2CKViy + 2CKU 2, = 0, 

2C,U 4, + 2C\ Vo, + ByVy, + (Ax — &) Ua, = 0, 


(10) 


and similar equations in which, instead of the 
quantities U4;, U1, Viz, and V»,, there enter the 
quantities Uj, Uj,, Vgo, and Vj. 

On solving (10), we find the dispersion law for 
spin waves in an antiferromagnetic dielectric: 


€1,9(k) = pM Y 2¥ [B + (@ — aye) AI [1 4 (m/ 7) sin? O] (11) 


Here 6k is the angle between the z axis and the 
direction of the wave vector k. The upper and 
lower signs correspond to two energy branches, 
the difference between which is A€ ~ pM. 

For the amplitudes, from (8), we get the fol- 
lowing expressions: 


B, 22, \ 
Uy = Ug = Uy = Un =Ur= — 5 (se) 


(12) 


&, + ae 
2e, 3 


VI Ven = Vas = Va Ve | 


By use of formulas (8) and (12), one can express 
the Hamiltonian for the interaction of spin waves 
with one another in terms of the operators Cijk 
+ 
and cjk: 
(2). 
Hint = Ho + Hints 
Pues (1) + 
Hot = — = > {[Didkakske Chk ,CikeCiksC1k, 
k,k,k.k, 
se Dek lok, Crk Cok .C1k> Cok.) A (ky + k, — ks — k,) 
(2) ar 
HW lskak, Chk Ck Cik.Cic, +H Pkikekake, Crk, Cok,Cok,Cok] 


x A (ky + ky + ks—k,) + Herm. adj > (13) 


where 
DE teks = 2 Ute UU wy + ViViVeVe,)» 
OP kekak, = 2U,ViesU cViw> 
Witkeksk, 7 QU Vi. View Wek lake = WVU Vi, 
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Peo ne SG aes 
Hint is obtained from Hint by the substitution 


Cik <> Cok- 

We now calculate the mean value of the square 
of the magnetic moment and of the square of its 
component perpendicular to the crystal axis: 


(M2) = <i (M, + M,) wv\"> ; 


ML = [Mis + Mai) AV]. (14) 
With the aid of formulas (2), (8), and (11), the 
quantities <M*> and <m4 > can be expressed 
in terms of the occupancy numbers nj and nog of 
spin waves with momentum k = 0. 

The averaged quantities ®? and Mm’, have the 
following form: 


KM?) = CM") = Were MV [(1 + cos 2g) Mo 
+ (1 — cos 29) rao], 


where @ is the polar angle of the spin wave vector 
with k = 0, and 


(€9 + Ao)? + Be x \'2 
Leff Ay are Zon) : 

To determine @, it is necessary to take into 
account the boundary conditions on the vectors M 
and H. In the case in which the antiferromagnet 
fills the half-space x > 0 and the crystal axis is 
directed parallel to its surface, the value of g is 
zero. Suppressing the index 1 on nj, we get 


(M2) = ¢ > = AU ore MV no. (15) 


Thus we see that the relaxation of the magnetic 
moment of an antiferromagnetic dielectric is de- 
termined by the number of spin waves with mo- 
mentum k= 0. From knowledge of the interaction 
Hamiltonian #jnt, one can find the change of the 
number of spin waves with momentum k= 0. We 
remark that a change of ng cannot cause processes 
of union of two spin waves into one, or of splitting 
of one spin wave into two, since in these processes 
it is impossible to satisfy simultaneously the laws 
of conservation of energy and of momentum. 
Therefore for determination of the change of no 
with time, as has already been indicated, it is 
necessary to take into account, in the Hamiltonian 
Hint, the later terms of the expansion, describing 
processes that involve participation of four spin 
waves. 

On using expression (13) for the interaction 
Hamiltonian that describes these processes, we 
get the following kinetic equation: 


478 (Chr AG 
Ng = Ly in}, 

We d2i0) Byes Q7 72772 
Lo {n} == Te Uo > {5U{U3U3 [(Mo + 1) (m1 + 1) nang 


1,2,3 

— MoM (Nz + 1) (m3 + 1)) A (ky — kp 

— kg) 6 (€9 + &: — &2 — €s) 

+ QUiUSU§ [(M% + 1) (7% + 1) (Me + 1) 23 — nonyng (ng 

+ 1)] A (ky + kz — kg) 6 (€9 + & + &_ — &5)}. 
In writing £){n} we have assumed that €ik 
* €) and UK © Vx; this is correct at sufficiently 
low temperatures, uM « T « @¢. Since the occu- 
pation numbers np are large (np > 1), the colli- 


sion operator £) can be expressed approximately 
in the form 


ae {n} = No | To- 
The kinetic equation then takes the form 


Ny = — No / To, 


where the relaxation time T) is determined by the 
formula 


4 B2U2n4 
Te a 4n°y35%h (& — a2)? T (e 1) J(T), 

re d: d d 2 9 ae is 
1 (7) = \ Ox Ste28(xt — 8) (x8 — 8) (9 — BI 


REV en nonce 2 (50 (eet xi gees) 
+ 26 (E + Xy + X%_ — X3)} 6 [(xt — § ae 
ase 6) ne ee) np (16) 


URUSHADZE 


Here nk ~ (e€k/T —1)-! is the Bose equilibrium 
distribution function, £ = €)/T, o=M/T, and nj, 
Nn), and ng are unit vectors in the directions xy, 
Xo, and Xz. 
At temperatures 
T > (84.M0,) (17) 

(which corresponds to  « 1), the expression for 
J(T) simplifies considerably, and except for a 
numerical factor of order unity we get the follow- 
ing expression for 1/7»: 

4 otM uM T j (18) 


In conclusion, the author considers it a pleasant 
duty to express his profound gratitude to A. I. 
Akhiezer and V. G. Bar’yakhtar for proposing the 
problem and for discussion. 


'T. Holstein and H. Primakoff, Phys. Rev. 58, 


1098 (1940). 

2N. Bogolyubov, Jlekuuu 10 KBaHToBok cratucTuKe 
(Lectures on Quantum Statistics), Kiev, 1947. 

°V. Tsukernik, Dissertation, Khar’kov State 
University, 1957. 
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We consider the correlation between the direction of emission of internal-conversion electrons 
and positrons and the direction of emission of B electrons from the preceding f -decaying 


nucleus. 


The calculation is conducted for allowed f£ transitions without taking into account 


the Coulomb field of the nucleus (in the Born approximation) under some very general as- 
sumptions regarding the f -interaction Hamiltonian. The expressions obtained refer to arbi- 


trary 2J-pole electric and magnetic types of nuclear conversion transitions. 


The case of VA 


types of 8 coupling (with conservation of time parity) is considered as well as the case of 


8 transitions involving a change by unity of the nuclear spin, Al = +1 (AT = +1). 


A numeri- 


cal computation is carried out on the polarization of internal conversion electrons emitted 


after 8 decay of the Na” nucleus. 


Prarry nonconservation in 8 decay processes 
makes the nucleus obtained as a result of B decay 
polarized in the direction of emitted B electron. 
It is assumed that the initial nucleus is unpolarized 
and the direction of emission of the neutrino is not 
registered. Consequently, if the 6 decay is fol- 
lowed by conversion with production of electron- 
positron pairs, the pair particles should be polar- 
ized in a definite manner. Let us consider the po- 
larization of the internal-conversion electrons and 
positrons. 

Let I, be the angular momentum of the parent 
nucleus, I, and my, the momentum and the projec- 
tion of the momentum of the nucleus produced as a 
result of the 6 decay, with I; and m3 the same for 
the final nucleus. 

We are thus considering a process comprised 
of the I, — I, (f decay) transition followed by ly, 
m, — 13, mg (internal conversion with pair produc- 
tion). The £-decay stage of this process is de- 
scribed by a density matrix that characterizes the 


polarization state of the nucleus due to the P decay. 


An expression for the density matrix was ob- 
tained by Berestetskii and Rudik.! For an allowed 
B transition in the case of the S, T, A, and V var- 
iants of the interaction without allowance for the 
Coulomb field of the nucleus, the matrix has the 
form 


(1) 


- Cra” of 


where ve are the spherical components of the 
8B -electron velocity vector 


Beet Onn, + 
Pam, 21a + 1 mam, 


* =F (0, ¥ ivy) / V2; 

Cp-do is the Clebsch-Gordan coefficient; € isa 
constant that determines the angular distribution 
of the B electrons when a polarized nucleus with 
momentum I, and with an average momentum 
projection <Iz > decays to a state with mo- 
mentum |: 


ee ~ 
== 2 Re {(c,c, 4+ €,€, —C ,Cy 


(C= Oe 


CACY) [Ie ih (12 


+ 118, MpMG_ + (Cree — C44) | Mer F Ars} (es P 
+) e.P ieee) (Mer (leh le, Patent 
+ |e, [?)| Moz PY? (2) 
Nie = Ue (a + 1) — (i + 1) + 2) / 212 (le + 1), 
Mr =(\1), Mor = (\s)- 


The probability of conversion with production of 
electron-positron pairs, for a nucleus which has 
previously experienced a f decay, is! 


W = Dy Pg ns (Lame | Qi | Lars)" (Zam | Qi | Lams) 


mzm,my 
MM’ 


«(Bit )ax (Bin 1: (3) 
(Xr) P : 
Here (I;m,|QjmM|1I3m3) is the nuclear matrix ele- 
ment of the conversion transition; Q; jM °F the op- 
erator of the 2) -pole electric (A = 1) are magnetic 
(AX = 0) moments of the nucleus, corresponding to 
the given type of conversion transition; Bj is the 
operator of the interaction between the electron 
and positron of internal conversion with the field 
of the multipole; 
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(Bi) = \ poBya tp, dr 
is the matrix element of this operator while 7, 
and ~ are the wave functions of the positron and 
electron respectively. 

The matrix element of the multipole moment of 
the nucleus can be represented in the form 


eae * yall 
(Lams | Qi |I3m3) = © Cit jM> 


(4) 


where Q') is independent of the quantum numbers 
M,, m3, and M. Substituting (4) in (3) and taking 
into account the properties of the Clebsch-Gordan 
coefficients 


IgM Ts mn, Le +1 
> On eRe Crom: iM Ca iM’ ies Wier Sum 
ite my tg 
TMs I, Ms Lm, 
> T3M3; ol, om, ; ip Jsfs; ;M’ 
m,M,M; 
a a+ 1 jj + 1) + fos +4) — Io (Is +4) ei 
2j +14 ie) Ta eae 4) 7M’; p> 
jG Dis e424) 
we transform the expression into 
w= Suu 3 eee. a+ Sch mod 
MM’ 21 “ J Gj Se 
a) (A) A 
Bym)o (Bim ‘Jo = a Ama (Biat)ar (BY ar (5) 


The wave functions of the internal-conversion 
electron and positron will be taken in the form of 
plane waves 


p, = 0 exp (ip,r), ‘pb, = wexp (— ip_t), 


where p, and p_ are the momenta of the positron 
and the electron, while v and u are unit Dirac 


bispinors for the positron and electron respectively. 


With these wave functions, the expression for the 
probability of pair conversion following 6 decay 
has the form (accurate to inessential multipliers ) 


W = SI Ama Sp ((ip.— m) ViM (ip, + m) VIN}, 


MM’ 


where px, = pays the form of the expressions 
Teo + 
viM. vs, = wav iit v4 will be given below. 


The states of the polarization of the conversion 
electrons and positrons will be described with the 
aid of density matrices, which can be introduced 
in the usual manner. The normalized density 
matrix that determines the polarization of the con- 
version electrons in this process has the form 


1 a ek 
ID eyes Sa Amu (ip_—m) Vii (ip, 
MM’ 


+m) VIN (ip_—m) v4}, (6) 
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and analogously for positrons 


Pay aS { 2. 2 Amn: Aipe + m) y%, (ip_ 


ie WV 


— myVfii ip. +m) f (7) 

If we do not register the angle 6 between the 
momenta of the internal-conversion electron and 
positron, then the numerator and the denominator 
of the expressions (6) and (7) must be integrated 
with respect to @. 

The electron (positron) polarization 4-vector 
Cin { g; fy} satisfies the condition fuPy = Oz 
Therefore, in a reference frame where the elec- 
tron (positron) is at rest, we have p =0 and 
Eq = Opie Sorat 0h 

Consequently, the polarization properties of the 
electron (positron) can be determined, as is 
customarily done, with the aid of the three-dimen- 
sional vector ¢°, connected with £, 


00) + mei, (8) 
where ¢| and ¢|j are the transverse and longi- 
tudinal components of the vector £, expressed in 
terms of the electron (positron) density matrix 


in the following manner: 


(9) 


Magnetic type of transition (A = 0). The matrix 
element of the interaction operator of the internal- 
conversion electron and positron with the multipole 
field has the form? 


§ = tem~* Sp {PYats7}- 


(BM a= u'ViMv = gi (wo? — q?)—1u*a Ym (q/Q) v, 


where q =p, + p_ and w = €, + €_ are the mo- 
mentum and the energy of the conversion transi- 
tion, @ is the Dirac velocity matrix, and YjjM (q/q) 
is a transverse spherical vector. 

___Substituting the expressions for VjM and 

in (6), then (6) in (9), and then calculating the 
trace, Summing over the magnetic quantum numbers 
M and M’ (a method for summing similar expres- 
sions is developed in papers by Berestetskii et 
al.'3), and integrating over the angle 6, we obtain 
for the polarization vector of the internal-conver- 
sion electron the expression 


(0) 
Vj Wa 


Oi.) = Mo (mojo (vq)+-3(e, — e_) (Jo7— ©°Jaj_2) p_ (vq)} 
x {e_[(e,e_+ m?*) Jo; — s Joj42 =4 aw? (e, — &_)? Joj_e]} >, 
Ny = EU + 1) + ale + 1) = Ia Us + WY 2laj (i+ Us 
(10) 
The form of the expressions Joj + is given in 
the appendix. 
It is obvious that all the results obtained are 
Symmetrical under a substitution of the electrons 
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symbols (—) for the positron symbols (+) and 
vice versa, inasmuch as the calculation did not 
account for the Coulomb field of the nucleus. 
Therefore the corresponding expression ars for 
positrons can be obtained directly from (10), by 
making everywhere in (10) the interchange €, 
SEES ose ous a ae 

Electric type transition (A = 1). In this case 
the matrix element of the operator BiM has the 
form? 


(1) (1) j 
(By Mor = WV v= ae 


uw" Yim (ala) 
pes 4 Yow aia) al, 


J 


where YjM (q/q) is the Laplace spherical function 
and “ey 7; = 1, M(q/q) is a spherical vector. We 
use everywhere the system of mutually-orthogonal 
spherical vectors described in detail in reference 
ae 

After performing the same operations with 
ViM as in the case of magnetic transition, we ob- 
tain for the polarization vector of the internal- 
conversion electron 


Gh) = Na 4mm Joy (v — (vn) — 


s~ JoiP_(v (P. — P_)) 


ma? 
cs 


ma (€4— €_) 9 
Bes No De Riis 
is 2n(vn) 4 Te (0° Jo; —4 


Leer fat 
z Jai] 2j 


+ (2} 1) Joya) P_(va)} {5 Sere 


ae 


i—1 


2(e, —e_) Joy aes 
where N; =Ny (j + 1) and n=q/q is a unit vector 
in the direction of the total momentum of the pair, 
By corresponding substitution, we can obtain 
directly from (11) an expression for the polariza- 
tion vector of the positron £{4). 

In the case of the V—A variants of the P 
interaction (with conservation of time parity) the 
constant £, which enters into the expression of the 
density matrix pm,mj, assumes the following 
form. 

& = {c4| Mer!* Ans, — 2¢vCa U2 / (U2 + 1)}"0,1.MeMor} 


x (ch | Me? + c4| Mer/?}*. 


(11) 


In the case of a Gamow-Teller transition 
where the spin (or isotopic spin) changes by 
unity, Al =21(A1 21), this constant is inde- 
pendent of the nuclear matrix elements and of the 
constants of the / interaction 


E=An, =Uee t+ Hh t+ 1) 4+ 2)/2h Ge + 1), 


and depends only on the spins of the initial and 
final states of the nucleus (1, and I). 


oa) 2x (F + 20,8. + 2mP-+(e —e,)*) 


The expression (11) obtained in the present 
paper for ¢{_) has been used for a numerical cal- 
culation of the polarization of the internal-conver- 
sion electrons that follow the 6 decay of the nu- 
cleus Na”4[4* (B-) 4* (E2)2* (E2)0*]. The tran- 
sition 4* (8")4* is a Gamow-Teller transition in 
the isotopic spin.* Since, disregarding the 
Coulomb field of the nucleus, emission of conver- 
sion electrons and positrons with equal momenta 
is the most probable, we assume in the calculations 
€, = €_ = w/2 [for the conversion transition 4* 
2 (E21 

The calculation for the polarization of the pair- 
conversion electrons yielded in this transition 


Coy = 1043 (np — (nian) — 0,7 (nen) 0). 


It is clear therefore that in the conversion transi- 
tion considered here the transverse polarization 
is one order of magnitude greater than the longi- 
tudinal polarization. 

It must be noted that an account of the Coulomb 
field of the nucleus is apparently inessential in the 
conversion parts of the calculations, since the in- 
ternal conversion is the most effective for nuclei 
with small charge Z, for which the Born approxi- 
mation gives good results. On the other hand, 
the Coulomb field of the nucleus, for the 6 -decay 
stage of the considered process, can be readily 
accounted for by using the density matrix pmym}; 
obtained by Geshkenbein.’ 

The author is deeply grateful to I. 8. Shapiro 
for suggesting the topic and for constant interest 
in the work. 


APPENDIX 


The quantities J2j + (Kk = 0, 42, —4) which 
arise upon integration over the angle of emission 
of the pair, are determined in the following manner 


2j/—2 


Joj-2 = P,P_ | sane sin 66 
iV PxC 2 
SD) Mk Sjop) ee (7 pips — 2 62) 


—(p,— p.)"™ (m* + p,p_— 2,2.) 


++ 4a? (j — 1) Japa} (j= 2). (Al) 
When j = 2, we obtain by direct integration 
mo P+P— 
Je] in Were [ees (A2) 


Analogously, 
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4 
9 


Jaj= p,p_\ sin 00 


—— @?) 
0 


1 2(/— 
4(j —1) {(p,4 p_) u (tp, pu eyes) 


a NBaea Pea eB =S p. pe eee ern /F a) feat), 
(A3) 


when j = 1 we have the already obtained expres- 
sion (A2). 
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We consider quantum mechanically galvanomagnetic phenomena in strong magnetic fields at 
very low temperatures in the limit where the lifetime of an electron is much larger than the 
period of its revolution in the magnetic field. We investigate metals with a quadratic disper- 
sion law. We obtain formulae for the scattering of an electron by an impurity when a magnetic 


field is present. 


iL M. Lifshitz and co-workers!” have recently 
constructed in a number of papers a semi- 
classical theory of galvanomagnetic phenomena in 
metals in strong magnetic fields, taking the com- 
plicated character of the dispersion law for the 
elementary excitations into account. Also, a num- 
ber of authors®~° obtained the quantum corrections 
to the resistivity tensor (the Shubnikov—de Haas 
effect). The results of different papers are, how- 
ever, not in agreement with one another. A clari- 
fication of this problem is essentially connected 
with the paper by Adams and Holstein,® in which 
the transverse part of the conductivity tensor 
Owq(@ =x, y; H is parallel to the z axis) was 
evaluated for a dispersion law € = p*/2m and in 
which the calculations of other authors were 
analyzed. 

We obtain in the present paper expressions for 
Oj for metals with a small number of carriers, 
the dispersion law of which we know with assurance 
to be very close to quadratic. The energy surface 
can then be split up into several mutually noninter- 
secting ellipsoids. Bismuth is a typical example of 
such a metal. 

One of the basic problems which arise also in 
the quantum case is that of taking into account the 
specific character of the scattering of an electron 
by impurities when a strong magnetic field is 
present. It will be shown in the following that in 
several cases an account of this fact determines 
in an essential way how the different quantities 
depend on the magnetic field. 


1. FREE ELECTRON IN A MAGNETIC FIELD 


We consider the motion of an electron with an 
arbitrary quadratic dispersion law 


(1) 


in a strony magnetic field. We find the wave func- 
tions and energy eigenvalues from the Schrodinger 
equation (here and henceforth fh =c = 1) 


b= Fly PP» 


Arp, == > Lp (p, —eA,) (p iene CAR)Wn = [BRD (2) 


where yj, is the symmetrical inverse mass 
tensor and Aj the components of the vector 
potential of the magnetic field. 

It is well known that the state of an electron in 
a magnetic field is characterized by the following 
quantities: the momentum pz along the z axis, 
the momentum py which is connected with the x 
component x, of the center of the orbit along the 
x axis by the relation 


x, = p,/eH 


and the magnetic quantum number M. In the fol- 
lowing the index n denotes the set of all these 
quantities. 

The energy eigenvalue of the n-th state is 


E, = 0(M + 7/2) + p2/2mz2, 


where w = eHv mzz, /| m i Mj, are the components 
of the mass tensor (mjk =i) and |m| is the 
determinant of the mass tensor. 

We need in this paper the quantity 


Vix — x0)"1 8, Pa, 


If we use the well-known solutions of Eq. (2) we 
get easily 


Uo — x)" a(x) Pde = (M 4-1/5) (3) 
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2. SCATTERING OF AN ELECTRON IN A 
MAGNETIC FIELD BY AN IMPURITY 


We need to know in the following the scattering 
amplitude for the scattering of an electron in a 
strong magnetic field by an impurity. Finding this 
amplitude is made much easier by the fact that for 
the metals with a small number of carriers, which 
we are considering, the electron wavelength is 
large compared with the range of the potential. It 
is well known that in that case we can use a 6- 
function potential to evaluate the transition ampli- 
tude 


U (r) = f6(r); (4) 


where f is the scattering amplitude for a zero- 
energy electron, when there is no magnetic field 
and where we have assumed for the sake of sim- 
plicity that the impurity is at the origin. We have 
then for the amplitude for the transition from the 
state n to the state m: 


Fa = \ >, (r) U(r), (t) de = frps, (0) p, (0). (5) 


Using this expression for the transition ampli- 
tude we can obtain the total probability for a tran- 
sition from the state n to any state m(Em = En): 


Wa = 2atf? 21] Yn (0) P| Yn (0) )?3(E, — En) 


= V 2x}? | pn (0)? o|m |" >) [En — @(M +2). (6) 
M 


The summation is over those values of M for 
which the expression under the radical sign is 
positive. It is clear from the expression given 
here for Wy that one can cl oose a value of the 
magnetic field in such a way that En = w(N 
+%)+A,|A|«w. If A> 0 and sufficiently 
small, 


Wa =P]. (0) peel | (7) 


e., when A— 0 the total transition probability 
tends to infinity. The result obtained indicates 
that if one takes the influence of the magnetic 
field on the scattering into account only through 
Eq. (5), this will, as is well known, be insufficient 
in the neighborhood of some values of the magnetic 
field. 

We try to find those corrections to Fyn in the 
higher approximations in U which are due only to 
the presence of the magnetic field. Generally 
speaking, one can only use the potential in the 
form (4) when looking for the transition amplitude 
in the first Born approximation. We retain (4), 
however, also when looking for the next approxi- 
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mations in the scattering amplitude, but keep in 
the different terms only expressions which are 
essentially connected with the magnetic field. 

The exact transition amplitude is in the form of 
a series 

ql Um kn U mr nr in 
TP ge, Srey 2 aera 2 EEE -E= a 
(8) 

We consider the second term in that series in 

more detail 


UF Cire, z I it 
eee ONAN ass 
= — fy, (OY, ( {EE — (Meir 
ee a (9) 
M 


Here and henceforth the summation over M is 
only over those values of M for which the respec- 
tive expressions under the square root sign are 
positive. The second sum within the curly 
brackets diverges. This divergence is caused by 
the fact that we have used a 6 -function potential. 
If we take f to mean the total amplitude for 
E = 0 when there is no magnetic field, we must 
simply drop the divergent terms. The correction 
to the scattering amplitude in the second Born ap- 
proximation will be small except when the energy 
is very near a odd-half-integral multiple of w, 

e., A— 90. If the absolute magnitude of A is 
sufficiently small the expression within the braces 
is equal to 


and we get for (9) as A— 0 


— Pv, (0), (0) se a 


We note easily that if we retain only the terms 
that tend to infinity in the series (8) near A = 0, 
we get the simple geometric series 


Finn = F7, (0) ®, (0) {1 —fGi + PGi—...} 
=F, (O) 0) (UE Ga) 


o|m|'? 
enV A 


From the relation just obtained it is clear that as 
[Naa (i) 


—— 


(10) 


| Fran |? = | Pm (0) "| spa (0) [? 820? | A |/o2 | m |. 
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In some cases the amplitude has still another 
Singularity. Let A <0. Then 


fo | m |'/2 te 


Fan = Vig OO) + sere 


If f < 0 then for some value of |A)| such that 


| Aol" = —fo|m[*/2*n<o, 
Fmn will tend formally to infinity. It is clear that 
when A = —|A)| and A = 0 Eg. (10) for the transi- 


tion amplitude becomes incorrect, for in fact the 

amplitude will tend neither to zero nor to infinity. 
It is easiest to correct Eq. (10) near A 

=— ges |. Near this point it is no longer possible 

to discard the finite imaginary part in Eq. (9). 

Taking this fact into account, we get the following 

expression for the amplitude near the resonance* 


| 1) /2 


ee ie = oti IB (11) 
M 


ex 
We note here that the resonance width (AE )res 
is much smaller than the width of the interval AE 
in which the amplitude is less than its classical 
value, namely 


(AE) res ~ AE Vs/n, 


where o is the scattering cross section for H = 0, 
and 1/A ~ VmE. The presence of such a resonance 
is connected with the existence of a bound state of 
the electron in the attractive potential when a mag- 
netic field is present. To find the energy and the 
wave function of this bound state we turn to the 
integral equation for the wave function 


pr) = — | G(r, 5 EU) W(r)ar’, (12) 
where 
Pn (r) Wp (r’) 
Ghar oe) aa (6— 0), (13) 


n 


is the electron Green function. It is necessary for 
us to find the wave function in the region where the 
attractive force is acting, i.e., for very small 
values of r and r’. In that region, however, 


Gran) = Gor 1) Gi); 


where Gy (r, 1 ) is the electron Green function for 
E = 0 when there is no magnetic field. To obtain 
G,(E) we take it into account that when there is 


*Skobov obtained this result independently of the disper- 
sion law € = p’/2m. I use this opportunity to thank Skobov for 
sending me his manuscript prior to its publication. 
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no impurity the electron is in the ground state 
with M=0. The attraction of the impurity causes 
the energy to become equal to 


E=o/2—6, 0<8,<o. 


There is then in the sum (13) a large term corre- 
sponding to M = 0, which is equal to 


@{|m ['/2 


G, (E) = nV 0/2 —E i) 


so that 


tp (F) = — | [Go (r, 1’) + G, (EU (0’) (0) de’ 


Dy) 


= G,(E)a—\Golr, U(r) w(r) ae", 


sels U(r) (er) ae" 


One obtains easily from this equation the fact 
that ~(r) =G,(E)a%)(r), where %(r) is the 
electron wave function for E = 0 in the field of the 
impurity when there is no magnetic field. It is 
clear that 


f=\U (r) po (rar, 


from which one obtains easily a condition for 
finding the energy 


1 =— [G,(E) = — fo |m4/2hnVo/2 — E, 


E = @/2 — fw? | m|/8n2. (14) 


This is indeed the energy of the bound state. 
Using (12) one obtains easily an expression for 
the wave function of the bound state far from the 
impurity (for the sake of simplicity we have 
written down here the expression for the cose 


é = p’*/2m) 
(0) = Aexp{—|2|V 2m (2B) —F (# MBE 


where A is a normalizing factor. It is clear that 
there can only be a bound state if the magnitude of 
the reciprocal volume occupied by the electron is 
much larger than the impurity concentration, i.e., 
the condition 


Nimp < (eH)? mf 


must be satisfied. 

It is clear that the resonance found in the fore- 
going for the scattering of electrons when M > 0 
is caused by the virtual transition to the bound 
state. In the following we discuss the problem of 
the possibility to observe this resonance by inves- 
tigating the behavior of the resistivity in a magnetic 


field. 
We now turn to an investigation of the behavior 
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of Fmn near A = 0, i.e., near the point where it 
tends to zero, according to (10). To do this we 
turn to the integral equation for the wave function 


~(r) 


Wn (TF) = Pro (1) — \ G(r,r';E)U(t') pa(r')dr’. (16) 
When A © 0 Eq. (13) for G(r, r’; E) can be 
written as the sum of two terms 


G(r, r’; E) = G' (r, 1; E) + AW" gw (9, 2’), AO. 


In the expression for G’(r, r; E) the summation 
is over all magnetic quantum numbers M #N 
(E=w(N+ aa and we can thus put A = 0 in 
G(r, r; E) and gn(p, p’). It is clear that 
gN(p, p’) is independent of z and 2’, i.e., the z 
component of the vector p is equal to zero. 

The function ~y(r) satisfies in the point A = 0 
two equations 


\ ew (9. e’) U(r’) Pa(r')de’ = 0, (17) 


Pn (TF) = Pro (t) + A (P) — \@ (r, 1’; E)U (t’) ae 
where A(p) is some function which is independent 
of z and which is determined by (17). Because (17) 
must be satisfied for any p, Eq. (17’) is equivalent 
to the condition 


(U (2) tn (p, 2) dz = 0. (17”) 
If the potential U(r) is sufficiently weak it is 
clear from (17’) that 


A, — Wrg 


Op 
ety 
aa oe ee Pro» ; 


i a 


pz +0. 


We put Yn) (r) = exp (ip?z) pn (p). We have then 
from (17”) 


OP no 
Ge 


nae (p2)? Pro» 


Pn(@,.0)) U (p, 2) de + ipl on (p)\2U (p, 2) dz 


(pr )? 
aft k2 


on(p) \2U (p,2)dz =0, 


jzU (9, 2) dz 


Wa (p, 0) = — ip? On(p) oc 
(ee 


ni §2U (, 2) dz 


BNE ( U (9, z) dz ; 


We now get easily the amplitude for the transi- 
tion from the state n to the state m 


Fnn = \Wno(F) U (0) par) dr = pt pl { deg (0) on (8) 
x {\ 2°U (p, z)dz — (\u (p, 2) zdz]* / \ U (p, z) de} , 


pz +0, pz £0, (18) 
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i.e., we get for A = 0 a transition amplitude which 
though very small is different from zero. 

We considered the case where there was one 
group of electrons. In practice, however, the 
energy surface in metals splits up into several 
ellipsoids and to each of these there corresponds 
a well defined group of electrons. In the scatter- 
ing field of the impurity there are now possible 
not only transitions within a given group, but also 
a transition from one group into another one. In 
the following we shall give a qualitative analysis 
of this case. 

We can now write the wave function in the fol- 
lowing form 


p(r) = Wa (r) eh, 


where mA (r) is the solution of Eq. (2) with the 
inverse mass tensor [jj corresponding to the 
ellipsoid with index 1, while the phase factor 
elPIT is due to the fact that the center of the 
ellipsoid in quasi-momentum space is not the 
same as the origin. 

It is now no longer possible to assume the 
potential to have a 6 -function shape, since when 
an electron goes from one group to another there 
occurs an appreciable transfer of quasi-momentum. 
At the same time, we shall assume that when H 
=0 the potential is a Born potential. We have then 
in first approximation 


Fin =\e7P! pix (r) U (rye ph (0) de 
= Wn (0) Wa (0) Ye£ PPP * U (0) 


= friWim (0) %pn (0) = Unn. 


We assume now that in the group 1) there is 
for given H a state with vz ~ 0, i.e., Ali s0ee IE 
is now no longer possible to restrict ourselves to 
the first Born approximation, so that 
Ha Sty) 

U mk Urn \ 


La pie 
Pan = Umn — YE a ay 


1p 

It is clear that in the sum over intermediate 
states we must retain only the term with 1j = Ip. 
The term in the second order in U is then of the 
form 


— fit fit Pim (0) Pn (0) G:, (E), (19) 


where 


Gi, (E) = iw, |! [4/2 VA, . (19) 


When we consider the terms in the next approx- 
imations in U we find easily that near Al, = 0 


Eee 1 (0) [fer — gedit Cie 
Pm (9) pn (0) | fer i+G, Fal 
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and that as 


ave — 0, G;, — oo 


we have 


Leh .aOvab MD) = tenth. (20) 


From this formula it is clear that if either J or I’ 
is equal to 7) the corresponding amplitude tends to 
zero. When 1 #1), I’ ly it is always different 
from zero. 

It is easy to investigate the case when for two 
or more electrons there occur states with vz = 0. 
To do this we turn to the integral equation for 


p(r) 
Pn (Fr) = tpho (r) ePe* — (GcearsB) U(r’) ya (r’)dr’. (21) 


One can write the function G(r, r; E) inthe form 


Gir,r:£)= We ee G;(E) + G, (r, 2’), 
1 
where Gj is described by Eq. (19’) and where 
G)(r, x’) is the Green function when there is no 
magnetic field. 
As we assume the potential to be a Born one, 
we can neglect on the right hand side of (21) the 


term with G). We have then 
a(t) = ho (rye! —Le"” G/(E) Yeririe U (eal) de 
(22) 
Here hy (r) is oe electron wave function when 
there are no impurities. By definition the ampli- 


ta Ga far (1 + Gp fag) + frp Gp for A+ Se Fea) — 
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tude of the transition from a state described by the 
wave function Vhy (4) to a state Ven, (F) is 


Finn =\ ee" Win (F) U (6) pa (t) a 


where %p(r) is a solution of Eq. (22). It is thus 
necessary to know y~p(r) within the range of the 
potential. Assuming as before that the Sete 
is a short-range one we can put in (22) ve, (ex) 
constant within the range of the impurity "field. 

It is, however, not possible to replace the ex- 
ponential by unity since when we go from a state 
corresponding to the group 1 to a state correspond- 
ing to the group l/l’, a large momentum transfer 
takes place. If we take this fact into account we 
can write the solution of (22) in the form 


thn () = Wao (0) {e'"" — Die!" Gj(E) a}. 
j 

It is clear from Eq. (22) that the quantities aj 
can be found from the equation 


Oj = Ty — 2 Gr On fir: (23) 


The final expression for the amplitude F4 Lae will 


be of the form 


Fou = Vid (0) Pho (0) (frr — D1 Ga fern cnl- (24) 
R 


We easily get from Eqs. (23) and (24), for in- 


stance, the expression for Fe Tr when Gq and 
Ggp— ~. In that case 


fra G, fap Gp fas 


FEE — aph® (0) apie (0) [fe ‘eae 


fre Gp Fea Ga fat |: 


~~ (t+ faa Ga) A+ fag Gp)—Ga fag Gp fee 


and as Gq = Gg = we get 


fra far fap + fee for faa — 
faa bea — 


FEL, = phe (0) Plo (0) | fre — 


From this formula it is at once clear that if 
either 2 or I’ is equal to a or 8, the correspond- 
ing amplitude tends to zero. If, however, lz a, 
l’ = a, 8 the amplitude differs from zero. This 
result has a general character and can be formu- 
lated as follows: If 1°”, 1@,... are the numbers 
of the groups of electrons which possess fora 
given H a state with vz = 0, then Fos = 0) tr . 
Piha releoralaiscequalitoal 002) aorand Foe 
is different from zero if 1 = 1°), 1). 2.5 
12), ‘ 


Fra fag fas 
pare 


(4 sh bee Ge) (1 sie lop Gp) — Ge lop Gp foe 


fig Foalat |: (25) 


3. GALVANOMAGNETIC PHENOMENA 


We turn to a direct investigation of the depend- 
ence of the electrical conductivity on the magnetic 
field. We shall in the following be interested only 
in the case where the period of revolution of the 
electron in the magnetic field is appreciably less 
than the time of mean free flight, i.e., where the 
relation 1/wtT « 1 is satisfied. Since the scatter- 
ing is elastic the total current of the system of 
electrons is simply the sum of the currents caused 
by the different electrons. It is also necessary to 
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take into account the fact that the scattering is by 
a random distribution of impurities the average 
distance between which is larger than the electron 
wave length and the scattering amplitude. The 
waves scattered by different impurities do there- 
fore not interfere with one another. 

It is well known that the conductivity o ina 
magnetic field is a tensor quantity whose compo- 
nents ojk satisfy the symmetry relations® Oi_k (H) 
=0),;(-— H). It is convenient to write oj, as a sum 
of two terms 

Oik = Sik + Gn, 
Sin (H) = Sai (H), Gin (H) = — aa; (HH). 

When we change over from the components of 
the conductivity tensor to the components of the 
resistivity tensor, we must take it into account 
that in pure metals with a quadratic dispersion 
law the condition that there be as many electrons 
as holes must be satisfied. Applied to a real 
metal this means that ayy though different from 
zero is appreciably less than Sxy in spite of the 
fact that the first one is proportional to H” and 
the second one to H~. Account of this leads to the 
following equations expressing the resistivity 
tensor in terms of the conductivity tensor 


Pik (H) OR: (H), 


bi, (H) = — bn; (H). 


—) 
Oi = Pin + On, 


If we now introduce a vector a which is the 
dual of the tensor ajk anda vector b which is 
dual to bik we get for the most important compo- 
nents of the tensor oj? 
Pex — | fc) le (at aE Syy Szz), Pxy a | 5 a (ax ay < Sxy Szz J 
Puy =|6( 47+ Sex Sz), Pez =|5 |" (Sex Syy — Sxy) (26) 
for the symmetric part and 


by = —|6[ 1 (Ge Sex + Ay Sry), by = —| 6|7! (Ae Sry + Ay Syy); 


b, = — | fe) [es (ay Sxz —> Qy Syz Se Oke S72) (27) 


for the antisymmetric part of the resistivity tensor. 


Here |o| is the determinant of the tensor ojk: 


| Si = (Sex Syy — oa) Sze oF Ge Ap Sap 


a, 


(a,b =x. 1). 


We must find the tensor sjk and the vector a. 
The simplest to find are the components ax and 
ay, and we now proceed to evaluate these. 

In the approximation considered (1/wT « 1) 
these components are independent of T and can 
thus be found using the classical equations of 
motion for an electron when there are no impuri- 
ties 


sh = eE + e[vx H]. 
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We take the magnetic field strength vector H in 
the direction of the z axis and the electrical field 
strength vector in the direction of the x axis. 

Then 

dp » ap, dp, 

p= CE + ey A, Sp est, z= 
Using these equations for quantities averaged over 
a period of the motion in the magnetic field, we get 


vy = —E/H, ip =O) ps — const: (28) 


From the relation € = njKpipk we get Pi 
= MjVi- 

It is clear that the average drift velocity along 
the z axis is independent of pz when the disper- 
sion law is quadratic. For pz = 0 we have thus 


0 —= Max Ux + My Uy + Mz on 
or, if we take (28) into account 
v, = Emz, | Hm;;: 


For the components .aj we get, however, at once 
t 
E wm; 

a; = va Pee Ni. 


t 
1 M22 


(29) 
The summation over 1 is here over all ellipsoids 
and for the groups corresponding to electrons nj 

> 0 and for holes nj < 0. In practice only the 


components ax and ay are different from zero since 
a, = (E/H) (ne—n,) = 0 


in the approximation considered. 

We find now the symmetric part sjk (except 
the component sz7). We use the Einstein relation 
according to which the current along the x axis 
(H is parallel to the z axis and E parallel to the 
x axis) is connected with the mean square dis- 
placement of the center of the electron orbit per 
unit time due to collisions: 


(Ax)? = 2D, (30) 
where D is the diffusion coefficient. Then 
: clin dn 
je= — @E\ de 3 Di (e) Ze (31) 


Here fy) is*the electron Fermi distribution function 


fo = {1 + exp bee 


(¢ has clearly different values for the electrons 
and the holes) dnj/de is the density of states with 
the given energy which is well known to be equal to 
dn, _ @ | m' i 1 
de Vim 2Ve—o,(M+ 3) 


in a magnetic field. 


(32) 
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The problem of evaluating sxx = jx/E is re- 
duced to calculating the average value (Ax vas 

It is clear that 

(Ax)> = <3 (Xm — Xn)? 200 | Finn [2 8 (Em — En)>. 


(Mo fie 


The symbol <...> indicates averaging over all 
initial states n with energy €; xn and xm are the 
centers of the electron orbits in the initial and 
final states. 

If we now take it into account that according to 
the results obtained in Sec. 2 


ana | bin (C) 2 lbh ( (0), 
then 


<(Ax)*) = 4a — ®)| fia P Nimp 
it 


1 2 ee re 9° 
Dy Bal Pn CO) PO(E 
are 

pee SI M + 18» 5 


Slot yarn a 
Sanat Habe: Orem a apa mel ten 
(33) 


We used Eq. (3) in deriving (33). 


Substituting the expression obtained for < (Ax > 


into (31) we get finally* 


Sxx = 


V2e Nase of @, CTY a erat he dn, 
Sree Ee Darcey OSA UM aie 
Dawe 

M +1/2 
M Ve = Oye (M a ¥/2) 


Expressions for the other components of Sik 
(except Szz) are obtained from Eq. (34) by sub- 
stituting there wik for pLxx. 

We consider now the component szz. To 
evaluate this we can use a transport equation 
which in this special case has a very simple form 
(we write the distribution function f as f =f) + f’) 


n 2 (fm — fn) 8(E 


x (34) 


ik En) = 0; 
(35) 


= (OMA Pe _ ran a Qn | Finn 
my, © 
It is clear from (35) that f'~ pz so that the 
term with fl, drops out as fi, is an odd function 
of pz while | F/4 |? is an even one. Taking this 
into account we get 


ip 2 | 2a | “ (0) 2 | ph (0) [21 fe 2 | 8 (Em — En) 


Summing over all m and I’ and averaging over 
the position of the center of the electron orbit in 
the initial state we find 

*A similar equation for sxx was obtained by B. Davydov 
and I.Pomeranchuk.* 
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a ae ; ee lges Nimmp 2. | furs [2 1t052 @ | me" [ie 
vA) it 
: as 
- al ase 36 
itl ear al a 


It is clear one the Se obtained for ojk 
that fe ay ~ H; are PI (iz Ze kez) 
~ H; Sz7z ~ 1. As far as ik is concerned, the 
components ap (% B =x, y) and pzz are the 
most important ones. 

It follows from (25) and (26) that 


Pap ~ H?, 6, ~ H, 


so that we shall only be interested in the following 
IN Pyg and pzz. 

We start our investigation of the conductivity 
with the semi-classical region where the relation 
w/f <«< 1 is satisfied. We can then represent the 
sums over the magnetic quantum number occur- 
ring within the braces in Eqs. (34) and (36), with 
sufficient accuracy, as follows 


1 Y 
= =, 

2 raises +75 

ye edge eel eei" é 

2 Sar PON TaN ° (37) 


where A is defined as before by the equation 


e=o(N+¥)+A, AK<o 


In(S1) ee 0: 
For the range of values of the magnetic field 
considered it is convenient to introduce quantities 


sh) (cl) defined by means of the relations 


Sap (cl) = 2 sap (cl): 


Then 
144 4e? oy fhe. ee 2 
Sap (Cl) = Nimp 5am! | Hae og 2 | far (es (38) 
If we use the results obtained we shall get for 
Sqp and sz7z 


Sap = S,el) 
) Ofo 30" oy 30,8) 
ie (Ol 364 lamyan teva te Via 
Yen 
Ly 9/2 N op 
(So: de > 2M if Mazz sh SS = oy 7S i 


(39) 


It is necessary to emphasize here that the fy] are 
different from zero only when the indices 7’ and 1 
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refer either only to electron or only to hole states, 
i.e., when the electrons do not go over into holes, 
or vice versa, in the scattering by the impurity. 


The terms containing A-¥ in the expressions 
which we have written down describe the usual 
semi-classical oscillations of the conductivity ina 
magnetic field. 

If we substitute the quantities sqp and szz 
which we have found into (26) we obtain the final 
equations for the pjk. These formulae are very 
cumbersome, for when the magnetic field has an 
arbitrary orientation with respect to the crystallo- 
graphic directions, all the electron groups connect- 
ed with the various ellipsoids will give contribu- 
tions of the same order. We note that the formulae 
for the conductivity for the case when the magnetic 
field is perpendicular to the three-fold axis of bis- 
muth were investigated in detail by I. Pomeranchuk 
and B. Davydov.’ We shall therefore in the follow- 
ing investigate pqg and pzz, only in the region 
where their behavior is anomalous. 

1. By changing the magnitude of the magnetic 
field we can get A « w*t"! for one or several 
electron groups. In practice this can apparently 
only be obtained for electrons corresponding to 
some given ellipsoids, which we denote by lp. 
When we change over to the resistivity tensor we 
note that for sufficiently small A], 


By il 
Pyy = Sxx (SxxSyy — Sxy) > 
Cyl ee cy (Se Spy ae ee (40) 
As far as szz is concerned in terms of which pzz 
in (40) is expressed, if the group J) refers to 
electrons, only the term corresponding to holes 
remains in Eq. (39) for szz. 
If Aj, is so small that we can retain in (39) just 
the term with A, then 


2 \-1 
Pxx = Syy (SxxSyy — Sxy) 


il 
Pez = Szz- 


srs sri, 7, (Of, de 
se =— gowiel) St \ So x (41) 
8 fe Olin Ca” 
fee Pee ice a, | 
wn, | af, ea 
— 5 FACE . 42 
’'ENimp| fiy2, | 2k la A,, ( ) 


One obtains similar expressions for Pxy and pyy. 


G fy de _ 1 
If T = 0 we have Veseesd MiaekTEy, When 


T « w*¢! (but T ~ 0) we must take into account 
the behavior of |ree il? as Aj,— 0 when 
integrating. This leads to the following integral 


\%e de =—| 4 _ ao 41, @) | 
0s A, +a A;, (6) i Ot nal, 
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where 


tO | Fito Poi, | me | /8x?. 


It is clear from Eq. (42) that pag ~ Al), 1-€.; 
that pap is appreciably decreased when Aj, is 
sufficiently small. The steep decrease of pq@f 
which we have obtained when Az, — 9 can in 
practice be observed only when the following con- 
ditions are satisfied: 


kT <i, (;,t) <a, ~ 


and when the magnetic field is stabilized AH/H 
« wj],¢. We note that this effect takes place not 
only in the semi-classical region but everywhere, 
so long as £=w(N+ %)+A and A— 0. 

When the field is sufficiently strong ¢ is not 
equal to its value when there is no field and must 
be determined from two conditions: the fact that 
the number of electrons must be equal to the 
number of holes ne = nh, and the condition that 
£1 + 9 =Eq where £4— fe, So —~> Sp and Ey isa 
constant which is independent of Ho. 

2. The expressions for pgp and pzz which we 
wrote down in the foregoing are valid for suffi- 
ciently small, but not too small values of AJ). If 
Al, is very small it is essential to take into ac- 
count the dependence of the scattering amplitude 
FUT on the magnetic field H. For the sake of sim- 
plicity we restrict ourselves to the case T = 0. 
We note now immediately that it is apparently 
practically impossible to observe the anomaly in 
the resistivity near the resonance for scattering 
by impurities with an attractive potential because 
of the too stringent limitations as to the purity of 
the metal and the temperature. We shall therefore 
not investigate pj, near this resonance. 

When Aj], — 0 


Sap = TPN ipl | Hite | ey, PS 
ul P — 
x[A0 +g? Lf it oh més] 


and we have, for instance, for pyx 


(43) 


3,, 20 
WP yy 


; is 
e’Nimp| Fit, Re mz, c 


ay a yale 
It is clear from this formula that as Aly — 0, PaB 
tends to some very small though finite limit. 

We investigate now the behavior of pzz for very 
small Aj,. As before we have then pzz = sz5. If 
we take the results of Sec. 2 into account we are 
led to the conclusion that for A], = 9 all amplitudes 
for which either I’ or J is equal to I) tend to zero 
and that there remain only terms with 1 # ly) and 
zl). At the same time these amplitudes Fl’l 
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are changed according to the results of Sec. 2. 
Finally, szz is given by Eq. (36) where I’ = J) and 
1 # ly and where we have instead of | f7'7|? 


| fv ar fragt t0/F tots | .. 


This result can be summarized as follows: for 
some values of H the group J) does not make any 
contribution to the conductivity sz7. Up to now we 
considered the case where A], tended to zero 
from the positive side. However, the opposite case 
is, of course, also possible. The equation for szz 
is then not changed. Sqp Will be given by Eq. (34) 
with 1 = I) and [ = ly if in that equation we 
replace 


fer by fee — Ferhat | Peat: 


The transition from the sjk to the p;, is then 
performed by means of Eqs. (26). 

The final results about the behavior of the 
tensor pj, near A], = 0 can be summarized as 
follows: when A ee Pap ~ Al, and tends toa 
finite though very small limit; in a narrow region 
near Al) = 0 pag changes quickly and the limits of 
Pa when Aj,— + 0 and when Aj, — — 0 are 
essentially different from one another. 

In conclusion I express my gratitude to 
Academician L. D. Landau and to I. M. Khalatnikov 
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for valuable discussions when this research was 
done. 
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By the use of the analytic properties of a certain matrix element it is shown that the result of 
Goldberger and Treiman regarding the decay — yp + v is valid for wider classes of strong 
interactions than those found by Feynman, Gell-Mann, and Levy, and in particular for the 
ordinary pseudoscalar theory with pseudoscalar coupling. A formula is obtained which can 
be used for an experimental test of the assumptions that are made. Lepton decays of hy- 


perons and K mesons are also discussed. 
1. INTRODUCTION 


Ag the present time the theory of the universal 

V — A interaction given by Feynman and Gell-Mann 
and by Sudarshan and Marshak is in good agree- 
ment with all the experimental data on 6 decay and 
the decay of the » meson.! The experimental ratio 
of the probabilities for the two types of ™-meson 
decay, R(t > e + v)/R(tT— w+ V), also agrees 
with the theoretical prediction. It may therefore 
be supposed that the universal V —A theory is 

also valid for processes of capture of 1 mesons 

in nuclei. 

One of the most important problems is the cal- 
culation of the probability of the decay t— w+ v 
according to the universal V—A theory. This 
problem has been studied in detail in a paper by 
Goldberger and Treiman (G. T.)* by means of the 
technique of dispersion theory. Despite the fact 
that G. T. made many crude approximations, the 
numerical result of their work agrees almost 
exactly with the experimental result. 

Quite recently Feynman, Gell-Mann, and Levy 
(F.G.L.) have reexamined this problem in a very 
interesting paper.? They have shown that the G.T. 
result can be obtained rigorously in certain mod- 
els. Namely, let us write the Hamiltonian for B 
decay and wy -meson capture in the form 


H = (go/V 2) (Pa +Va) La + Herm. adj. (1) 
where 
La = V¥a(1 + %5)€ + Va (1 + %5) p- (2) 


Pq and Vq are the pseudovector and vector cur- 
rents for the weak interactions. F.G.L. succeeded 
in finding three models of the strong interactions 
in which the following equation holds: 


OaPa (x) = ian(x)/V 2, 


where a is a constant parameter and 7(x) is the 
pion-field operator. By using the equation (3), 
F.G.L. obtained the G.T. result in a simple and 
elegant way. 

F.G.L. stated that their results would be ex- 
tended later to any theory of the strong interactions. 
In their new theory, it is said in reference 3, there 
appears a form factor g(s), which is very compli- 
cated in the usual theory. In the opinion of F.G.L. 
it is only in the case of their models that it is 
reasonable to assume that g(s) is slowly varying. 

After studying reference 3 we have come to the 
conclusion that the G.T. result is a good approxi- 
mation for a wider class of strong interactions. 

In the present paper this conclusion is examined 
under the following assumptions: 

1. The matrix element <n| 99Pq(0)|p> is an 
analytic function of the variable s = — (pn — pp)’. 

2. If the matrix element of the commutator for 
equal times is equal to zero, then we can write a 
dispersion relation without subtraction. 

3. The contribution of the nearest singularities 
predominates in the dispersion relation. 

From our point of view the form factor y(s) 
actually is slowly varying in any theory in which 
there is a dispersion relation without subtraction 
for a certain matrix element. 

In Secs. 2 and 3 a derivation of the G.T. result 
is presented in the most general form. It is shown 
that the G.T. result is also a good approximation 
for the ordinary pseudoscalar theory with pseudo- 
scalar coupling. A relation is obtained between 
the pseudovector constant ga for pw capture, ga 
for 6 decay, and the pseudoscalar coupling con- 
stant f for wp capture. Since we can measure Au, 
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SAB, and f separately, a test of this relation be- 
tween the constants gives a sensitive criterion for 
the correctness of the assumptions made about the 
universality of the pseudovector coupling in the 
weak interaction and the analyticity of a certain 
matrix element. 

In Sec. 4 the lepton decays of hyperons and K 
mesons are treated in an analogous way. From 
the data on the lifetime of K mesons the result is 
obtained that the pseudovector coupling constant 
gay for the 8 decay of hyperons is smaller than 
the coupling constant ga for the 8 decay of 
neutrons.’ 


2. THE RESULT OF GOLDBERGER AND 
TREIMAN 


Let us write 
taP. (x) =O (x). (4) 
Applying this equation to the decay 7— yp + Vv, we 
get 
<0|0(0)|> = — q, <0| P, (0) |x), (5) 
where qa is the four-momentum of the pion. The 


matrix element <0|Pyg(0)|7> can be expressed 
in the form 


(0|P, (0)|m> = — 4, F (m®) /V2Go, @ 


where m is the mass of the pion and F (m?) is a 
constant parameter, which is determined by the 
lifetime of the pion. 

Substituting Eq. (6) in Eq. (5), we get 


(0/0 (0) |x) = — mF /V2q0. (7) 
Let us now turn to the consideration of 8 decay 
and pw capture. In the general case the matrix 
element <n|Pq(0)|p> is of the form 
GU PEO — we Ve. ip, peru (8) 


where ga and f are invariant functions of 
S = — (Pp — Pn)’. 
Applying the relation (4) to 8 decay and p cap- 
ture, we get 
<n|O (0) | p> = — (Pp — Pn)a <n | Pa (9)| p>- (9) 
Substituting Eq. (8) in Eq. (9), we have 
<n|O(0)| p> = i[2Mg , + fs] U,TqHp- (10) 


The central problem is to find the connection 
between the matrix elements <n|O(0)|p> and 
<0|0(0)|7>. This can be done if we use the 
analyticity properties of the matrix element 


<n|O(C)| p> = iunYsupT (Ss), (11) 
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T (s) = —V 2GFm? /(—s +m?) +T'(s), (12) 
where G is the renormalized constant of the 
strong interactions of pions with nucleons, and 
T’ (s) is a function analytic in the region 
VsieeeeCrn 5 (13) 


The derivation of (11) — (14) is given later, in 
Sec. 3. It is also shown there that T’ (s) is in 
fact a slowly varying function for small s. 

In the region | s|< m?’ the function T’ (s) is 
approximated with good accuracy by a constant. 

Let us rewrite (12) in the form 


T (s) = —V 2GF 9 (s) m? /(—s +m, (14) 
where 
p(s) = 1 + a(s — m?) /m?. (15) 
Comparing (11) with (10), we get 
2Mg, + fs =—V 2GF 9 (s)m?/(—s + m2). (16) 


A very important fact is that the relation (16) 
holds for all s. Setting s = 0, we get 


ad 


Gag = £4 (9). (17) 


This is the fundamental result of F.G.L., woich was 
first obtained in the paper of Goldberger and 
Treiman.’ 

For u capture 


F=— 2Mga,/V 2 Gq (0), 


Ss. = — Mm; /(M + m,) = — 0.9 m2. 
From (15), (16), and (17) we get* 


2Mg,, + f.5, = 1 2Mg 4, /(—s, + m?). (18) 


Equation (18) is an exact relation between ga, f 
for uw capture and ga for £8 decay, which can be 
tested experimentally. It must be pointed out that 
the derivation of (18) has been carried out in the 
most general way, for an arbitrary value of a. As 
will be shown in Sec. 3, this holds for almost any 
theory in which the matrix element <n| 99Pa 
x (0)|p> is analytic. 

Substituting the experimental values of G, gag 
and F in (17), we get 


g (0) = 0.8. (19) 
From this and Eq. (15) we find 
oy == 0%. (20) 


We emphasize that the G.T. result is valid only 
for those theories in which the condition a<« i 
holds. This question is discussed in the following 
section. 

~_ *This relation is contained implicitly in a formula of Gold- 
berger and Treiman.* 
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3. THE ANALYTICITY OF THE MATRIX 
ELEMENTS 


Let us now turn to the calculation of the 
matrix element <n|O(0)|p>. Using the 
standard method,° we write 


(n|O(0)|py =—iin | dtze~'?n* (0|T (n(z) 0(0))|P> 


— ui dize* 8(2,) O| [ha (2 O)IIp>, 21) 
where 7(z) = iS*6S/5%,(z) is the current opera- 
tor for the neutron field. Hereafter the equal- 
time commutator will be omitted; it would give an 
additive constant in the final expression and would 
not affect the analytic structure of the matrix ele- 
ment, for example, the locations of the poles and 
their residues, the branch points, and so on. 

We note that 


T (y (z) 0 (0)) = 8(—2z) [0 (9), n(z)] + 0 (2) 0 (0), 


where 6(z)=1 for z)> 0 and 6(z) =0 for Z) 
< 0. The second term makes no contribution to 
the matrix element. Thus we have 


<n|O(0)| p>» = — itn \ dtze—”"* 0 (— z) <0|[0 (0), n(2)I|p)- 


(22) 
In the coordinate system pp = 0 it is easy to 
show by the method of Bogolyubov’ that the func- 
tion T(s) in Eq. (11) has a pole at s = m’ anda 
cut that begins at the point s = 9m’. At other 
points it is analytic, if the following inequality 
holds: 


[Imp,9l>|ImVp2,—M*|  (p,, = M—s/2M). (23) 


Unfortunately, the inequality (23) is satisfied 
only in the case of imaginary nucleon mass. We 
assume in what follows that the analyticity of the 
matrix element in the variable s does not change 
on analytic continuation with respect to the mass 
variable. 

The residue at the pole s = m? is easily calcu- 
lated and is equal to 2'”G<0|0(0)|7> (2q))!”. 
Thus we have 

T (5) = V2 (010 (0)| my V 240 


—=s + m2 
(24) 


The corresponding Feynman diagram for the term 
with the pole is shown in the drawing. 

In Eq. (24), T’ (s) is an analytic function with a 
branch point at s = 9m’. The spectral resolution 
of the function T’ (s) if of the form 

T’(s) =a, + = | 


9m 


p(s’) 
s 5’ (s’ — s) 


ds’, (25) 
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(0{0(0)1Z)v2q, 
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where p(s’) is the spectral function. For small 
S we can expand T’ (s) ina power series in s, 
which has the radius of convergence 9m’. 

Setting 


T’ (s) = >) ans", (26) 
one can easily show that for large n 
en) een lcs 
lim <a: (27) 


noo n 


Therefore the series (26) converges rapidly in the 
region |s| < m?. 

If the spectral function does not change sign, 
the inequality (27) holds also for small n. In this 


cease, for arbitrary n> 1 we have 


We note that for B decay and yu capture the 
distance between the points s = 0 and sy 
= —0.9mj, is much smaller than the radius of con- 
vergence 9m”. Therefore with good accuracy we 
can replace T’ (s) bya single constant both for 
B decay and for p capture (the error is of the 
order of 0.9mj,/9m? ® 7/9). 

Thus we get the final result given by the for- 
mulas (14) and (15). 

Let us now go on to the consideration of the 
quantity a. If the matrix element of the equal- 
time commutator is not zero, then in general one 
must use a dispersion relation with a subtraction. 
In this case the quantity a@ is proportional to the 
subtraction constant ay, which can be very large. 

If, on the other hand, the matrix element of the 
commutator is zero, than there is a dispersion 
relation without a subtraction. Then it is reason- 
able to suppose that the contribution of the nearest 
singularity predominates and the quantity a is 
small (a= 0.2« 1). 

Thus it is reasonable to assume that y(s) is 
slowly varying for any theory in which there is a 
dispersion relation without subtraction. 

Let us consider the ordinary pseudoscalar 
theory, with the Lagrangian 
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L=—N(0+ My — iG, (en) 15) 
x N — mon” / 2 — (daz)? / 2 —Agxt. (28) 
By means of the gauge transformation 
N—> (1 + i(tv) 15) N, m—>m + v(4M, + 2M) /3G, 


we get by the standard method, explained in ref- 
Crence) 3, 


P. = Nryai; N — idan (4M, +2M)/3G,, (29) 
O (x) = i0,.P. = 2G,)NNx + i =(M,— M) Nay5N 
+ (mon + 409?) (4M, + 2M) /3G,. (30) 


We shall show in this case that the equal-time 
commutator for the operator O makes no contri- 
bution to the matrix element <n|0O(0)|p>. Let 
us examine the matrix element of the commutator 


I= (0|2G.Nx+i2(M,—M)7;N |N). 
From symmetry properties we have 


I = (Aty,u,. (31) 


Multiplying Eq. (31) on the left by the matrix Tys, 
we get 


i3Au, = — 21 <0|4(0)|N), 
where 
y (0) = iG, (tx) ¥,V + (M— M,)N 


is the current of the nucleon field. It is known 
that the matrix element <0|7(0)|N> is equal 
to zero, and therefore I = 0. 

Thus we have shown that in the ordinary pseudo- 
scalar theory there exists the pseudovector cur- 
rent (29), which satisfies all the necessary require- 
ments. 

If the pseudovector current is of the ordinary 
form 


P, = NararsN, 


then the matrix element of the commutator is not 
zero, and in general there is no dispersion rela- 
tion without subtraction. Even in this case there 
is hope that the G.T. result is valid. This question 
will be discussed in the Appendix. 


4, LEPTON DECAYS OF HYPERONS AND K 
MESONS 


The experimental limit for the probabilities of 
lepton decays of A and = hyperons is an order of 
magnitude smaller than the theoretical value cal- 
culated on the hypothesis that the effective coupling 
constants in hyperon decays are equal to those in 
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B decays.! Many authors have expressed the 


opinion that the universality of the weak interac- 
tions evidently does not extend to strange-particle 
decays. Nevertheless, it is reasonable to assume 
the existence of a limited universality [a lepton 
current in the form (2)8 ]. 

In what follows we assume that the K meson is 
pseudoscalar and the V and A interactions exist 
for the lepton decays of strange particles. In this 
case the Hamiltonian for the weak decays of strange 
particles is of the form (1). Following the example 
given in Sec. 2 for the pseudoscalar theory with 
pseudoscalar coupling, we can construct the 
pseudovector current in such a form that a dis- 
persion relation without subtraction holds for the 
matrix element <N| IgPq| Y>. 

Generally speaking, the matrix element for 
hyperon decay consists of three terms: 


<N | Pa(0)|Y) = Uy {2 ayet, + iby [Py — Py) 


Kio Na (Dye By Veer sti Poy) ety, Aa) 
from which we have 
<N|O(0)|Y) =i<N|0.P.|Y) 

= i[(My + My) yy + frslunteuy, (33) 


where s = — (py — Py)?. Repeating one after 
another the arguments presented in Secs. 2 and 3, 
we easily get the following equation: 


(My + My) & ay + fys] 


= — Gry Fxmk | (—s + mk) +Ty (s), (34) 


where Gxy is the renormalized coupling constant 
for the KYN interaction, and FK is a constant 
parameter associated with the decay of K mesons. 
We have further 


<0| Pz (0)| K> = — qeF x | V 2q0- 


We can determine FK from data on the lifetime 
for the decay K—~ p + v. In Eq. (34) TY(s) isa 
function that is analytic in the region 


(35) 


| s| < (mx + 2m)?. (36) 


Let us denote by Ty the kinetic energy of the 
nucleon recoil in the rest system of the hyperon. 
Expressing s in terms of Ty, we get 


Sar (Mis My My tae (37) 


In the present case the values of s that correspond 
to B and p decays are very close together, as 

compared with the distance between the s given by 
Eq. (37) and s = (mK + 2m)*. Therefore with good 
accuracy we can replace Ty(s) by a constant ay. 
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Thus we have 
(My + My) gay + fs] = — GavF xix | (—s + mk) Heel 


The relation (38) can be used to test the univer- 
sality of the pseudovector current in lepton decays 
of strange particles. 

Applying the dispersion theory of Goldberger 
and Treiman, we find for the function fy: 


fy = — GxyF x /(—s + mk) + Ty (s); (39) 


where Ty (s) is a function analytic in the region 
(36), which with good accuracy can be replaced by 
a constant a’y. 

Substituting Eq. (39) in Eq. (38), we get 


(My + My) & sy = — GevF x + ay — Say. (40) 


The relation (40) is a generalization of the formula 
of Goldberger and Treiman for the decay of 
strange particles. 

The experimental data on the lifetimes of K and 
™ mesons show that FK <« F*. Therefore it can be 
seen from a comparison of rae (40) and (16) that 
to accuracy ay—say 


(41) 


Say Sap» 


even for the case in which Gxy and G are of the 
same order of magnitude. This fact was first 
pointed out by Sakita.? 

We emphasize that our method can also be 
easily extended to the case of a scalar K meson 
and to other types of weak interactions (for 
example, S+ P). 

In the case in which the relative parity of K 
and YN is positive, we have to deal with the 


divergence of a vector current 
10nV a= OX), (42) 


The matrix element <N|Va(0)|Y> is of the 
form 


(NV, (0) |¥> = ty (Syytq + Cy [Py — PY), 

— 1, (Py — Py) + idy (Py — Pyy)q} Uy (43) 
From this we have 

<N|O(O)|Y> =i[(My — My) ayy +4ys]uyuy. (44) 


It is easy to repeat the remaining arguments, and 
the final formula will be of the form 
Vey) oy ae Si — GF mt | (—s- mi) +a, 
(45) 
Applying the dispersion theory for the function 
dy, we find 


SOS Le) (aati Ite) ta Clas (46) 
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Substituting (46) in (45), we get 


( Mice = M,,) Lyy = — an 


GyyF + ay — ayS. 
Comparing (47) and (16), one sees that to accuracy 
ay — say 
fo SVNE 2My a KGxy\" 

ee ) =(q— ae ey ex 
where C is of the order of unity. Therefore in the 
case of the scalar K meson the small probability 
of lepton decay of hyperons could be explained only 
by having the coupling constant GKy for the KYN 
interaction be smaller than the pion-nucleon 
constant Gr. 

We note that A and = can have different rela- 
tive parities. Let us consider this case. For sim- 
plicity we call the K particle a scalar, if the rela- 
tive parity of K and AN is positive, and a pseudo- 
scalar if it is negative. In the case of the pseudo- 
scalar K meson, Eq. (40) holds for the decay of A 
particles, and Eq. (47) holds for the decay of 2 
particles, if we write <N| Pq |=> in the form 
(43). In the case of the scalar K meson, con- 
versely, Eq. (47) holds for the decay of A particles 
and Eq. (40) for 2 particles, if we write 
<N|Vq|=Z> in the form (32). 

We note that the relations (38) and (45) can be 
used for the determination of the renormalized 
coupling constants GKy, if precise experiments 
are made on the decays of strange particles. 

The writer expresses his hearty gratitude to 
Professor M. A. Markov, Ya. A. Smorodinskii, 
and Chu Hung- Yiiang, and also to Ho Tso-Hsiu and 
V. I Ogievetskii for their interest in this work 
and a discussion of the results. 
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APPENDIX 


In the usual theory the pseudovector current 
has the form 


P= Nev 5N, (A.1) 


for which the divergence has been calculated in 
reference 3 and is given by 


OaPa = 2M,Nry,N — 2iG\NNx. 


In order to calculate the matrix element 
<0|8%aPa| >, we write Eq. (A.2) in the form 


duPa=—iZ?jti 


(A.2) 


ad (m2 — m?) x — 4d n?x] 


— 21G,NNz, (A.3) 


where j is the meson-field current. Using the 
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fact that the matrix element <0|j(0)|7> is 
equal to zero, we get 


<0] 0x Pa(0)| > = i2M,Gy 18m? V Z,/V 2qy 


— 8MyApGo* 0 | n° | m> —2iG)<OINNainy,  (A.4) 


where Z; is the renormalization constant for the 
pion wave function. 

We now go on to the consideration of 
<n|%@Pqa|p>. We rewrite Eq. (A.4) in the form 


-4M,+ 2M. 
O,Pa = rae 3Go Va 0 (x), 


(A.5) 


where the operator O is that of Eq. (30). 

In the present case we can write a dispersion 
relation without subtraction for the matrix element 
<n|0(0)|p>, with the term with the pole defined 
by Eq. (12). Thus we have 


i <n|0.Pa(0)|p> = 4(4My + 2M) GG," d (s) F (s)V Zoi tnY5Ulp 


+ <n|O(9)| p>, (A.6) 


where d(s) and F(s) are the respective form 
factors for the ™-meson propagation function and 
the vertex part. If the first term in Eq. (A.6) is 
small in comparison with the term with the pole, 
then the G.T. result would hold also for the usual 
theory. 

We assume that the first term in Eq. (A.5) pre- 
dominates. Comparing Eqs. (A.5) and (A.6), we get 


(A.7) 


By means of Eq. (A.7) the first term in Eq. (A.6) 
can be expressed in the form 


g 2Mo FM G EM ratty d(s) F (5). 


Se A.8 
Li eM, m2 (a8) 


Since in perturbation theory the quantity 5m? di- 
verges quadratically, it is very probable that 


2M, + M m? 
3Mo ima S!- 


(A.9) 


In this case the first term in Eq. (A.6) is actually 
small in comparison with the term that has the 
pole. Therefore it seems to us that the G.T. 
result is also valid for the usual theory. 

It is interesting to note one more example, in 
which the pseudovector current has the form 


IPo(X) = 0,% (x). (A.10) 


It is easy to show directly from Eq. (A.10) that 
the matrix element <n|Pq(0)|p > for B decay 
is equal to zero. 
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In this case the divergence of the pseudovector 
current is 


id.Pa = mix — iG Nry,N — 4\on2n = m?x (x) 
— j (x) = O(x) —j(x). 

From this we get 

00 (0)|m) =i {0 AgPa (0) |) =m? VZ5/ V 2qo, (A.12) 


i<n|0.,Pa|p> = <n|O(0)| py —iV 2G d(s) F (s)V Zetia sup. 
(A.13) 


(A.11) 


The term with the pole is of the form 
V 2G V Zan?) (s+ m*), 


Comparing the expression (A.14) with the 
second term in Eq. (A.13), we verify that they are 
of the same order and cancel each other. 

From this example it can be seen that for those 
theories in which a dispersion relation without 
subtraction does not hold for the matrix element 
<n| Pq (0)|p> the G.T. result is in general 
not a good approximation. 


(A.14) 
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A convenient method is proposed for setting up a potential in the form of the series A 

= SU) (x), where U() ~ e~2X for x > ~, starting from the relativistic meson-theoretical 
scattering amplitude expressed as an expansion in the number of exchange mesons (x is the 
distance in the units 1/u, where p is the meson mass ). In the case of peripheral awaits 
interaction this method yields a two-meson potential with a broad locality region p Vevipece || 
(nonrelativistic region). The two-meson potential consists essentially of attractive tensor 
and central forces which depend weakly on the isotopic state. 


In reference 1 a nucleon-nucleon potential was 
found for large distances x > 1 (in the units Vie 
where p is the mass of the 7 meson), which in 
first Born approximation is equivalent to the two- 
meson scattering amplitudes.'* This potential 
(which we shall call the pseudopotential ) is con- 
venient for practical applications, since it permits 
us to make again use of the first Born approxima- 
tion in various problems. A characteristic feature 
of the pseudopotential is its strong dependence on 
the energy in the region E]ab > 40 Mev, p*/p? 2 1 
(p is the momentum in the system of the center of 
inertia). This ‘‘anomalous’’ energy dependence 
(nonlocality ) is due to the infinite discontinuity in 
the absorptive part of the two-meson amplitude 
AM) (q?) at the point* q? = — 4u2(1 + p?/4p?) 
(the so-called Karplus singularity ) and also to 
the terms of the type 1/(p? + 2). The anomalous 
nonlocality has a particularly marked effect in 
states with the isotopic spin T = 0; this must be 
taken into account in the analysis of the experi- 
mental data with the help of phenomenological 
potentials.f 

The strong nonlocality of the pseudopotential, 
however, deprives it of its theoretical value, and 
it is still an open question whether it is possible 
to construct a ‘‘genuine’’ (local ) potential with a 
broad region of locality p* «< m (nonrelativistic 
region ), i.e., a potential which would, with the 
help of nonrelativistic techniques (Schrédinger 
equation ), lead to the relativistic meson-theoretical 
scattering amplitude with an accuracy up to the 
‘‘normal’’ corrections ~ p/m? (m is the nucleon 
mass ). 
-*We use the notation of reference 1; in particular 
q’ = (p’- p)’ is the square of the momentum transfer. 

TIn the analysis of the experimental data with the help of 
phenomenological models one uses practically only the first 


Born approximation. Therefore, the majority of authors are 
dealing with pseudopotentials. 


Charap and Fubini* showed on the example of 
scalar particles that an equivalent local potential 
for a given scattering amplitude can be constructed 
in the energy region p? « mp + p?/4. In the con- 
struction of one- and two-meson potentials (i.e., 
potentials with the asymptotic behavior e* and 
eX ) this method is equivalent to the use of the 
Born approximation as in reference 1, if in addi- 
tion one includes the second iteration of the one- 
meson potential. 

In the present paper we show that a local poten- 
tial in the form of the expansion 

UT (xy DU yin ele ere cay 

n=1 

corresponding to an expansion of the amplitude in 
the number of exchange mesons,°” can be con- 
structed correctly from a given scattering ampli- 
tude, using the Born expansion. In this method we 
retain the possibility of making concrete estimates 
of the accuracy with which the potential reproduces 
the relativistic scattering matrix. Application of 
the method in the case of the two-meson inter- 
action of the nucleons leads to a local potential 
with a wide locality region p* «< m?. This indicates 
that the anomalous nonlocality of the pseudopoten- 
tial is equivalent to the description of the higher 
Born approximations by a ‘‘genuine’’ potential and 
has, therefore, no physical meaning. 


1. GENERAL METHOD 


In setting up the potential we start from the 
sequence of relativistic amplitudes* M(N) (q?) 


*If spin and isospin variables are included, the amplitudes 
and the potential are to be replaced by the corresponding 
operators in spin and isospin space. We then investigate the 
analytic properties of the scalar functiotis which multiply cer- 
tain spinor invariants (which, themselves, still depend on the 
direction of the vector q). 
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which are obtained from meson theory by an ex- 
pansion in the number of exchange mesons, or, 
more precisely, by successive separation of the 
contributions with the nearest singularity in q? 
(with fixed energy ) in the noints q? = —p?, — 4y?, 
B25 — (ny Ne ... We restrict the discussion to the 
interaction of identical particles (of mass m) due 
to the exchange of mesons with mass p only. In 
this case only the exchange graphs appearing as a 
consequence of the symmetrization of the ampli- 
tude have singularities on the right semi-axis. 
Therefore, these can in general be left out of the 
discussion. Moreover, we assume that we do not 


encounter any anomalous graphs with nearest singu- 


larities q’ = (nu), as, for example, the ‘‘square”’ 
in Fig. 1 with the condition m? > ua t+ us at the 
vertex. 


FIG. 1 


To find the equations connecting the potential (1) 
with the sequence M2) we consider the iteration 
solution of the Schrodinger equation with the poten- 
tial (1). Denoting the nonrelativistic scattering 
amplitude inthe j-th Bornapproximation by Tj, 
we find 

m 


ige—— 0 (q), 


ix tay = ear (r) dr, 


Typ= dk for j>2. (2) 


m ¢U (p’ —k) T;_, (k—p, p?) 
ae) p»=—k? + i0 

The Born expansion (2) can be used for separating 
from the nonrelativistic amplitude the contributions 
T(N) with the nearest singularity at q? = —p’, 
—4y?, etc. Considering that the nearest singularity 
of the Fourier component of the n-meson potential 


lies at q? = —(m)’, we obtain for the first iteration 


TW) = —(m / 4x) U™ (q). (3) 


For the classification of the contributions from 
the following iterations we use the ‘‘displacement 
theorem’? for the singularities: the nearest singu- 
larity of a function of the form 


(m4) , 2) f (M2) tte 2 
[(p’ — k)?] fi" [(k — p)*] 
GP) =| p?—k +10 Bs 

is located at q? =—(ny + Np Mites where — (ny ye 


and — (nz )? are the locations of the nearest 
singularities for f("1)(q?) and f(M2)(q?). For the 
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proof of this theorem it suffices to write the func- 
tions in the form of spectral integrals 
Ge 
(np)* 
and, after changing the order of integration, to 
find the nearest singularity of the function 


p (x2) dx? 
q? + “2 


[Up =)? + 87 [(p — ky? + maT Lp? = $018k. 


With the help of the methods proposed by Landau 
for relativistically invariant integrals® we easily 
find the value 


gq? = — (x1 + Xe)? pw? < — (my, + np)? p?. 


In particular, it follows from this theorem that 
the amplitude Tj has the nearest singularity* at 
q? = —(ju)’, i.e., the contributions T‘™ are dif- 
ferent from zero only for j =n. : 

We now require that the non-relativistic tech- 
niques reproduce the sequence of meson-theoretical 
amplitudes M™) with an accuracy up to relativistic 
corrections. Comparing consecutively the contri- 
butions T{) and M™) for n = 1, 2, 3, ..., We Ob- 
tain a system of recurrence relations for the step- 
wise construction of the sequence uM), 


U% (q) = — 4nm4M™ (q, p’), 

U® (q) = — 4am [M® (q, p*) — TY (a,.P*)), 

U® (q) = —4nm(M (q, p?) — TY? (q, p*) — Ts (a, aN 
) 


The left-hand sides of Eqs. (4) are independent of 
De by definition, so that one can set p” = 0 in the 
right-hand sides, i.e., retain only the basic terms 
of the expansions in p’. If, on the other hand, we 
retain the corrections ~ p’ on the right-hand sides, 
we also obtain nonlocal corrections to the potential 
and can in this way estimate the accuracy of the 
local potential. 

Going over to the coordinate representation, we 
can write U‘) as the residue of the pole q? = —p” 
(for n=1) or as an integral of the discontinuity 
AM‘) (q, 0) — AT“) (q, 0) across the cut q? 
= — (ny for n= 2 (reference 1); for the con- 
struction of the potential it therefore suffices prac- 
tically to know only the absorptive parts of the am- 
plitudes in q’. This leads us to certain conditions 
which have to be fulfilled in order that the potential 
can be expanded into the series (1). Indeed, the 
two-meson potential is expressed in the form of an 
integral over q? = —4y’, but the region of integra- 
tion q? = — Qu? gives a contribution of the same 


*This result was obtained earlier by Bowcock and Martin’ 
using a Yukawa potential. 
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type as the three-meson potential u®) , etc. On 
the other hand, it is obvious that this method 
enables us to set up a unique potential without ex- 
panding it into a series at all. For this purpose 
we must consider successively the regions of inte- 
gration 


alee se — Op? > q? > — 16p,.. +5 


collecting all non-vanishing contributions of the 
absorptive part of AM — AT. This shows that the 
system of equations (4) is equivalent to the Charap- 
Fubini method, slightly modified and generalized 

to the case of particles with spin. 

Our method is formally analogous to that used 
earlier (see, for example, the paper of Klein and 
McCormick’ ) in the construction of an adiabatic 
potential in the form of an expansion in the number 
of exchange mesons, but differs by the parallel use 
of the nonrelativistic formalism and the relativis- 
tic scattering amplitude (the importance of this 
difference was noted in reference 4). We empha- 
size that in our method the Born approximation is 
only used as a means of classification of the non- 
relativistic amplitudes according to the extent of 
the region of analyticity, and corresponds to the 
expansion in the number of exchange mesons in 
meson theory. In other words, the series (1) repre- 
sents an expansion in the ‘‘degree of peripheral- 
ness’’ and not in the coupling constant, which can 
have an arbitrary value. 


2. PERIPHERAL NUCLEON-NUCLEON 
POTENTIAL 


Substituting the one-meson nucleon-nucleon am- 
plitude (see, for example, reference 9) in (4) and 
going to the x representation, we obtain the well- 
known static one-meson potential 


UO (x) = J pgre"(se) (oY) (ay) e—* /x, 


eee ii 


(5) 


The inclusion of the nonlocal corrections to the 
one-meson potential introduces the factor 
(1 + p’/m?)-!/; the static potential (5) can there- 
fore be used in the energy region p?/m? aaa, 

To find the two-meson potential we must calcu- 
late the second iteration 


U (p’ — k) U® (k — p) 


p—k* + iO dk, 


2 
Pp) = 7a 6) 
or more precisely, the discontinuity AT? on the 
cut q? = —4y", Substituting (5) in (6) and inte- 
grating over dk, we obtain for q? = — 4" 


A, &. GRASHIN Faas ue 


Po NIKE TIN 


, (B—2Ag)e (4 — 25%)? 
ATO) sas 2 | 
e oe 32m V1 — s? u 
; ; 1 — 2s? 1 — 2s? 
+ iSnp’ sin 6 aa | a 1) 


{ — 2s?—v 


+ {(eq) (6@q) — Poe] aga amy 


22 (1 — s?) m? 
p+ eis) 


a ( — 2s*)]} ; 


+ (on) (on) 


(1 — 2s2)2 
v 


x[o wt 


st=14y7/4p2, v= V4s?p? +p? /p, 


S='42(6%+ 6), n= [pxPl/|[pxpl]. 

Ar = 1 or —3 for the isotopic spin T=1 or 0, 
respectively. The further calculations consist in 
the integration of the absorptive part of the poten- 
tial 


AM® (q, p?) — AT? (q, p) (7) 


along the cut q? = Saye for p = 0, which presents 
no essential difficulties. 

Let us now examine to which extent the adiabatic 
absorptive part (p? = 0) is equivalent to the exact 
meson-theoretical amplitudes in the non-relativ- 
istic approximation p? « m’, i.e., which correc- 
tions to AM”? (q, p’) must be discarded in order 
that the absorptive part (7) cease to depend on the 
energy. Starting from the expansion of the meson- 
nucleon amplitude in powers of the invariant v for 
a given q” (see reference 2), one can show that, 
at least for —4u? =q?> —9y?, only the fourth- 
order contribution of perturbation theory, AM}?), 
corresponding to Fig. 1, has a significant energy 
dependence. 

Neglecting corrections ~ p’/m? to AM(”?, we 
can convince ourselves that the subtraction of 
AT$*) leads to the cancellation of all terms having 
an appreciable energy dependence in the region p? 
Ss p- <«K m’, and, in particular, to the disappearance 
of the discontinuity in the Karplus point q? = — 4? 
tisk e/4p). If we assume that the two-meson 
potential is determined only by the region — 4p” 
=q’ > —9u”, this means that the potential U“) (x) 
+ U®)(x) is equivalent to the one- and two-meson 
amplitudes with an accuracy up to terms of order 
~ p/m’. 

In the foregoing discussion we have also as- 
sumed that besides the Karplus singularity from 
the graph of Fig. 1, there are no other singulari- 
ties in the region —4u? = q*> —9y2. The nearest 
omitted singularity is given by the graph shown in 
Fig. 2, which has a singularity at infinity for p? 
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FIGS 2 


= MW) + y2/4 (threshold for 7 meson creation) 
which quickly approaches — 4? as the energy in- 
creases. As long as this singularity lies beyond 
— 9p? (p?/m? < 0.5), it gives rise to the same type 
of effects as the three-meson amplitude. For 
higher energies the effects from this singularity 
must be included in the two-meson approximation; 
they can only be described with the help of a non- 
local two-meson potential. The condition p?/m? 

< 0.5 (E]ab < 900 Mev) is, however, comprised in 
the non-relativistic approximation and does not 
lead to additional restrictions. 

For the explicit calculation of the two-meson 
potential we use the approximation used in the de- 
termination of the pseudopotential! (expansion in 
terms of 1/x, €?, and eVx/2). We find 


U® (x) = U§? (x) + LSU®S (x) + [(en,) (¢@)n,) 
— 62] UP) (x), (8) 
where 
2 3gte? ee = es 
UP? (x)= — ma Th {(2 1)? + eV xx («—1) 
+ex(1—a4 9) 
(2) tee e e = Bg 
UP (a) = EE Ta (Be — 5) 
— 4h, 
eV ix — EE 
y® 3gte4p e Va 1 
(x) = 4Vn oa eee Vx / 
= eave 
—eV 1x is t, 
a= 1,2(A\|a|< 10%), G7 =" 0,025, B, = — 0.029, 
(A|Bi|,A|B2|< 20%), B=—Bi—Pr. 


Expression (8) is the principal term of the asym- 
totic expansion in 1/x and gives the two-meson po- 
tential in the peripheral region x > 1 with an accu- 
racy ~1/x. For relatively low energies, Elab 
< 100 Mev, the region x 21 gives the main con- 
tribution for all orbital angular momenta / = 1. 

The potential (8) enables us therefore, at least 
qualitatively, to study the most important proper- 
ties of the two-meson interaction. The expansion 
in €2x/4 practically leads to no further restric- 
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tions, since the region €°x/4 = 1 (x > 180) is of 
no practical interest. However, the presence of 
the parameter €°x/4 has theoretical significance, 
since it seems to indicate that the static approxi- 
mation in meson theory is not correct (see also 
reference 4). 

The interaction obtained above takes account of 
virtual scattering processes (rescattering correc- 
tions ) with the help of the parameters a, 6;, and 
By, which have a very definite theoretical meaning,’ 
and is thus a rigorous consequence of the pseudo- 
scalar, symmetric meson theory. However, in ob- 
taining the numerical values of these parameters 
we have used the experimental data on meson- 
nucleon scattering, so that the potential (8), with 
the indicated values of the parameters, is, ina 
certain sense, semi-phenomenological. 

Let us consider briefly the properties of the 
two-meson interaction. The characteristic feature 
of the potential (8) which distinguishes it from the 
pseudopotential! is its weak dependence on the iso- 
topic state. The scalar and spin-orbit forces are 
very different from those calculated by perturba- 
tion theory on account of the combination a — 1 
< a, 1 which enters in the basic terms. The ten- 
sor forces and the forces of the type og?) have 
the additional smallness €? in comparison with 
Ug’, but their relative contribution is strongly in- 
creased on account of the additional compensation 
in Uy. In the complete expression for the poten- 
tial these forces, however, play a minor role owing 
to the presence of large contributions of the same 
type from the one-meson potential. The forces of 
the type (o/)L) (oL) have the additional small- 
ness €*x/4 and have been omitted completely in the 
computations. 

Of particular interest are the spin-orbit forces, 
for which several different expressions have been 
found, !°-!3 and whose role in the interpretation of 
the experimental data is also not sufficiently clear 
(see references 14 to 16). The two-meson inter- 
action ups is considerably weaker than the strong 
phenomenological spin-orbit forces of Gammel and 
Thaler“ and Signell and Marshak, 19 and can be ne- 
glected in the region x 2 1.* Calculations on the 
basis of the non- Sreiativistic meson theory!” 3 
lead to the same result, although the two-meson 
potential (8) differs quantitatively from the poten- 
tials obtained earlier (more precisely, their peri- 
pheral parts ). 

*In the paper of Grashin and Kobzarev presented at the 
Ninth Conference on High Energy Physics at Kiev, 1959, a 
spin-orbit interaction was given which was too strong by an 
order of magnitude, due to an error in the calculations. This 
error has been corrected in the published article.’ 
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We note that for comparatively low energies the 
semi-phenomenological potentials without spin- 
orbit forces have been successfully employed by a 
number of authors for the interpretation of the ex- 
perimental scattering data'® and of certain proper- 
ties of the nuclear interactions.'” We believe, 
however, that it is difficult to explain the experi- 
mental data for energies of several hundred Mev 
without introducing strong spin-orbit forces; appa- 
rently, these must therefore be connected with po- 
tentials of shorter range corresponding to effective 
masses Met =|q loge = 3p. 

Our calculations show that the only correction 
to the one-meson potential in the region x 2,1 is 
given by attractive central forces which are inde- 
pendent of the spin and isotopic spin states. The 
other types of forces give only small contributions 
and can be neglected. The interaction obtained in 
this way is in qualitative agreement with the pheno- 
menological potentials used earlier, >!” even extra- 
polating into the region x < 1. One may assume 
that the addition of some phenomenological core at 
distances x < p/m to the potential US) + U? 
{formulas (5) and (8)] enables us to use it for the 
description of the interaction of a pair of nucleons 
at comparatively low energies. 

It appears that the best method of introducing a 
phenomenological core is that of imposing a boun- 
dary condition on the logarithmic derivative, as 
proposed by Moszkowski and Scott.'® The boundary 
condition must be chosen in such a way that the 
potential gives the correct S phases. To obtain 
better agreement with experiment one can also try 
to vary the parameters a, /;, and B, within the 
limits of error A|a|, A|f,|, and A|f,| with 
which they were determined from the experimental 
data on meson-nucleon scattering. 

The authors are grateful to V. N. Gribov, I. Yu. 
Kobzarev, L. D. Landau, L. B. Okun’, I. Ya. 
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The properties of the acoustic excitation spectra in crystals near the decay threshold are 
considered. The longitudinal-phonon attenuation due to the decay of the longitudinal phonon 
into transverse phonons, is shown to be proportional to k®. The effect of anisotropy on the 
phonon decay of transverse excitations is investigated. The weak coupling between acoustic 
vibrations causes a characteristic splitting of the spectrum near the decay threshold into 
two excitations with non-zero momenta. This can show up in neutron scattering experiments, 
where it causes the simultaneous existence of two peaks in the energy distribution of neu- 


trons scattered at an angle close to critical. 


‘Tae singularities of the spectrum of elementary 
excitations near their decay threshold have been 
recently considered by Pitaevskii'. He treated 
mainly the case of a Bose liquid. Although the 


qualitative picture also remains in force for acous- 


tic excitations in crystals, there are in this case a 
number of particular circumstances, such as the 
existence of three branches of vibrations, aniso- 
tropy, and weak interaction (due to anharmonic 
effects ) between the elementary excitations. 

We write the phonon-interaction Hamiltonian in 
the form 


H et 


int apy os V 05,0 p,0p,07,47 ap, + Herm, adj.. (1) 


0;+P.=Ps 

where the interaction constant y = f3/2(pc2)7'/*, p 
is the density, c is the velocity of sound. The 
summation over the polarizations is omitted. 


1. THE DECAY OF A LONGITUDINAL PHONON 
INTO TWO TRANSVERSE PHONONS 


It is apparent that the decay of a fast phonon 
into phonons with smaller propagation velocities 
is possible kinematically. The polarization selec- 
tion rules do not forbid such a decay, because 
along the crystallographic axes the velocity of 
longitudinal sound is greater than that of trans- 
verse sound. Such a decay causes the attenuation 
of longitudinal sound from the very beginning. 

To calculate this attenuation or decay we will 
find the correction to the frequency w)(q), which 
is described by the diagram in Fig. 1. We have 
2 (p) = G*(P) — Go" (p) 

ix2o%, (Pp) o*, (q) 0%, (p — 4) qd 


re rs 
(21) aes [(@ — e)? — 07 (p —q) — 66] @) 


FIG. 1 
where w |(p) and w;(p) are respectively the fre- 
quencies of the longitudinal and transverse 
branches. After integrating with respect to w and 
changing the variables, (3) can be brought to the 
form 


= q 
Po (p) . 


Z(p)= — ae \ 1 (9) 9.49 
0 


te © (u)(@, (¥) +, (@) udu 


- ONC EOnOEIcy (4) + @ , (q) —e—16) © 


To calculate the attenuation in the phonon part 
of the spectrum, we put 


(4) 


oy (Pp) =CyP, ©, (Pp) =Cyp. (5) 


The results thus obtained will also give the correct 
order of magnitude when dispersion is present. 

By substituting (5) in (4), and calculating the imag- 
inary part as half the residue during the integra- 
tion over u, we obtain 


Im 2 (p) = — 2iAc, p, 
Site ae & a(t) r e (2). (6) 


Hence, we have for the spectrum of elementary 
excitations 


@ (p) = cyp — tAp?. (7) 


The attenuation is everywhere small. For p 
~ 1/a (a is the lattice constant) we have Im w 
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x (p)/w(p) ~a =f/pca*. The parameter a has 
the value 107! to 107 for light elements and 10° 
to 1074 for heavy elements. It is not difficult to 
see that anisotropy does not introduce important 
changes in the result obtained. 


2. ALLOWANCE FOR ANISOTROPY IN THE 
PHONON DECAY OF EXCITATIONS 


The transverse acoustic branches, which are 
stable at the start, can split up into two excitations, 
one of which is a phonon. We will find the kine- 
matic conditions for such a decay in the anisotro- 
pic case. The laws of conservation of energy and 
momentum give 

Dy (q) = & (q) + & (p—q) — 8 (p) = 9, jas 
(8 


For small values of q we obtain 


Pp (q) = (c (n) — Vpn) q, 


where c(n) is the velocity of sound along the di- 
rection n; q = nq: Yo a€/dp. If c(n) >Vpn for 
all n, (8) has only the trivial solution q=0. If p 
is increased along some direction, decay starts at 
the value of p for which the equation c(n) = Vp ‘nl 
is first satisfied, at least for one direction of n. 
We introduce the function y(p) as follows: 
c (n) 


? 
Vpn 


@ (p) = min 


i.e. g(p) is the minimum value of the ratio given, 
considered as a function of n for a given p. The 
equation of the threshold surface then takes the 
form og (p)=1. 

We investigate the attenuation of excitations 
close to the threshold of phonon creation. Taking 
into account, as in the preceding case, only the 
contribution from the diagram in Fig. 1, we obtain 
after integration over w: 


Ses aul wee ee ee Se 
DIN \ x + (c (mn) — vgn) g — 28,,A0;9;, + Bin9:I_ — 18 ? 


1 es 
Bin = 2 6p,0P, , 5, v-Ap “lr B,,Ap,AP, Ts a 


Attenuation occurs in cases where the denominator 
of the expression under the integral in (9) has 
zeros in the region of integration and is determined 
by half the residue at the corresponding pole. 
Close to a pole we always have x «x Ap. This 
means that the correction to Ae due to the decay 
is smaller than (Ap)?, which will be confirmed by 
the result. 

For the denominator in (9) to tend to zero re- 
quires apparently (for Bj = Bj,,n,): 


D=P¢ 


c(n) —v,.n~ B.Ap, 
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(here the sign ~ means agreement in order of 
magnitude). But the function c(n)—vgn by hy- 
pothesis has a minimum at n= Ng and close to the 
latter c(n)—vgn takes the form 


e(n) — vn = Q (AG, Ag), 


where Q(x, y) is some positive determinate quad- 
ratic form. Hence, the important range of integra- 
tion over 6 and @ is found to be A@, Ag ~ v BjApi- 

Having calculated the residue in (9), we obtain 
near the threshold 


é (p) = (p,) ae v-Ap = B,,APAP, ie iB (8,Ap,)°. (10) 


We note that in the isotropic case for a threshold 
for decay into phonons to appear on the €(p) curve, 
at least a point of inflection must exist. In the 
anisotropic case it is much easier to satisfy the 
conditions of decay. In particular, the presence of 
a point of inflection on the €(p) curves along a 
given direction is not required. 


3. THE SPECTRUM CLOSE TO THE THRESHOLD 
OF DECAY INTO EXCITATION WITH NON- 
ZERO MOMENTA 


Pitaevskii has shown! that the decay of elemen- 
tary excitations into two excitations with momenta 
not equal to zero is also possible. In this case the 
spectrum of elementary excitations breaks up at 
the decay point (Pg, €c). Its behavior beyond the 
decay point cannot be clarified without resorting to 
perturbation theory. 

In the case we are considering the treatment can 
be complete because the interaction of the elemen- 
tary excitations is weak, which allows perturbation 
theory to be used, We will limit ourselves to the 
contribution to 2 ofthe lowest order in the coupling 
constant given by the same diagram (see Fig. 1). 
The Green’s function in the approximation taken 
agrees with that found by Pitaevskii! and has the 
form 


G1 (p)~uAp— Ae + 2a Ve, (v-Ap — As), 


where vo is the velocity of the elementary excita- 
tion at the threshold point without taking interac- 
tion into account; vq is the velocity of the excita- 
tions at which decay occurs; Ap and Ae are the 
momenta and energy referred to the threshold 
point;* a@ ~ fi/pca‘ > 0. We choose in (11) that the 
branch of the root which is positive on the positive 
axis and which has a cut along the negative axis. 


(11) 


*In (11) only the singular part of X(p) is taken into account. 
The inclusion of the regular part causes an unimportant dis- 
placement of the threshold point. 
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We shall show that vy > vc. The function F (p) 
is introduced as follows: 


F (p) = 8(q,) + &(p—q,) —2(p). (12) 


Of course, F(qc) = 0. The decay threshold Pe is 
that zero of the functions F(p), which is closest 
to de (for pe >q,), where the condition below 
must be satisfied; 


@'(q,) = ©’ (p, — q,) =e <e, (13) 


where c is the velocity of sound. The latter in- 
equality is necessary to make decay with phonon 
creation impossible. It is seen that, by virtue of 
(13), F(p) > 0 inthe range qc < p< pg. Since 

F (pc) = 0, we have F’(p,) < 0 and, consequently, 
Vo > Ve- 

The energy of the elementary excitations is de- 
termined by the poles of the Green’s function, i.e., 
by the zeros of the double-valued function (11), 
which lie either on the real € axis on the first 
sheet of the Riemann surface to the left of the cut, 
or in the lower half-plane of the second sheet close 
to the cut. 

It is convenient to introduce new variables 


y = (Ae — v,Ap) / &e, 
in which the equation G7!(p, €) = 0 has the form 


4 y— 2a V 9 —0.: (15) 
Here arg Vy = = arg y, where in the first sheet 


x = (0) — 02) Ap 8c, (14) 


we take 0 < arg y < 27. Putting y = relY, we ob- 
tain from (15) 


x—rcosg+ 2aVrsin(p/2)=0, 
rsing + 2aV rcos(/2) = 0. 


Equation (17) has solutions: g = +7 and 
sin(g/2)=—a/Vr. Substituting y = +7 in (16), 
we obtain 


(16) 
(17) 


x+r+20Vr=0, (18) 


which is only possible for negative values of x. Itis 
not difficult to verify that this is the only solution 
on the first sheet and that for x > 0 there is no 
solution of (15) on the first sheet. We note that 
r— 0 as x— 0, so that near p, the dispersion 
law has the form A€ = vpAp + 0(Ap?), the same 
as that of Pitaevskii.! 


Further, putting g = — 7, we obtain real solu- 
tions on the second sheet: 
Vr=at Voer—x. (19) 


The solution with the positive sign has a meaning 


when — © <x < a/Vr; the solution with the minus 
sign has a meaning only when 0 =x = we, 


FIG, 2 


We consider finally the case when sin (@/2) 
=-—a/Vr. In this case all the roots of (15) lie on 
the second sheet and satisfy the equality r=x. It 
is necessary, apparently, to satisfy the condition 
x = a’, for which real solutions of (15) do not 
exist. The lines on which the poles of the Green’s 
function are situated are shown in Fig. 2. The 
energies of the elementary excitations coincide 
with the poles situated on the line L, and the 
branch Ly, in the lower half-plane. 

Transforming again to Ap, Aé€, we obtain for 
Ino << O 


Ae =v, Ap) 202, (V a2 =(0, 0.) Apes — au) (20) 


Equation (20) shows that Ae = vpAp for | Ap | 
> a€o/(Vy9 — Vg) and A€=veAp for | Ap| 
<« a*€o/(Vy — Vg). We note, however, that as Ap 
— 0 the residue of the Green’s function diminishes 
as Ap, which causes excitations with dispersions 
A€=vcAp to have diminishing weight. 

For Ap 2 a7€,/(v9 — vg) the energy of the 
elementary excitations is given by the equation 


Ae = vpAp — 2a%e, — 2iae, V [(vp — vc) Ap / &c] — a, (21) 


For Ap > ae, /(Vo — Vv.) formula (21) determines 
the energy and attenuation of the elementary exci- 
tations. The latter is proportional to VAp. 

In the region (vp — Vc) Ap ~ ae, the poles of 
the Green’s function are close to the branch point 
and both formulae (20) and (21) lose their meaning. 
To clarify the situation in this region we use a 
representation of the wave function of the excited 
system with the aid of the Green’s function, which 
has been given by Galitskii and Migdal:? 

co 
<p, (é) ¥,(0)> = —iG (p, t) =i\ ImG(p, e)e~“'de. (22) 
0 
The integral (22) reduces to half the residue of 
G(p, €) relative to the pole situated on the real 
axis [this pole is determined by Eq. (20)] and to 
the integral along the upper side of the cut. 
In the variables x, y we have (for Ap < 0): 
- xe elp)t 
Cb, (4) 8, (0)> = = ik Fee 
— EY Ent 
4- Qia exp {— i (@¢ + v-Ap) t} \ tes 
0 


(23) 


506 
a b 
ay ‘ ie 4 
D a p-q 
FIG. 3 


The integral in (23) essentially diminishes in the 
time At = 1/a7e€g. In the course of this interval 
both terms in (23) play an equal role for x ~ a. 
For x « a® the second term is the most important 
and describes an excitation with energy €, and 
decay time ~ 1/a7eq. 

When Ap > 0, the first term in (23) disappears. 
The second term, for Ap > ae /(vo —Vc), as 
can be seen without difficulty, reduces to the resi- 
due with respect to the pole of the Green’s function 
lying in the second sheet and determined by (21). 
When the coupling constant a becomes of the order 
of unity, the picture given above reduces to the 
case considered by Pitaevskii. 

In the case of weak coupling, the threshold ef- 
fect gives a peculiar result in the neutron scattering 
spectrum. We will consider the scattering of neu- 
trons by phonons in crystals of light elements 
(where anharmonic effects are comparatively 
large) at a temperature T < Th (Tp is the 
Debye temperature ). 

Close to the threshold, the principal contribu- 
tion to the scattering cross section is given by the 
diagrams in Fig. 3 (a, b). The diagram of Fig. 3,a 
contributes a sharp line, the intensity of which is 
given by the formulae 


Ap=p—p, <9, 
Ap>0, 
and the position of « is given by formula (20). 


The diagram of Fig. 3,b makes a contribution to 
the neutron scattering cross section of the form 


fe pemp ce eee tha) a (24) 


|G(p) |? 6 (ep — ep_p — &4 — &p_a) d®p d*q, (25) 


Here P is the momentum of the neutron before 
scattering. After integrating the cross section 
(25) with respect to q, we obtain a formula for the 
distribution of scattered neutrons in energy for a 
given loss of momentum p: 
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BF (p) de 26 
dw = (uj Ap — Ae)? + 402 (Ae — uv Ap) , fac) 
(cee Dye 1 PR Pe Be 
NONE a oie eenec 0.BP)cap fot yj om 
BAP) = + 0,Ap 
p2\(P —p) 
0 LECT bee TA: 
Ap. 
+ 0,Ap (27) 


Formula (26) corresponds to a line of width 
~ae,, which appears for |v,Ap| ~ ae, (Ap < 0). 

Formulae (24) to (27) can be used to obtain the 
angular distribution and the distribution over en- 
ergy of the scattered neutrons. Without giving the 
results, we will describe qualitatively the picture 
thus obtained. 

For angles of scattering smaller than some @¢; 
there is a sharp line in the energy distribution of 
neutrons at the energy €)(qg), the width of which 
depends on temperature and not on the angle of 
scattering. When the angle of scattering tends to 
@q the intensity of this line diminishes as gc — 9g. 
Apart from this line there is in the neutron energy 
distribution a background at energies greater than 
<9(y). For gg—g ~ a? this background grad- 
ually gathers up into a line of width ~ ae, while 
the intensity of the line increases as y — gq — 0. 
The center of this linelies at the energy «& (9g) 
> €9(~), where €,(y) —-€)(~9) ~ Ya — gy. For 
Y > Yq there is only a smeared-out line. 

We take this opportunity of expressing our grati- 
tude to L. P. Pitaevskil and L. P. Gor’kov for val- 
uable discussions. 


'L. P. Pitaevskii, JETP 36, 1168 (1959), Soviet 
Phys. JETP 9, 830 (1959). 

2V. M. Galitskii and A. B. Migdal, JETP 34, 139 
(1958), Soviet Phys. JETP 7, 96 (1958). 


Translated by K. F. Hulme 
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A microscopic calculation of magnetic relaxation in ferromagnets, due to sd exchange inter- 
action, is carried out. Expressions are derived for the corresponding kinetic coefficients. A 
general phenomenological analysis of the problem is made with allowance for the so-called 


indirect relaxations. 


i A theoretical analysis of magnetic relaxation in 
ferrodielectrics has been the subject of many 
papers.'~> An additional relaxation, due to the sd 
interaction, should be observed in the case of a 
ferromagnetic metal. 

The purpose of the present investigation was an 
analysis of magnetic relaxation in ferromagnetic 
metals. We use the simplified model of a ferro- 
magnetic metal, which starts out with the existence 
of two groups of electrons (cf., e.g., Akhiezer and 
Pomeranchuk® ), the conduction (s) and ferromag- 
netic (d) electrons, and proceed to calculate the 
relaxation terms due to the sd exchange interac- 
tion, in the spin-wave approximation. 

We note that Turov’ and Mitchell® carried out 
microscopic calculations of the relaxation due to 
sd interaction. They have assumed, however, that 
the conduction electrons are also in equilibrium 
relative to the spin direction. 

2. The model we use for the ferromagnetic 
metal is quite crude. We therefore confine our- 
selves to a consideration of the simplest case of a 
cubic crystal (iron, nickel). We assume further- 
more that the external field H (which is aligned 
with the z axis) is so large that the sample con- 
sists of a single domain. 

We denote by S and Sq the respective spin op- 
erators of the conduction electron and of the elec- 
tron shell of the ferromagnetic ion, by gg and gq 
the absolute values of their g factors, and by N 
the concentration of the ferromagnetic atoms. We 
have 


Na =v, (1) 


where a is the edge of the elementary cube and v 
is the number of atoms per elementary cube. 

We denote furthermore by M the magnetic mo- 
ment (due to the d electrons) per unit volume of 
the ferromagnet, and by Mg the value of M in ab- 
solute saturation (i.e., at 0°K). We have 


M, = — NgaBSz = — va *ga8Sz, (2) 


where £ is the Bohr magneton. 

The energy operator of the exchange-interaction 
of the conduction electron with the ferromagnetic 
electrons will be written in the following form:® 


V(r) = (A/ Nga8) SM(r), (3) 


where A is the constant of the sd exchange inter- 
action. 
In the expression 


SM = = (SiM_ + S_M4) + S2Mz 


(@ieesvey salsa Ms = M,+iM,) 


the last term near the ground state is much greater 
than the others. Therefore, if we confine ourselves 
to states close to the ground state (i.e., if we con- 
sider the case of temperatures which are much 
lower than the Curie temperature ©), the operator 
S, will commute with the exchange energy and its 
eigenvalue will be a good quantum number. 

It is well known that for states close to the 
ground state, the operators My, and My are small 
quantities of first order of smallness, and M, 
differs from Mg by a quantity of second order of 
smallness. Therefore, when finding the energy 
levels (states close to the ground state), we can 
replace M in (3) by Mg. This yields (see refer- 
ence 9) 


V =— ASS,. (4) 


We denote by Hg the effective magnetic field 
due to the sd exchange interaction, which acts on 
the spin of the conduction electron. Analogously, 
let Hg represent the effective field due to the sd 
exchange and acting on the spin of the ferromag- 
netic ion. Using formula (4), we find 


H,=— A <Saz> | £58, Hg = — A¢S2>p/ ga8, (5) 


where the brackets < > denote averaging, and p 
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is the number of conduction electrons per atom. 
Considering that in states close to the ground state 
almost all the d spins are directed opposite to the 
field, we have 


Hs = ASa/ gsB- (6) 


The spin of the conduction electron is in a field 
H+Hg,. Recalling the expression for the Pauli 
paramagnetic susceptibility, we obtain 


<S2> = + 3gsB(H + Hs) / po, 


where jy is the chemical potential of the conduc- 
tion-electron gas. Consequently 


Hg = (8gsAp / 8gapto) H + 3A*Sap / 8eaBpo. (7) 


However, the question of the second term in Hq 
calls for a detailed analysis. The point is that 
when we substitute the value of A, taken for the 
free ion (~ 0.3 ev), the resultant second term is 
of the order of 100 koe, which sharply contradicts 
the experiment (this would cause a very strong 
shift of the resonant frequency). In this connection, 
Kittel and Mitchell believe that in a ferromagnet 
the constant A is reduced by screening by a factor 
of several times. However, so strong a screening 
appears littie likely to us. 

We adhere to a second explanation. The second 
term (7) is due to the part of the conduction-elec- 
tron polarization caused by the field Hg. There- 
fore the second term in (7) coincides in direction 
with the magnetization due to the d electrons. It 
follows therefore that the second term in Hg does 
not give a rotational moment that acts on M, and 
consequentiy does not change the resonant fre- 
quency (in this connection, see the papers by 
Yosida and Hasegawa” ). In quantum language, we 
can say that the Zeeman energy of the vector M 
in the additionai field is independent of the orienta- 
tion of M, and therefore drops out in the energy 
difference. Thus, instead of (7) it would be more 
correct to write 


1g = (SgsAp / 8gapy) H. (8) 


5. The spin Hamiltonian of the conduction elec- 
tron can be written in the following form 


H(t) = gsBHSz + (Aa® /vg 8) SM(r). (9) 


In the ground state, all the ferromagnetic spins 
are directed opposite to the z direction. The op- 
erator M, increases the overall d-electron spin 
projection by unity, while M_ decreases it. In 
other words, the operator M, causes the produc- 
tion of a ferromagnon, while the operator M_ 
causes its annihilation. According to the commuta- 
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tion rule (see, for example, reference 2) 


[M, (r), M_(r’)] = — 2gaBM.6 (r — r’). (10) 
Let the volume of the sample be unity. Then 
My. (r) = —V 2ga8M. Date, 
f 
M_(r) = —V 2gaBM, >) are!*, (11) 


f 


where af and ag are the operators of production 
and annihilation of a ferromagnon with wave vector 
f, respectively. Substitution in (9) yields 


H (r) = (gsBH + ASaq) Sz 


— ASaV gab /2Me >) (ap S_e™ + aS ye!F}. (12) 
r 
In the derivation of (12), we substitute Mg for Mz 
in the term SzZMz. 
Let us carry out second quantization over the 
conduction electrons. We readily obtain for the 
second-quantized Hamiltonian 


H = + (gBH + ASa) D) (bed — did) 


k 


—ASaV gaB/ 2M. > [ar dsb + arid], (13) 
ki 

where by and b, are respectively the operators of 
production and annihilation of a conduction electron 
with a wave vector k and a spin projection Ie on 
the z axis. The operators dg and dy are analo- 
gously defined for an electron with a spin projec- 
tion — ¥%. 

It follows from (12) that the energy spectrum of 
the conduction electron in the ferromagnet has the 
form 


& (k, Ms) ace) (k) = (g:8H + ASa) Ms, 


where mg is the eigenvalue of the operator S, and 
€,(K) is the energy of the conduction electron in 

the absence of an external field and of sd exchange 
interaction. In further calculations we assume that 


(14) 


e, (k) == RR? / 2m (15) 


({m is the effective mass of the conduction elec- 
tron). 
For the energy of the ferromagnon we use the 
expression!! 
€ (f) = 2/Sa (af)? + gaBH ete, (16) 


where J is the dd exchange integral, and Hef is 
the total field acting on the spin of the ferromag- 
netic ion. It is given by the formula 


Hogg =H 2, — Aa, 
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where Hg is the anisotropy field. Considering that 
A is considerably smaller than Ho, We can neglect 
Hd compared with H [see Eq. (8)]. Next, since 
we consider the case of large H (compared with 
Hg), we can put Hoff = H (we note that in the final 
result Heff is contained only under the logarithm 
sign). 

The dispersion law, given by (16), is valid only 
for values of f that are not too small. Accordingly, 
on the one hand, as indicated in references 3 and 
12, formula (16) can be used for temperatures 
higher than about 2 or 3°K; on the other hand, the 
Spin-wave picture can be used for temperatures 
lower than approximately one-tenth the Curie tem- 
perature. 

4. The second term in (13) causes transitions 
between the stationary states of the system. For 
example, the term agdy by causes a process in 
which an electron with wave vector k and a spin 
projection '/, is annihilated, and an electron with 
a wave vector k — f and a spin projection — ¥/, 
appears together with a ferromagnon with wave 
vector f. The overall projection of the spin is con- 
served here (the projection of the ferromagnon 
spin is equal to +1) since this an exchange inter- 
action. 

Using standard perturbation theory, we readily 
obtain 
dn (f) /dt =C >) 8{[e(k, + 4/2) 


k 


e (k —f, — 1/,) — e (f)] 


x {[n (f) + 1) [1 —g (k —f, p_)] g (k, p,) 
—n(f){1—g(k, p,)] g(k —f, p_)}. 


In this formula n(f) denotes the distribution func- 
tion of the ferromagnons; g(k, u,) and g(k, p_) 
are the distribution functions of the conduction 
electrons with spin projections '/, and —'/,, respec- 
tively; », and pw. are the corresponding chemical 
potentials; C is a constant given by the formula 


C = (ASz)? agaB /h) Maz. (18) 


(17) 


We assume that the totality of conduction elec- 
trons with given spin direction is both in internal 
equilibrium and in equilibrium with the lattice 
(therefore each of these totalities is described by 
a Fermi distribution with a temperature equal to 
the lattice temperature). This assumption is cor- 
rect, since the corresponding relaxation time is 
exceedingly small (the process is not connected 
with spin flip). However, these two electron gases 
are generally speaking not in equilibrium with 
each other, and therefore yp, ~ _-. On the other 
hand, the ferromagnon gas is not in equilibrium 
with the lattice. 
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Our problem is to calculate the relaxation terms 
due to the sd exchange interaction. In addition, 
there are other relaxation mechanisms present, 
namely: a) the mechanism connected with the 
direct interaction between the conduction electrons 
and the lattice,'*’'4 without account of the sd ex- 
change, b) the mechanism connected with the in- 
teraction between the ferromagnetic spins and the 
lattice, c) internal relaxation in the ferromagnon 
gas. Neither the lattice nor the conduction elec- 
tron participates in the latter case. In this relax- 
ation, therefore, the total ferromagnon-gas energy 
and the z component of the magnetization remain 
constant. A Planck distribution is established with 
a certain temperature which, in general, is differ- 
ent from the lattice temperature. 

Processés b) and c) are not connected with the 
conduction electrons, and must therefore proceed 
in the same manner in a ferromagnetic metal as 
in a ferrodielectric.!~® 

In accordance with the foregoing, we represent 
n(f) in the following form: 


n(f)=n°(f)-+ An(f), —n9(f) = (eT — 1)72; (19) 


An(f) is a small addition. The temperature is 
measured everywhere in energy units. 

Taking into consideration the form of the func- 
tions n°(f) and g(k, y), and also the conservation 
of energy (which is taken into account by the 6 
function), we can readily bring (17) to the form 


dn (f) /dt = C ))6 |e (k, #/2) — e(k — f, — 4/2) — 2 (f)] 


x {ail gtk, p)etk — fie) 
<'fexp {(w, — Hw) /T}— 1] 

— [g (k —f, p_) — g (k, p,)] An (f)}. 
5. We denote by L/2 the absolute value of the 


overall projection of all the d spins, and by Ly 
the equilibrium value of L. We have 


(20) 


= 2|NSi— Din Gl, Loe 2INSs =o Ow) 
f f 


Lh = An) (21) 
f 

When Sq = '/, L represents the excess of the d 

spins directed against the field. 

We denote further by D the excess of the con- 
duction electrons with spins directed opposite the 
field, and by Dp the equilibrium value of D. It is 
easy to see that the z components of the magnetic 
moments of the sample, caused by the d and s 
electrons, are to (/,)gq8L and (‘/)gs8D respec- 
tively. According to Overhauser,’ we have 


H, — B= 4pto (Dp — D)/ 3No. (22) 
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We confine ourselves henceforth to the case of 
linear relaxation. For this purpose it is necessary 
to satisfy the rather stringent condition 


[u,—p_|/T = 49D. —D|/3NpeT<1. (28) 
Considering that 
Dy = 3No (ASa + gsBH) / 40, 
the last condition becomes 
|Do—D| AS, + g,BH 
on a <I. (24) 


In addition, in all the foregoing derivations we 
have assumed that the condition 


Wien ely areal (25) 


is satisfied. Actually, the usual spin-wave picture 
is not applicable otherwise. 

Taking all the foregoing into account, we now 
readily obtain 


dL [dt =—2C >} 8 fe (k, + 1/2) —e(k —f, — 4/2) —e() 
kf 


x {(w, — p_) T* n° (f) [1 — g (Kk, po)] g (Kk — fi, pro) 


— [g (k — f, fo) — g (kK, Ho)] An (f)}. (26) 


The calculation of the second term in the case of 
arbitrary An(f) is impossible. We shall assume 
that the ferromagnon gas is in internal equilibrium, 
i.e., n(f) is in the form of a Planck function with 
a temperature different from the lattice tempera- 
ture. Then, taking (21) into account, we obtain 


An(f) = cai) AT = [2 eeu iF 28) (ay 
f 


which can be reduced to the form 
(JS ,)/2a? 


An (f) = 3¢ (3/2) T's 


[n° (f)}? e (fes"T (Lo —L), (27) 


where ¢ is the Riemann zeta function. Taking (22) 
and (27) into account, (26) becomes 

aL | dt = —(Dy—D)/Tsa + (Lo — L)/ Tas; (28) 
and after rather lengthy calculations we obtain 


4 maA2T 4 2am? LS pa APT! 


jae = 8.3% mis #3 (Np) avd Tea, ioe = aq hl (3/2) hen ds» 
(29) 
where 
e ° zdz 2 
= =] —_ a a 
fg = Ine), ta =? \ Sts) 
Bs tl Coy H!, Bax? /mass 30 
Br ccugeree ee at el See tS) 
In the extreme cases we have 
Nga ive, Vig av ON OT 2-211 (30a) 
I <q = 2e-2, lq, = 2e-* forz> 1. (30b) 
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We have calculated the relaxation terms due to 
the sd exchange interaction. Since the quantity 
L+D is conserved in exchange interaction, dD/dt 
is given by (28) but with the opposite sign. 

6. Let us now take into account the fact that the 
spins of the conduction electrons, and also the fer- 
romagnetic spins, interact not only with each other, 
but also with the lattice directly. The relaxation 
times of the direct interaction with the lattice will 
be denoted by Tgz and Tgz respectively. Then the 
relaxation equations assume the form 
Do—D _—_Lo—L poe 
T Tee ie, 


s 


Dy — D 
T ? 
sd (31) 


D= 
where 
lf Fed la le iT a=d) Tarski (32) 
The solution of the system (31) has the form 
D (t) = Dy + d, exp (—A,t) + d_exp (— A_f), 
L(t) =Lo +1, exp (—A,t) + l_exp (— A_d), 
with 


(33) 


1 ) 2 4 Ye 
+: | 
Tq Ta! as 


Further, the quantities 7, and J. are expressed 
in terms of d, and d_ by formulas such as 
Al / ile, at ny 

ty T sq 


a al isle ~ 
Ait =A 


The coefficients d, and d_ are determined from 
the initial conditions. 

Thus, D and L in general are sums of two 
exponentials. 

7. Let us consider two particular cases. 

Case 1 (see reference 9). Assume that the fol- 
lowing conditions are satisfied 


T st < T sa, Tae (35) 


The condition Tg7 « Tgq denotes that the direct 
coupling between the conduction electrons and the 
lattice is considerably stronger than the couplings 
between these electrons and the d spins. We shall 
have here Tg © Tgj. In the equation for D we can 
neglect the term (Ly — L)/Tqg. We then obtain 
D=(Do) —D)/Tg. It follows therefore that D ap- 
proaches an equilibrium value with a relaxation 
time Tg. For times much longer than Tg, we can 
neglect the term (Dy) — D)/Tgq in the equation for 
L, and therefore L= (Lg — L)/Tg. 

As a result we obtain the solutions 


D (t) = Dp + [D (0) — Dy] ce" , 
L(t) = Ly + [L (0) —Lye~""4, (36) 


We thus have in this case independent relaxation of 
D and L. 
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Case 2. Assume that the conditions 


Visd & Tests We ns (37) 


are Satisfied; in other words, the s and d spins 
are coupled more strongly to each other than to 
the lattice. Here we have 


lie aw (hes Tg J dae 


The sun D + L is conserved in the sd exchange 
interaction. Therefore in the case of total absence 
of direct coupling with the lattice, D and L cannot 
relax to the values Dy and Ly [provided the con- 
dition D(0) + L(0) = Dg + Ly is not satisfied]. It 
is easy to see that D and L will relax with a re- 
laxation time equal to TsTq/(Ts + Tg) to values 
Dg and Lg, which are determined from the condi- 
tion that D + L is conserved and from the condi- 
tion that they are stationary with respect to sd 
interactions. 


(Dyo—D)/T.=(Lo—L.) fF . (38) 
It is easy to get 
Ds = (Ta + Ts) {TaDo —TsLo + Ts(D (0) + LO}, 
Ls = (Ta +Ts)2 {TsLo — TaDo + Ta{D (0) + L(0)]}. (39) 
For complete relaxation we have 
D(t) = Do + (Ds — Do) exp (— 4_t) + [D (0) 
— D,)exp(—A,), 
L (t) = Ly + (Ls — Lo) exp (— d_f) + [L (0) 


— L,]exp (— 4,2), (40) 
where 
{ 4 4 T pace 
de LY aM ior Dae (7 +75) sans ) 


Adding D and L and taking into consideration the 
fact that Dg + Lg = D(0) + L (0), we obtain from 
(40) 
D (t) i L (t) r= (Do ar Lo) aF {{D (0) 

— DJ +[L (0) — Lo]} exp (— A_t). 
In other words, AZ_! is the relaxation time of the 


quantity D+L. 
We introduce the quantities 


D, (t) = Dy + (Ds — Do) exp (— 4-2), 
L, (t) = Lo + (Ls — Lo) exp (— Af). 
Then (40) assumes the form 
D (t) = D;(t) + [D (0) — Ds] exp (— 4,4); 
L(t)= L(t) + (L (0) — Ls] exp (—A,?). 


It is easy to see that Dg(t) and Lg(t) satisfy 
the condition of stationarity with respect to sd ex- 


(42) 
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change interaction, (38), and their sum is D(t) 

+ L(t), i.e., Dg(t) and Lg(t) are the quasi- 
equilibrium values of D(t) and L(t), correspond- 
ing to equilibrium under sd exchange interaction 
for specified D(t) + L(t). 

Thus, in our case we have the following final 
result: an equilibrium with respect to sd exchange 
interaction is established with a relaxation time 
Az!; this is followed by a slower establishment of 
complete equilibrium, with a relaxation time AZ, 
and the equilibrium relative to exchange interac- 
tion is maintained all the time during this process.* 

Case 2a. Assume that the following condition is 
satisfied in addition to conditions (37): 


TT (1. Os agreed a) (43) 


Now Eqs. (41) and (39) yield 
(44) 


Dy Oy Te a ONE 
L,;=L(0)+[Lo>—L(0)]T;/Ta—(i —T, / Ta) [Do —D OM. 
(45) 


Let us consider relaxation in ferromagnetic 
resonance after turning off the alternating field. 
Under ordinary ferromagnetic resonance, a reduc- 
tion in L takes place (saturation). Since our 
analysis is suitable only for relatively small devia- 
tions of L from Ly (i.e., for small values of the 
resonance saturation parameter ), we confine our- 
selves to the case L(0) < Lp. 

Let us consider furthermore that the magnetiza- 
tion due to the d spins is considerably higher than 
the magnetization due to the s spins [i.e., Lo and 
L(0) are much greater than Ty and D(0)]. Then 
(45) yields 


Dea able — 1 (0) dig) la eee (46) 
According to (40) we obtain 
D(t) = Dy + [D (0) — Dol exp (— 4,2) 
+ [L (0) — Lo] fexp (— A_t)— exp (—A,t)] Ts/Ta, 
L (t) = Ly + [L (0) — Lo] exp (— A_Z). (47) 


Thus, in Case 2a, the fast relaxation drops out 
from L and only the slow relaxation remains. As 
regards D, it first deviates rapidly from its initial 
value (and at the same time an equilibrium is es- 
tablished relative to the exchange interaction’), 
after which it slowly relaxes to its equilibrium 
value. 


*This means that when \,t > 1 we have D(t) = D,(t) and 
L(t) =Le@): cae 

tThe corresponding term in L can be neglected, in view of 
the large value of L(0). 
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8. Let us estimate the quantities Tgq and Tds; 
given by (29), in the case of iron. 

From a measurement of the magnetization of 
the absolute saturation it follows that the number 
of magnetons per atom of iron is 2.22 (reference 
16). This leads to an average configuration* 
3d'"8 459-22 for the iron atom, which yields Sq 
= 1.1 and p=0.22. For the dd exchange integral 
we take the valuet J=175k=2.4x107'4 erg. We 
substitute furthermore the value v = 2 (since the 
iron lattice is body-centered cubic), a = 2.85 
x 107-8 em, N= 0.86 x 107% cm73, and gq = 2. The 
effective mass of the conduction electron in iron 
is unknown, and we shall use for it a value equal 
to 0.3 of the true mass of the electron, obtaining 
Uy = 1.4x 1071! erg. At the present time, there 
are no data on the numerical value of the sd inter- 
action constant A in ferromagnetic metals. As was 
indicated in Sec. 3, it appears little likely to us 
that screening would reduce this constant by a fac- 
tor several times ten compared with its value in 
the free atom; we put in (29) a value A = 4.8 
x 1078 erg. For the constant B we obtain from 
(30) B= 190. It then follows from (30) that 


Oana etd ae, 


where T is given in degrees Kelvin. 

Since our analysis holds only for temperatures 
greater than 2 or 3°K, we confine ourselves to the 
case z <1. Equations (29) and (30a) yield 


a Z 2 S10° 71s, (48) 


9 
re Oe earaano ro Ty 


These equations can be used from 2 or 3°K approx- 
imately to 100°K. The condition Tgg > Tsq is 
satisfied over this entire temperature interval. 

The expression for Tq7 can be taken from the 
paper by Akhiezer, Bar’yakhtar, and Peletminskii.* 
The condition Tgj > Tgg is satisfied over the en- 
tire temperature interval of interest to us. For 
Tg] we use the expression obtained by Andreev 
and Gerasimenko.' Substituting the values of the 
constants for iron in the suitable formula, we ob- 
tain 


Tp ~ 104 /(Ag)?t, (49) 


where Ag is the deviation of the conduction-elec- 
tron g factor from its value for the free electron 
(2.0023). If Ag is of the same order (1074 to 107°) 


*The question of the average configuration is not completely 
resolved. See the paper by Mott and Stevens’’ regarding another 
possibility. 

tThis value of J follows from the work by Fallot,’® in which 
the coefficient preceding T°” in the temperature dependence of 


the magnetization is determined. Here we took account of the 
fact that Sy = 1.1. 
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for iron as for alkaline metals, then Tg7 > Tq, 
and Case 2a will take place (see Sec. 7). 

9. Kittel and Mitchell believe’ that in metals of 
the transition group of iron (in particular, in fer- 
romagnetic metals), Ag will be considerably 
greater than in the case of alkaline metals, in view 
of the overlap of the 3d and 4s bands. However, 
comparing (48) with (49) we see that in order for 
Tz to become of the same order as Tgq, it is 
necessary that Ag in iron be on the order of 0.2. 

The values of Ag for metals of the transition 
groups are still unknown. In addition, in the deri- 
vation of (48) we used the unscreened value of the 
sd interaction constant. We cannot therefore draw 
any final conclusions concerning the mechanism of 
magnetic relaxation in ferromagnetic metals. 

We consider that Ts] > Tsd, and therefore 
Case 2a, considered above, takes place. The fact 
that the resultant value of Tgq is so small should 
not cause any surprise: actually, the sd exchange 
interaction is strong (provided the constant A is 
of the same order as in the free atom). 

One might ask why the relaxation time Tgq 
does not cause a broadening of ferromagnetic res- 
onance (then the line width would be greater than 
the width measured in experiment). The point is, 
as was shown in Sec. 7, that in Case 2a the rapid 
relaxation drops out from the magnetization re- 
laxation due to the d spins, and only the slow re- 
laxation with relaxation time A_! remains. 

We assume that the width of the ferromagnetic 
resonance (corresponding to a relaxation time 
10° 1°10 sec) is due to the establishment of 
internal equilibrium in the d-spin system. This 
is very probable also because, according to exper- 
iment, the width of ferromagnetic resonance is of 
the same order in ferromagnetic metals and in 
ferrodielectrics. 

However, in this case our calculation of Tgg is 
inconsistent. Actually, in calculating the terms 
that contain An(f) in expression (26), we assumed 
that internal equilibrium is established in the fer- 
romagnon gas. Strictly speaking, such a consider- 
ation would be valid only if the time of internal re- 
laxation in the ferromagnon gas is smaller than Aj', 
which, in our opinion, does not take place. How- 
ever, we believe that our calculation still yields an 
approximately correct value* of Tgg,. 


*We have also calculated the second term in the expression 
(26), using the method employed in references 1—5. In other 
words, we have used the formula 


>) W (i) An(t)= > no ‘aye >) W (f) n° (f) 5} Andi). 
f f f f 


In the case z <1 we obtain here for 1/Tgg an expression that 
differs from (29) only by a factor equal to 3/4. We note also 
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It would be quite interesting to carry out reso- 
nance experiments on the conduction electrons in 
a ferromagnet. However, if the constant A is not 
greatly reduced by screening, the resonance will 
be in the infrared region (the value A = 0.3 ev 
corresponds to a frequency 0.8 x 10'4 cps). In 
particular, it would be quite interesting to investi- 
gate the effect of saturation of ferromagnetic res- 
onance on the resonance of the conduction electrons 
and vice versa. It would be also interesting to in- 
vestigate the Overhauser effect in ferromagnetic 
metals, i.e., to measure the polarization of the 
nuclei in saturation of ferromagnetic resonance or 
resonance of conduction electrons. 

At high temperatures, near the Curie point, the 
field due to the ds spins acting on the conduction 
electrons will be considerably less than the value 
Hg given by (6). The conduction-electron reso- 
nance should therefore shift towards the centimeter 
waves. It must be considered, however, that in 
this case the eigenvalue of the conduction-electron 
spin projection on the direction of the field will not 
be a good quantum number, since S, does not 
commute with the sd exchange interaction Hamil- 
tonian at high temperatures. 

The authors are grateful to M. I. Kaganov and 
to V. G. Bar’yakhtar for useful discussions. 
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By means of weak-convergence methods it is shown that the normalization constant intro- 
duced by Van Hove and De Witt!? for an n-particle state in field theory is equal to the 
product of the so-called vacuum constant and a factor 7", where Z is the constant of wave- 
function renormalization in the usual formalism of field theory. 


1s The study of the eigenstates of field theory in 
the Schrédinger representation'~* has led to the 
appearance in the theory of normalization constants 
Nq (in the notation of references 2 and 3). Without 
any sort of proof, De Witt! has identified these con- 
stants with products of certain numbers of wave- 
function renormalization constants Z in the usual 
formalism of field theory (Z, and Z3 in quantum 
electrodynamics). Later, however, after a rather 
detailed analysis, Frazer and Van Hove® came to 
the conclusion that the constant Nq cannot be con- 
nected with the constants Z in sucha simple way. 

In the present paper we shall show, by using the 
methods of weak convergence, that the result of 
Frazer and Van Hove is untrue, and that the con- 
nection between Nq and Z is essentially that given 
by De Witt. This fact makes possible a rigorous 
justification of the usual procedure for renormaliz- 
ing the external lines of S-matrix diagrams in the 
interaction representation, and thus also a proof 
of the renormalizability of the S matrix. 

2. For simplicity let us consider a scalar field 
A(x) interacting with itself. The extension to 
more complicated cases is not difficult. 

Let H be the Hamiltonian of the system, H = Hy 
+ V, where Hp is the Hamiltonian of the noninter- 
acting particles, with the eigenstates | a > (a 
characterizes the number of particles n and their 
four-momenta k,,..., ky, with ki =m’, where 
m is the mass of the particles). Also let Hy | a > 
sha! o>, and 


COBY x Oop ee On i2k: aoe ORE S0(k; — ky)aes 8 (ke K,). 
(1) 
HerenGi=) (Kiet teKn)s B= ky... - km), and §S is 
the sign for symmetrization with respect to the 
arguments. 
We put in correspondence with the state | a > 

two eigenstates of the Hamiltonian H, denoted by 
y\) and characterized by the equations: 


Ua) Se Oem (2) 


Ka | Wi> = Ne" (8a — Bas/(Ex — Ea + i0)I, (3) 
where 0 = Ng = 1 and Bu has no singularity at 
Eq = Eg. 

We assume that the renormalization of the 
vacuum energy and the mass of the particle has 
been carried out, so that 


HE® = E,¥©?. (4) 


Equation (3) can be used as the definition of the 
normalization constants Ng. It has been shown by 
Hugenholtz? that 


Nig =a Nee Nee: (5) 


where Np is the vacuum constant defined in the 
following way: 


<O| o> = No? (6) 


(|0 > and W) are the mathematical and physical 
vacua). Ny decreases exponentially with the vol- 
ume of the system. 

As for the renormalization constant Z of the 
wave function, it is well known that it can be de- 
fined by the equation 


CH, | A(x) | Vp) = (20)—e—!P*Z'2 (7) 


(Wp is a one-particle state). It follows from Eq. 
(7) that the Green’s function in the momentum rep- 
resentation for interacting particles has a pole at 
the point p? = m? with the residue Z/i. 

It is shown in Sec. 5 that No =Z. 

3. The starting point for what follows is the 
following fundamental fact of weak convergence: 
U (t)|ay eet ay _ NPE) for too. (8) 

This assertion is proved in the review article by 
Brenig and Haag‘ for the Special case of a one- 
particle state in meson-field theory that interacts 
with bound nucleons. Here we shall present a brief 
general proof. 
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Let us consider the matrix element 


(D,|U (t)|Q@,), O, = Dic @) Dae 
B 


®, = D)c2 (2) | o>, 


where < 4, | ; >< ~ and < 6,| 4, ><. Onthe 
basis of Eq. (3) we find: 


<M, | U (t)| D> = D)c§*™ (a) cy (2) NE 


NIVG=)§ =a) he 
= ),6,*” (8) 63 (a) Bee 
ap 


x exp {— it (Ea — Eg)}/(E2 — Eg + i0). 
For t ~ ¥~ the second term goes to zero, and we 
get* 
Him ¢®,|U (#)| 2» = Qi” (a) co (a) NE, 
>Fe a 


which was to be proved. 

4. Let us now use weak convergence for the 
proof of the equation: 
CED |T {A (ta). A (te) | Fo 

Nea Ng) oT fA). A(x) Si) 16>, 


A (x) = exp (iH x®) A (x, 0) exp (— ix), 
+90 


Sy =T fexp(—i \ V (tyat)\. (9) 


In fact, as we have seen 


CHE |T {A (ma) - + A (%n)}| Yeo) = lim Nang” 
fate 


pea UO (24) 7. {A (x)... A&,)}U (és) 


B>. 


0 


eles epee eae , 


- >Xp- Then, defining 


U (5, f)) =U" (ty) U (t,), 
we find: 
COHEN TIA GG). AG) UG) 
REY Akay (ty, Xe) Alta) 9 - 
BTCA (x) rx ANG) O (toy. tx): 


If we also use the fact that (cf. reference 4) 
te 


UAT j= T {exp (— i\ V(t) dt)} : 


ty 


A (Xn) U (Xn, t1) 


we at once arrive at the formula (9), from which 
there follow in particular expressions for the S 
matrix 


Sap = CHO |S) = NENG <a |Si/B> (10) 


*Some care is required in the case m =0, but it turns out 
that in this case, too, the arguments given here are correct. 


915 
and for the Green’s function 
Ae (1 — X2) = <Wo|T {A (x1) A (x2)} | Vod 
= No <O\T {A (x1) A (x2) S1}|0. (11) 


5. We can now go on to our main problem of 
correlating the constants Ng and Z. Taking both 
States in Eq. (10) to be vacuum states, we find: 


Soo = 1=No*<0/S,|0>, No=<Ol[S,|0>- (12) 


We note that <0 | S; | 0 > is real and decreases 
exponentially with the volume (this is of course 
due to the renormalization of the vacuum energy 


which we have carried out). 
Taking into account (12) formula (11) takes on 


the usual form 7 i 
Ac (%1 — X2) = (O/T {A (x1) A (x2) Si} | 0/<0 |S, | 0>. 


Let us now consider the expression 
CY, [A (x) |¥p> = No “Np 2 <0|T {A (x) Si} | p>. 
Calculating the matrix element in the right mem- 
ber, we get 
<0|T {A (x) Si}| p> = 


4 =r u — 
(20)°/2 e f <0) | S; | 0» Ac (p) Ac “(p), 


where Ac(p) is the Green’s function of free parti- 
cles in the momentum representation. Since p?* 
=m’, we have AG (p)Ag! (p) = Z. When we use 
Eqs. (5) and (12), we now have 


(Po | A (x) | ‘Fp = (Qn)\me en 2 Nee 


Comparison of this result with Eq. (7) leads to the 
desired relation: 


Ny = Z. (13) 


6. In conclusion we shall make some remarks 
about the renormalization of externa] lines in the 
S matrix. According to Eq. (10) 


GEIS eae 


= (Ni, ene NaN Sates N. ae 
Hl m 


ep hal Shyam) Na 
or, if we use our formulas (12) and (13) 
CES ein 


= ZO hy Ba Si|Ri- + md a 


where the bar over S; means that vacuum diagrams 
need not be taken into account. 

As is well known, in the renormalization proc- 
ess each line in a diagram, and also each external 
line, produces a factor Z. Ina renormalized ver- 
tex part one includes a factor z/2 from each line 
entering it. The remaining (n +m) factors zis 
from the external lines cancel against the factor 
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in the right member of Eq. (14). Thus the final 
expression for the S matrix, and consequently the 
expression for the transition probability, do not 
depend explicitly on the constants Z, and are ex- 
pressed in terms of the renormalized interaction 
constant only. 

The writer expresses his deep gratitude to Yu. 
V. Novozhilov for his constant interest in this work 
and for helpful comments, and to L. D. Faddeev for 
helpful discussions. 
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The quantum oscillations of the thermal conductivity coefficient of conduction electrons in a 
strong magnetic field H(wt > 1, w = eH/me, T is the relaxation time) are computed at low 
temperatures (kT « ¢, ¢ being the chemical potential of the electron gas) when scattering of 
the electrons on impurities is of decisive importance. It is shown that the oscillating part of 
the thermal conductivity coefficient can be expressed in a simple manner ih terms of the os- 
cillations of the specific electric conductivity. 


Ip The thermal conductivity of metals 1. a mag- in the given magnetic field can be established in 
netic field at low temperatures exhibits a singu- the time interval between collisions with impuri- 
larity similar to the Shubnikov—De Haas phenom- ties, i.e., it is assumed that if 7 is the character- 
enon: the thermal conductivity coefficient depends _ istic relaxation time, then wT > 1. The inequali- 
on the magnetic field in a non-monotonic, oscilla- ties hw « ¢ and wt > 1 can easily be satisfied 


ting manner.! Since the presence of oscillations in simultaneously in metals at low temperatures. 
a magnetic field is a common quantum property of 1/wt and iw/f are small parameters, in powers 
the thermodynamic and kinetic characteristics of a of which the expansions will later be carried out. 


degenerate electron gas, one can assume that the The state of the electron gas with account of 
electronic part of the thermal conductivity of the scattering of electrons on impurities is described 
metal is responsible for the observed effect. by the single-particle statistical operator p, which 
Therefore, theoretical consideration of the quantum is found from the quantum kinetic equation obtained 
oscillations of the electronic contribution to the in our previous work.’ The ‘‘collision integral’’ of 
thermal conductivity coefficient of metal is of this equation was calculated by perturbation theory 
interest. for the interaction potential of an electron with the 
In the present work, quantum corrections to the impurity. Such an approximation suffices if we are 
classical (smoothly dependent on the magnetic interested only in the principal term of the expan- 
field) coefficient of thermal conductivity of a sion in powers of 1/wt and hw/¢. Actually, com- 


metal’ are investigated within the framework of a parison of the results of our work? with the calcu- 


free gas of conduction electrons. We consider the 
electron gas in a metal whose temperature T has a 


lation of Skobov,’ carried out without perturbation 
theory in the case wt > 1 for point impurities, 


small constant gradient grad T perpendicular to shows that the principal terms in the parameter 


an external homogeneous magnetic field H. The 
density of the electrons is assumed to be suffi- 
ciently great that the temperature and the magnetic 


hw/¢ in the expansion of the smooth and oscillating 
parts of the conductivity of the electron gas, meas- 
ured in terms of the classical characteristics of 


field satisfy the conditions © = kT « ¢ and fiw the conductivity, are correctly described by the 

<« ¢, where ¢ is the chemical potential of the elec- solution of the given kinetic equation. The latter 
tron gas and w =eH/mc. These conditions make it verifies the possibility of use of the quantum 
possible to use a quasi-classical approximation for kinetic equation of reference 3 to find the chief 

the investigation of the behavior of an electron gas __ terms of the expansion of other kinetic coefficients 


in a magnetic field. 
In the calculation of kinetic coefficients, only 


in powers of 1/w7 and fw/t. 
The method used in the present work makes it 


the scattering of electrons on impurities present possible to study the thermal conductivity of an 
in metals at low temperatures is taken into account. electron gas with an arbitrary dispersion law; 
It is assumed that the concentration of the impuri- however, for simplicity, the case of an isotropic 


ties is small and the stationary state of the electron quadratic dispersion law is considered. 
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2. The Hamiltonian # of an individual electron 
in an external field has the form 


where €(H) is the Hamiltonian of the electron in 
a homogeneous magnetic field H, which is consid- 
ered to be parallel to the z axis; E(E;, E,, 0) is 
the electric field derived from grad T. The re- 
maining notation is standard. 

If grad T is directed along the y axis, then the 
vector potential of the magnetic field A is conve- 
niently chosen such (Ax = — Hy, Ay = Ay = 0) that 
the operator yy = —Cpy /eH, which plays the role 
of the y coordinate of the center of the electronic 
charge in a stationary orbit in a magnetic field, 
commutes with the Hamiltonian €(H). 

In the stationary case, the single-particle 
statistical operator p, which describes the elec- 
tron gas, is determined from the following equation 
(dp/ at = 0): 


(i/h) td, p] + D {po} = 0, (1) 


where [#, p] = 4p — p#, and D{p} is the quantum 
analog of the ‘‘collision integral,’’ depending ex- 
clusively on the electric field.? In the case of 
elastic scattering by large impurities, D{p} isa 
linear transformation of p. 

If we limit ourselves to the quasi-classical ap- 
proximation, it is natural to seek p (by analogy 
with the solution of the classical kinetic equation ) 
in the form 


ae fe sch Vo) 
p=fo| Si it tot ee (2) 


Here f) is the Fermi distribution function, while 
€(y) and T(y) are the chemical potential and the 
temperature, which depend on the coordinate y in 
classical fashion, in particular, T (y) = Ty 

+ (8T/dy)y (To is a certain mean temperature 
for the entire gas). By F ) is meant a definite 
matrix (obtained in reference 3) which takes into 
account the shift in the energy levels of the elec- 
tron in the field of the impurities and which leads 
to a small shift in the chemical potential, while p, 
is the small change that is sought, and is linear in 
8T/oy and E. 

Since the operator y) commutes with € (H), 
the choice of the solution of (1) in the form (2) 
makes it possible to carry out a simplification of 
Kq. (1), linearizing it in the small quantities aT / dy 
and E, 

If we are not interested in the shift of the elec- 
tron levels in the field of the impurities and if 
from the very beginning we take into account the 
small shift in the chemical potential, then we can 
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neglect in (2) the matrix Fy, which makes no con- 
tribution to the current and the heat flow. Then 
the quantum kinetic equation, linearized in 8T/dy 
and E, takes the form? 
16, Pi] + Do {1} = - [e Er, po] 
OT 2 O/B 
—£ 7Do {yPoar ( () i cE Dore), 


po(e) = fo(ge*) (3) 


where {) is the chemical potential corresponding 
to the temperature Ty). The matrix g in the repre- 
sentation of the Hamiltonian €(H), the eigenvalues 
of which €y = €y (pz), (H =N, Px, Pz), are de- 
termined by the formula 


gee = (p2 — pe)/(e, =< Es Pr a Po (e,), 


and the product rg can be understood as the direct 
product of the operators: 


(r g)ee’ = pee gre 


The linear transformation Dy) appearing in (3) 
no longer contains the electric field and can be ex- 
pressed in terms of the classical collision integral.? 

The meaning of the first two terms on the right 
hand side of (3) is evident, while the third compo- 
nent describes the effect of the electric field on the 
‘‘collision integral.’’ Writing down of the last com- 
ponent is somewhat different from the correspond- 
ing expression in reference 3, since in the given 
case the field is not directed along the y axis but 
is located at a certain angle with respect to the y 
axis in the xy plane. 

In the classical limiting case, in which the scat- 
tering of the electron on a short-range center takes 
place with the conservation of the coordinate r at 
the scattering point, Dy { rg} — Doi { rp) (e)} =0, 
and Eq. (3) transforms into the classical kinetic 
equation for the correction to the distribution func- 
tion of an electron gas. 

3. The solution of Eq. (3) is found in the form of 
an expansion in powers of 1/ wT, where use is made 
of the fact that D) is proportional to 1/T. In the 
expansion of p;, just as in reference 3, the terms 
of zero and first approximation in 1/wT remain. 
With the help of the matrix p; determined in such 
fashion, and also with the help of the expression 
for the density of the electric current j and the 
energy flux q 


j=eSp{pv}, q=-+Sp{p(ev+ve)}, 
we establish a linear connection relating j and q 
with E and grad T: 


ja = Oaq'Ea’ + Sa (OT /dy), qy = NaEa i 8 (OT /0y) 
(Gh; ves, by 2), 


OSCILLATIONS OF THE THERMAL CONDUCTIVITY COEFFICIENT 


In the approximation under consideration, 
Sxx = Sy = (emc/H) Sp {Dy (Yo?) Ux}, — Syx = ecny/H, 
=(0 | UG ea | 
(Ome/H) Sp Po | yor, Al 6 \] vx} , 
— 2 eCny/H, 


Ny = (mc/2H) Sp {Dy (Yo?) (ev, + v ®)}, 


*B8 = (Hmc/2eH) Sp {Do [yor os C3 )|, (ep2e 


Oxy = 


0x8) ; (4) 


where np is the electron number density corre- 
sponding to the chemical potential ¢), while € is 
the average energy of the electron. 

Expressions of the type (4) for the tensors of 
the thermoelectric coefficients in a magnetic field 
are obtained in completely analogous fashion in the 
case of an arbitrary dispersion law. Similar to 
what was done for a,? one can easily study its os- 
cillating parts, expressing the latter in terms of 
the oscillation of the magnetic moment. However, 
calculation of the oscillating part of the thermal 
conductivity coefficient in the general case entails 
very great computational difficulties; therefore, 
the simplest case of a quadratic isotropic disper- 
sion law is considered. 

Any of the thermoelectric coefficients (4) is ex- 
pressed by a formula of the type 


6 = Sp {Do(R) gq}, 


in which R is the diagonal matrix of the form R 
=po~ (yo, €), while g is a matrix which is diagonal 
in yo and pz. 

The linear transformation D)(R) is written in 
matrix form in the following way: 


D, (Ry = shies 


—— » Wk (é., Yo P53 


(Yo. Pz) 
es Uo pl R  (e, 


rie Petes Day Re 


Yy» p,) 


(summation is carried out over all primed indices ). 


Here K=n —m, K’ =n’ — m’, and for the matrix 
element Wxx, we substitute the Fourier component 
of the kernel of the corresponding classical colli- 
sion integral (this substitution of matrix elements 
is discussed in the work of I. M. Lifshitz’ and is 
used in reference 3). 

If we make use of the form of R given above 
and the Hermitian character of the operator 9, 
then we get the following expression for the coeffi- 
SiCnt OG. 


G5= ye (e,) f PK W oo (5) 


in which summation is carried out over all indices, 
and which can be represented in a form similar to 
Eq. (19) of reference 3: 


4) 2 1 as So ymAs, dpe. (6) 
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The definition of the quantity y entering into o is 


* evident from (5). 


Writing down of an arbitrary thermoelectric 
coefficient in the form (6) makes it possible, di- 
rectly or with a little alteration (brought about by 
an account of the higher powers of the expansion in 
@/¢) to make use of Eqs. (20) — (24) of reference 
3. These formulas make it possible to separate the 
basic classical parts of coefficients of the type o 
and the corresponding oscillatory quantum contri- 
butions, and it is found that the essential dependence 
on H and ® of the oscillating parts of the thermo- 
electric coefficients (4) is the same as for the os- 
cillating magnetic moment, and is always taken into 
account either by a factor F* (see reference 6) of 
the form 


~ aoe kK 2nKey 30 
je (=i as, 
a Ke sinh(Ka)” 0s ( ho a 2 


or by its derivatives with respect to H and 9. 

4, The coefficient of thermal conductivity xk is 
usually identified with the coefficient of proportion- 
ality (taken with reverse sign) between the com- 
ponent q along grad T and the gradient of the tem- 
perature at j = 0. In the case under consideration, 
it is composed of the coefficients (4) in the follow- 
ing fashion: 


% = Sy (1) Oxx —=")6xy) / Ae 8, 


Having the expressions given above for the 
smooth and oscillating portions of the coefficients 
(4) in the coefficient of thermal conductivity de- 
fined by Eq. (8), we can also separate the classical 
part Ko, which is smoothly varying with the mag- 
netic field, and a small oscillating quantum correc- 
tion Ax. The classical part kp) is connected in ob- 
vious fashion with the classical electrical conduc- 
tivity in a magnetic field a: 


= (n*/3) (k/e)” Tq, 


where k is the Boltzmann constant and the oscilla- 
ting part Ax is expressed in terms of the oscillating 
part of the electrical conductivity Ao, determined in 
references 3, 4, and 7. 

It is convenient to write the connection of the 
principal term (for small parameters fiw/¢ and 
@/¢) in Ax with Ao following from (8) and (4) in 
compact form, after a long series of calculations 


and estimates: 
a2 ( An\ _ 2 & (As 
OH? ee = 0) 00” eS : 


where £)(0) is the classical chemical potential at 
T = 0°K, and the differentiation takes into account 


Ey (9) 
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only the very strong and important dependence on 
H and @, determined by the factor F*. 

The quantity Ao entering into (9), as was em- 
phasized above, can in turn be expressed through 
the oscillating part of the magnetic moment of the 
electron gas.® The latter indicates that the periods 
of oscillation of the thermal conductivity coefficient 
coincide with the periods of oscillation in the 
DeHaas—Van Alphen effect (this result naturally 
remains true even in the case of an arbitrary dis- 
persion law). It is well known that experimental 
measurements of the period of oscillation of k 
lead to the same conclusion.! 

If we take into account only the fundamental de- 
pendence of Ax and Ao on H and ®, given by a 
factor of the type (7), then we have a quantity of 
order of magnitude 


eee 
oH 


Ho An ~ 2 Ax, Ly ae As 2225, 
and therefore it follows from (9) that 
Ax | %)~ Ao /6y. 
For not very low temperatures, when fiw < 9, 
we have the equality 


Ax / %) = 3(AG / 6,). 
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A general expression has been deduced for the width of low intensity shock waves in magneto- 
hydrodynamics. The damping coefficient for small amplitude waves is determined and its 
relation to the discontinuity width is established. 


lke problem of the determination of the structure 
of shock waves in magnetohydrodynamics is math- 
ematicaliy very cumbersome and can be solved in 
the general case only by numerical methods. At the 
present time the structure of perpendicular shock 
waves (i.e., traveling strictly perpendicular to the 
magnetic field) has been studied in sufficient de- 
tail..* However, such a wave is only one of the 
simplest types of shock waves in magnetohydro- 
dynamics. So far as shock waves of the general 
types are concerned, the so-calied oblique shocks, 
their structure has been considered only under 
certain simplifying assumptions, namely, under 
consideration of Joule dissipation only.° Even in 
this case, one has to resort to numerical integra- 
tion, which complicates the investigation of the de- 
pendence of the solution on its parameters. 

In this connection, it is interesting to investigate 
the structure of low intensity shock waves by a 
method developed by Landau and Lifshitz® for a 
shock wave in ordinary hydrodynamics, and by one 
of the present authors‘ for a perpendicular shock 
wave in magnetohydrodynamics. Although this 
method does not make it possible to include in the 
discussion such peculiarities characteristic of 
strong shocks as isothermal and isomagnetic dis- 
continuities, it nevertheless does make it possible 
to solve the problem in the general case for waves 
of an arbitrary type with consideration of all dissi- 
pative processes. This is especially important in 
the study of the dependence of the solution on its 
parameters and on the special features arising 
therein. 


1, THE EQUATION OF A LOW INTENSITY SHOCK 
WAVE 


In what follows, it is convenient to select a set 
of coordinates’ in which the lines of the magnetic 
field and the streamlines of the liquid are parallel 
at great distances from the discontinuity. This 
set of coordinates can be introduced for all shock 


waves with the exception of the strictly perpen- 
dicular, in which v1 H. However, as we shall see 
below, the result does not depend on the choice of 
coordinates and therefore it will be useful for the 
perpendicular shock wave also. 

Let us consider a plane shock in which all the 
quantities depend only on x. The general equation 
for stationary one-dimensional flow can be written 
in the following form:* 


J=0,/V =), 
gd at, 


(1) 
(2) 
(3) 
(4) 


jVH.— H,v,—BdH,/dx = 0, 
iv- —F,H.— ndv./dx = jv-, —H,H., 


p+pV+ +H? —(4n+6) idVide = + 7Vi+4Ha, 
(5) 


dee Oe > aV 
— /7V? + —y2 + w (sn+o)VZ 


dv? Ts 4 
Nn c *% di 2 so1 72 1 2 
A age Soe ute Cale 


(6) 

Here the following notation is introduced: w, p, 
T, and V are, respectively, the heat function of a 
unit mass of the substance, the pressure, the tem- 
perature and the specific volume of the medium; 
n and ¢ are the first and second viscosity coeffi- 
cients, K is the coefficient of thermal conductivity 
of the medium, and 6 = ci /4m0 is the magnetic 
viscosity (o is the electrical conductivity of the 
medium and cy is the speed of light). The ration- 
alized system of units has been introduced for the 
intensity of the magnetic field. The index 1 denotes 
the value of the corresponding quantities at a large 
distance in front of the discontinuity. The indices 
n and T respectively denote the components of the 
vector velocity v and the intensity of the magnetic 
field H normal and tangential to the surface of dis- 
continuity. 

Equations (5) and (6) contain only the squares 
of the tangential components H; and v7. Since 
Eqs. (3) and (4) are linear in v; and H7,, then they 
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can be transformed into equations containing only 
the squares He and ven This transformation 
makes it possible to consider as low intensity dis- 
continuities not only discontinuities in which all the 
physical quantities change but slightly, but also 
discontinuities in which the absolute values of all 
physical quantities undergo little change while the 
directions of the vectors v and H can change 
appreciably. 

The latter can be the case if the change of the 
vectors v and H inside the discontinuity are de- 
termined by their rotation about the normal to the 
discontinuity. For rotational discontinuities, the 
angle of rotation can be arbitrary. However, for 
shock waves, the boundary equations require that 
the vectors v and H in front of the discontinuity 
and behind it lie ina single plane. Therefore, in 
the case of a shock wave, the rotation of the vectors 
v and H inside the discontinuity can exist only at 
an angle which is a multiple of 7. 

So far as we know, this interesting case of shock 
waves has not been discussed to date. The diffi- 
culty here lies in the fact that the problem of the 
structure of shock waves ought to be solved for 
nonplanar motion. However, in the approximation 
of weak shock waves considered below, this prob- 
lem does not differ from the problem for plane 
motion. 

For low-intensity shock waves, the differences 
of the physical quantities 


bp=p—p, W=V—V,, 6F=T—T, 


fe3 2 2 2 2 
6H, = H,— An, d02 = 05 — 0% 


are small and we can limit ourselves in the equa- 
tion to terms of no higher than second order of 
smallness in 6p, 6V and so forth. Moreover, we 
make use of the fact that the inverse of the discon- 
tinuity width 1/1, as will be seen from the results, 
has the same order of smallness as the discon- 
tinuities in the quantities 6p, 6V and so forth at 
the discontinuity, and consequently differentiation 
with respect to x increases the order of smallness 
by unity. 

Making use of Eqs. (3) and (4), we express the 
discontinuities 5H? and dv’ under these assump- 
tions in terms of 6V, with accuracy up to terms of 
second order: 


dH? a a,6V + by (dV)? + c,dV [{ dx, 
Su? — adV + b (6V)? + cdV / dx; 


b == Vib, a a,/2, 
ay = 2H: LAX, 


(7) 
(8) 
c= Vio, + (n/j) Vian, 
p= Shoe) At 

@ = — 2jHRA* (PB + Han), A= A — PV, 


Op Via, 


(9) 
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We note here that in the solution of Eqs. (3), 
(4), (7), and (8) with respect to a, a4, ..., division 
is carried out by the factor A which vanishes for 
rotational (H2, = pv;,) discontinuities. The appear- 
ance of a singularity in Eqs. (7) — (9) for A= 0 
signifies the absence of a stationary structure in 
these discontinuities. In fact, for rotational discon- 
tinuities, the boundary equations require an equality 
of density, pressure and, consequently, entropy on 
both sides of the discontinuity. This requirement 
is in contradiction with the increase in entropy as 
the result of dissipation. Therefore, the rotational 
discontinuities cannot have a stationary character, 
and are smeared out with passage of time, as was 
shown by Landau and Lifshitz® for an incompressi- 
ble fluid. 

Equations (5) and (6), with account of (7) and 
(8), reduce to the form 


dp + (7? + + a,) V + = 6, (6V)? 
| [Fa—j(4n+ oJ av /dx =0, (10) 
dw + (?Vi + 4 a) &V +5 (7? + 8°) (6V)? 
+[4c—WV(Gn+0)] a /dx 
— (ya/2j)dV /dx = (*/j)dT / dx. (11) 


It is convenient to solve the systems (10) and 
(11) for 6p. For this purpose, multiplying (10) by 
V, and subtracting the result from (11) we get the 
following equation: 


so —V,dp += (7? +4 


Further, taking the pressure p and the entropy of 
a unit mass s as independent variables, and repre- 
senting dw, 6V and 6T in Eqs. (12) in the form of 
series in 6p and 6s, we get for the first two terms 
(the contributions are similar to those obtained by 
Landau and Lifshitz° ): 


sn (0) 


a,) (8V)? = (x / j) aT / dx. 


(12) 


(13) 


Equation (13) shows that for low intensity dis- 
continuities in magnetohydrodynamics, with the ex- 
ception of the vicinity of the singular point A = 0, 
at which the expansions (7) and (8) are inappropri- 
ate, the change in entropy inside the discontinuity 
is small in comparison with the change in pressure. 
Therefore, it suffices in what follows to limit our- 
selves to the account of terms of first order in 6s. 
In this approximation considering (13), we have 


GMGLE 
(14 


Substituting this expression in (10), we obtain a 
differential equation for the pressure p(x): 


8V = (ZF), op + + (Se), (On) 4 
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bh te) aor) 
as ae - Se ee Gee 


where dp = p(x) — pj. 

In the case of the absence of a magnetic field, 
Eq. (15) reduces to the equation for p(x) in ordi- 
nary hydrodynamics, introduced by Landau and 
Lifshitz,® inasmuch as the coefficients a,, bj, c; 
tend to zero along with the intensity of the mag- 
netic field. 


(15) 


2. DAMPING OF SMALL AMPLITUDE WAVES IN 
MAGNETOHYDRODYNAMICS 


Equation (15) can be used directly for the deter- 
mination of the damping coefficient of waves of 
small amplitude in magnetohydrodynamics. For 
this purpose, it will be sufficient to limit ourselves 
to the linear approximation, omitting from (15) the 
term with (dp Nes and neglecting the difference be- 
tween V and V;, in the expression j = vy/V. 
Moreover, taking into consideration the thermo- 
dynamic relations 


ov 1 OT\ foV iQ 4 1 
is ees Cane: i p2c? lc; c-| : 
where c is the speed of sound and p = 1/V is the 


density of the medium, and also Eq. (9) for the co- 
efficients a, and b;, we get as a result 


9 
Vv 


Sy ee A. 
ie t1 t ee Eire ! ol 
oe| (44+) «(G-a) +Gnto+ Az 


2 2 
! [1-8 (1+ St) | po. 

In the process of deriving this equation, we 
have omitted terms with higher derivatives in addi- 
tion to linearizing in the amplitude. In the initial 
equations (3) — (6), terms with first derivatives in 
x contain as a factor one of the dissipative coeffi- 
cients n, ¢, K, or 8. Therefore, in neglecting the 
products of these terms and terms with higher de- 
rivatives, we actually neglect products of the dissi- 
pation coefficients. This is equivalent to an as- 
sumption on the smallness of damping, which will 
be considered in the present work. 

For perturbations whose time dependence has 
the form el , Eq. (16) reduces to the well-known 
relation between vy and k: 


dp 
nn) dx 


(p202.8 + H? 


(16) 


of — 02 (Cu? + uw?) cu i C 
4 2 d 
+(Snts)|t—8) + exe — 7) 
a2 4 
“a (ORB + uen)y = 0 


+ (17) 
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Un =Hn//p is the Alfvén velocity, ur = Hr /Vop. 

Equation (17) for vy = w/k is equivalent to the 
dispersion equation for small amplitude waves in 
magnetohydrodynamics with consideration of weak 
damping. In fact, the time-independent equation 
(16) can be obtained from the general linearized 
system of equations of magnetohydrodynamics by 
a formal transformation of coordinates: x = x’ 
+ Vyt, and by a corresponding ep Apre ot of 
the desired functions el(kx—wt) _. gikx’ ( i Vn 
= w/k). Therefore, in the determination of the 
damping coefficient, one can start out immediately 
from Eq. (17), setting the phase velocity of the ex- 
citation v = k Re w = Re Vn and the damping coef- 
ficient y = Imw = kImvp. 

Without consideration of dissipative terms, Eq. 
(17) is reduced to the dispersion equation for 
small perturbations:? 


of — 0? (C2 + un + ut) + 


Solution of Eq. (17) in the case of weak damping 
can be represented in the form 


Cu, = 0; (18) 


Un =V0+ ivy =v + i7/kR, 


where y < kv, and v satisfies Eq. (18). Substi- 
tuting this solution in (17), we find the damping 
coefficient y, which determines the decrease in 
the amplitude of the wave with time as e Vt 


(19) 


1 ee ee { ) 
a= ———___{¢? (y? — uy?) | —(— —2- 
eee ( 2) PENGs C, 


+4 (tn+9)]+ 0-2) (8+ 


pc? 


(20) 


For a parallel shock wave, the phase velocity of 
the wave v =c and the coefficient a is given by 


4 4 4 4 (21) 
ala Con caja a n+6)|, 

which coincides with the expression obtained by 
Landau and Lifshitz.° 


For a weak rotational (Alfvén) discontinuity 
(v =vn) we obtain 


a, =+4(8+7/p). 


a=ay = 


(ORS 


(22) 


As is seen from (22), the dissipation in this case, 
as in the case of an incompressible fluid,® is due 
only to the viscosity and the conductivity of the 
medium. 

For a weak oblique wave, considered as the 
limit for Un =¢’, ur — 0, we find from (18) and 


(20) that v“ = es = cyand 


a==(2 € z)4 "I. (23) 
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We note that in this case the damping coefficient is 
equal to half the sum of the coefficients in the ordi- 
nary sound wave and in a weak rotational discon- 
tinuity. 

For a perpendicular wave, in which nes = 0, but 


Ur =H? /p z 0, we find v’ = u2 +c? and 


t ie a 5 
—a,= —_——_— > 
a ule 2(4 ae u? | c®) p G C, 


oe (24) 


3. WIDTH OF THE DISCONTINUITY 


The width of the discontinuity can be determined 
from Eq. (15). At large distances the pressure on 
the left and right of the discontinuity is equal to 
p; and p, respectively, while the right hand side 
of the equation vanishes along with dp/dx. There- 
fore, the roots of the quadratic three terms on the 
left hand side will be p,; and py, and Eq. (15) is 
equivalent to the equation 


by Z 


dx A (p Ce, 


ps) (Pp — Pr) 


The coefficient A is equal to double the ratio of 
the coefficients for dp/dx and (6p)? in (15); with 
the aid of the relations used in the derivation of 
Eq. (16), this coefficient can be written in the form 


1 ie 
pv 


(i+ H2/A)x(1/C,—1/C,)+(4n/3 + ©) +(H, / A)? (92028 + Hn) 
pct (1 + H?/ A) (°V / Op*), + 302H2/ A? (26) 


x 


The quantity A = ne = Hove = 10) (uz, _ v’) ap- 
pearing here depends on the velocity of the 
medium v relative to the surface of discontinuity. 
For this velocity we can substitute in Eq. (26) (in 
the approximation under discussion) the velocity 
of small excitations determined from the disper- 
sion equation (18). Then A, with consideration of 
(20), takes the following form: 


2,2 
(ut — cus) a 


_ 8e%p (27) 


Y pict (v8 — u2) (BV / Op%), + 3 (v? — 2) v? 


Integration of Eq. (25) shows (see, for example, 
reference 6) that the change in pressure takes 
place essentially in a layer of thickness 


[= A/(p2— pr), (28) 


that is, 1 is the effective thickness of the discon- 
tinuity. 

Let us consider in more detail the expressions 
(27) and (28) for the width of the discontinuity. For 
a parallel shock wave (H} = 0), Eq. (28) coincides 


E. Pw SIROTINAcand? Shel; 


SYROVAT-SKII 


with the width of the ordinary shock wave,° as it 
should, inasmuch as 


8V7a, (PV \-1 = 4V3_ / OV \-17 4 ih 
4 \ a Sr | 
Ay nor C3 Ge ), mene (Ge i | (a C, / 
4 i‘ 
+ (=n+6)]. (29) 


The set of coordinates we have chosen is gen- 
erally not suitable for consideration of a perpen- 
dicular wave. However, Eq. (28) also contains the 
perpendicular wave as a limiting case Hy — 0 and 
Hz =~ 0. In this case, 

4o[n(C5*—~ Co) 4n/3-4+-¢) Wt u2 | c%) + pBu? / c?] 
V+ u2/ 2 [ptt (0° / Op), + 3u2 / c*} 


(30) 


and the width of the discontinuity coincides with 
that obtained earlier.‘ 

As is seen from the derivation of Eqs. (10) and 
(11), the singular case A = 0 is, strictly speaking, 
excluded from our consideration. In addition to the 
rotational discontinuity and discontinuities close to 
it, a singular oblique wave,” in which Hr = 0 on 
one side of the discontinuity and A = 0 on the other, 
also corresponds to this case. 

So far as the rotational discontinuity is con- 
cerned, such a discontinuity (as has been noted 
above ) cannot have a stationary width in the pres- 
ence of a dissipation. Formally, this case corre- 
sponds to an infinite width because of the vanishing 
of the denominator of Eq. (28). For discontinuities 
close to rotational, we get from (26), for A = 0, 


(31) 


However, as can be seen from Eqs. (7) — (9), in 
such discontinuities (i.e., for Hz = 0) 6V, and 
therefore 6p also, must approach zero along with 
A, and therefore Eq. (28) does not give a finite 
value for the width of the discontinuity. Thus one 
can conclude that both the rotational discontinuity 
and discontinuities close to it cannot have a sta- 
tionary width.* 

For the singular oblique wave, considered as 
the limit of a shock wave for ie =c? and ue aa () 5 
the expression for A reduces to the following: 

4c [x( C5" — C54) + (40/3 +.) + Be +0] 
a p®c4 (0°V /dp*), + 3 ; 

For such a limiting transition, the coefficients 

of the expansions (7) and (8) remain finite and, 


(32) 


*Furthermore, we note that, in discontinuities close to 
rotational, the tangential couponent of the magnetic field 
changes sign. Such shock waves, as has been pointed out 
by Polovin and Lyubarskii,*® are unstable relative to split- 
ting (non-evolutionary). 


STRUCTURE OF LOW INTENSITY SHOCK WAVES 


consequently, the peculiarities which are charac- 
teristic of rotational discontinuities do not appear 
here. 


4. THE CONNECTION BETWEEN THE DAMPING 
COEFFICIENT AND THE WIDTH OF A LOW 
INTENSITY DISCONTINUITY 


One can also arrive at Eqs. (27) and (28) for 
the width of the discontinuity by starting from the 
qualitative picture of shock wave formation. In 
fact, the stationary structure of the discontinuity 
is established as a result of the equilibrium of two 
opposing processes. The first of these consists in 
the smearing out of the jump under the action of 
viscosity, finite conductivity and thermal conduc- 
tivity. The action of these dissipative processes 
can be described by a certain effective viscosity 
which for a wave of small amplitude is connected 
to the damping coefficient by the well-known rela- 
tion y = ak’, and therefore is determined by Eq. 
(20) in magnetohydrodynamics. The smearing out 
of the discontinuity as the result of dissipation has 
a diffusion character and the velocity of such 
smearing out V_ can be estimated from the relation 


(mops V_~l/t ~4aft, (33) 


where 7 is the width of the discontinuity and t is 
the time, measured from the moment of formation 
of the discontinuity. 

As the opposing process, we have the ‘‘entangle- 
ment’’ of the discontinuity brought about by the dif- 
ferent velocities of the excitation in front of the 
discontinuity and behind it. The ‘‘entanglement’’ 
tends to reduce the width of the shock which takes 
on a certain stationary value when both these proc- 
esses are equal to one another, i.e., the rate of en- 
tanglement V, becomes equal to the rate of smear- 
ing out V_. In this case the width of the discon- 
tinuity, in accord with (33), becomes equal in order 
of magnitude to 


6é 


l~ 4a/V,. (34) 


The rate of ‘‘entanglement’’ V, is equal to the 
difference of the velocities of small disturbances 
in front of the discontinuity and behind it in a fixed 
system of coordinates: 


V, =0' + dvay— v = 60 + Ovays (35) 


where v and vy are the velocities of propagation of 
the waves of small amplitude under consideration 
relative to the medium on the two sides of the dis- 
continuity, and 6vay is the jump in the normal 
component of the velocity of the medium in the 
shock wave. 
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In zero approximation (for magnetohydro- 
dynamic ‘‘sound’’), the velocities v’ and v coin- 
cide and are equal to the velocity of the discon- 
tinuity. In the following approximation, one can 
determine dv = v — v from the dispersion equa- 
tion (18), in which it is convenient to select as inde- 
pendent variables the density p and the tangential 
component H7: 


of —v?(c? + Hn/p+ H2/p)+cH2/p=0. (36) 
Then 
(ola) Ov 
60 = a 6p + ae 6H,, (37) 


where we have taken it into consideration that Hn 
is continuous and the change in entropy is small in 
comparison with the change in the density. There- 


fore, 
dex (96) fe = [BE (SE), — 


Computing the derivatives dv/ap and ov/dH- 
by means of (18), and taking it into account that in 
a wave of small amplitude [see reference 9, Eqs. 
(2:2.1)and (2-22) 4 


(38) 


OH a= [07 — Cc) -H2)H.6p, (39) 
dvav= vdp/Ff, (40) 
we finally obtain: 
_ v?6p liao 2) 9376 (OV \ 
ian ES = 2pv [vt — cu? ] |(e eae (ip Js 
 3v? (uv? c) | ‘ (41) 


This expression for the rate of ‘‘entanglement,”’ 
together with (34) again leads to Eqs. (27) and (28) 
for the width of the discontinuity. 

From the qualitative considerations that have 
been given, it is clear that the rotational discon- 
tinuity for which ‘‘entanglement’’ is absent (dp 
= 0) cannot have a stationary width. 
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COVARIANT STATISTICAL THEORIES OF MULTIPLE PARTICLE PRODUCTION 
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Possible covariant theories of multiple particle production are analyzed under the condition 
that the matrix element can be factorized. The multiplicity of the secondary particles is 
computed by assuming that the matrix element is a power function of the energy of the par- 


ticles involved in the process. 


haat probability Wy that N particles with 
masses M4, M9, eee 
sion of two particles is of the following form: 


Wy =)\---\O(Ko, base, fe) 
N N 
x (Ko— > &i) I] 8 (8 — mi) ate, (1) 
j=l j=1 


where Ky(iP , Ey) is the four-momentum of the 
initial state, kj (ipj, €j) is the momentum of the 
j-th particle, and @(Ko, kj, ...kj) is an invari- 
ant function depending on the character of interac- 
tion of the particles. 

We shall consider the case where the interac- 
tion between the particles is sufficiently small so 
that we can neglect the correlations. The function 


® (Ky, ky, . . . ky) can then be represented in the 
form of the product 
N 
@ (Ky, hr, ---, Rv) = 1] D/(Ko, &)- (2) 


j=1 
In the following, we shall limit ourselves to invari- 
ant functions of j (Kg, kj) of a special class, such 
that 
@; (Ky, Rj) = C (Kok)? /(V KovKov)’ (3) 


where C is independent of Ky and kj, and is de- 
termined by the coupling constants, masses, * 
spins, and isotopic spins of the particles; q and s 
are integers. 

Taking Eq. (2) into account, the relation (1) can 
be converted into the form 


N N 
Nine 7 
Wy 2 =| 43 "(Ko — 3 i) Ul @; (Ko, Rj) a, 1d p,. (4) 


We shall dwell in detail upon the important special 
cases: 

*Moreover, the mass dependence should be such that Wy 
is a dimensionless quantity. 


- My are produced in the colli- 
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O; (Ko, kj) =C (Kovkjv) / (KovRov); (5) 
OD; (Ko, kj) =C. (6) 


The function (5) corresponds to the statistical 
Fermi theory,! and the function (6) to the theory of 
Shrivastava and Sudarshan’ (SS theory ). 

The special cases based on the choice of Eq. 
(5) or Eq. (6) are of special interest because of the 
possibility of giving them a simple and clear inter- 
pretation. The physical interpretation of the Fermi 
theory is well known. The choice of j (Kg, kj) 
in the form (6) can be treated in the following way: 
expanding the meson field of the nucleon (at suffi- 
ciently great distances from its center) in a Four- 
ier integral, it is found®»* that the probability wj 
of a pseudoscalar meson having momentum in the 
interval pj, pj + dpj is equal to 


oj = d’p,/&. (7) 


If w; is independent of the remaining w, (k 
~ j), which is equivalent to the assumption of 
statistical independence of the particles, then the 
probability of N mesons being in the states with 
momenta Pj. .- PN is equal to the product of cor- 
responding probabilities for separate particles. 
Furthermore, in line with the Lewis, Oppenheimer, 
and Wouthuysen theory*® (LOW theory ), the proc- 
ess of multiple particle production can be inter- 
preted as the breaking up of a meson cloud without 
any change in its internal state (i.e., conserving 


N 
the distribution I d°pj/«j). 
j=l 


Such an interpretation leads to Eq. (4), under 
condition (6). It is, however, necessary to mention 
that the SS theory is then not fully equivalent to 
the LOW theory, since the role of nucleons in the 
collision process is treated differently in the two 
theories. While, according to the LOW theory, it 
is necessary to assume that the nucleons lose a 
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relatively small energy fraction, and consequently, 
have to be treated as separate particles from the 
energy point of view, the nucleons are treated 
equally with other particles in the relations (4) and 
(6). In essence, the mathematical formulation of 
the LOW theory is reduced to the following rela- 
tion 

N 


N 
Wy ~\d*(K — Dk) A (Ki, Ka) [] ap,/e, (8) 
i=8 j=3 


where K = Ky — K; — Kg; Ky and Ky are the four- 
momenta of both nucleons determined by the mech- 
anism of the process. The summation and multi- 
plication is carried only over meson indices. 

2. We shall calculate the probability Wy for 
the class of theories indicated in Sec. 1. We have 
previously developed a method of calculating the 
quantity (4) for the Fermi theory [ assumption (5) ]. 
Here, we shall apply this method for calculating 
Eq. (4) with $j in the form (3) with arbitrary q 
and s; in particular, we shall obtain formulas for 
the SS and LOW variants. 

In order to simplify the calculations, we shall 
consider the problem in the c.m.s. (P)y=0). Since 
the probability Wj depends only on the invariants 
Ei — P} and m,, it is necessary to make the sub- 
stitution E2,— E? — P} in the final expressions in 
order to go over to the general case Py + 0. Using 
the Fourier transform of the 6 function, we trans- 
form (4) to the form 


6 


+-co—i8 -oo—i5 
Wy = CY [2NES—O* (on) 4-4 \ exp [— it,E.]dt, \ dt 
—oo—i6 —co—id 


Gearon 


x |] \\\@ + my? exp li (ts Vp? + m2 + sp) d°p,. 


j=1 —oo 


(9) 


The integral over pj can easily be transformed 
to the form 


loo) 
, Dag off Gl ; SS eer 
ies at aed ae \ exp [7 (%) V p+ m* + tp J] 
—0oo 
°o\—/e 2 df Gh Sy ON 
x (p} + m?) eee ereiwreregr | VeLNUU eed) 
1 


(10) 


[ where ayy (z) is the Hankel function]. The phase 

g of argument mjy 7? — 7? is chosen in the follow- 
ing way: 

=U fort, >t, g =in/2for—t<y< tT, 

g =in for | << —t. (11) 


Carrying out the differentiation, and using the re- 
current formula for the Hankel function, we obtain 


an? mire (1) LL =P) 
j= 2 
i= a GL aehn Hgts (mjV 2 — 7). 
1 


(12) 
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For future calculations, similarly to what was 
done by us earlier,® we shall expand the product of 
the Hankel functions in a series and integrate it 
term by term. As a result, we obtain the expres- 
sion for (9) in the form of a non-power series of a 
small parameter Yj 


vj = m;/ Ec. (13) 


In particular, the first term of this series, inde- 
pendent of v;, (which corresponds to ultra-rela- 
tivistic particles), is of the form 
; CN7N (q hy 
eae DING GW) ae 

ONG 44)-—A)1 EY Oro 


[N (9-22) == 4) IN G1) — TL IN gs 1) 20 Ce 


x 


We shall estimate the variation of the most- 
probable value of N with energy. If N is suffi- 
ciently large so that we can use the Stirling for- 


mula, we obtain 
N 5 je tase) ae (15) 


In the case of the SS or LOW theory (q=0,s 
= 0), we obtain the following expression for Wy 


1 4 
‘a =) W—2) (N= Sa) 


oS Ce 
1 (Ye+2- 


ff m=1 


y 1 {T\N-1 | 22) N—2 
Wy =CN i) (aay 


3 ivi] +.--f. 28) 


N 
om [ 3 In 
i=1 


The first term of this series has been obtained 
earlier.*’’ In addition to the first term, Yakovlev’ 
has, by different methods, obtained the expressions 
for Wy for N= 3, 4, 5. However, in our opinion, 
errors were committed in the derivation, and the 
expressions are not correct. 

In conclusion, the authors express their grati- 
tude to E. L. Feinberg for helpful comments. 
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Formulas of the cross sections for the processes p + et — u+e* and et +e — pw +p are 


IEG il 


deduced with an accuracy to e®, 
INTRODUCTION 


‘Tue expected possibility of producing opposing 
beams of electrons and positrons in the near future, 
raises the question of an experimental investigation 
of the processes 
e+e—p +p, eteonoin. 
The cross section of the first process, without 
radiative corrections, was first obtained by Bere- 
stetskil and Pomeranchuk.! The second process 
was considered by Aleksin (see the book by Akhie- 
zer and Berestetskii)* and by Afrikyan and Gari- 
byan.® In the present article we give formulas for 
the radiative corrections to scattering and trans- 
formation processes, accurate to e®, We show 
also that the exchange between two photons does 
not contribute to the total cross section (i.e., the 
cross section integrated over the angle) of the 
transformation e* +e —> X +X, where X and X 
denote any particle and antiparticle. 


1. ELASTIC SCATTERING OF NEGATIVE MUONS 
BY ELECTRONS 


We shall calculate the scattering of a muon by 
an electron by a Feynman technique‘ similar to 
that used for the scattering of an electron by an 
electron.®-® We shall use a notation close to that 
of Redhead.® 

Let p, and pi be the four-momenta of the 
colliding particles, and let p, and py be the four 
momenta of the scattered particles with masses 
m=1 and M respectively. We put: 


6) = [0 — Joie is = q° = 4sinh’w = 4M? sinh 2wy,, 


"| = (Pim — Ps)’, €=(pam —Pi) =1—§& 


(ab = ab — Goby). 


The square of the matrix element for the proc- 
ess under consideration, averaged over the initial 
spin states and summed over the final ones, is 


4 : a ms 
EEE, yEoyS* oS x (20 (A+ Am + W) 


+ Ba 4 ZE(E 
where 
Q = = [2n? + &*— 2En + 4y (M? + 1) 


ane (MT) 2 OM 


LM |? = 


Be) 4 2M?) + ZmMME(§ —2)]}, (1) 


(2) 


M 
ny 


Ay = (Inj —1) (1 —2wycoth 20y) 
WM 
Wy 
==, tanh wy—-2coth 2wy \ tanh dB; 


0 


A =(In>—1)(1 — 2weoth 20) 


—* tanh w — 2coth 2w \ Btanh gd; 


0 


(3) 


Ley = wm/4 sinh 2Wm, Ji w/4sinh 2w; (4) 


Dee AO 
vy} 2 sinh eG 


1 
351 nh*@ weothw) +>. 


(5) 
As usual, we have introduced the fictitious photon 
mass 2X. 

The terms B“!) and B) are due to the contri- 
bution from the exchange by two photons (interfer- 
ence of the main term with the terms from dia- 
grams 1 and 2 of Fig. 1): 


(QO) E{— 8(n + M? + 1) QEM 
+ (A — 5 £6) gi? + Ges? + Ges” 


(ey G/M) @) a ar@) Oy ie ray) 
v2 + 4M) * ey Ue tg ie 


M2 + 1) Qb@ 


+ (H® —% 66) gi? + Gor? + Ges” 


In§ (2) In (E/M?) (2) 
+ aegah oe + 4m? 


os 1 yg) a L Ke). (7) 
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Here 

pi? = Qn? — nb + 6y(M? + 1)—E (MP + 1) 4+ 4(M? + IY, 

gy) = — Qn? + n— + 2E (M? + 1)— 2n (2M? + 3) — 2 (M? + 1) (M? + 2) —&(E2?+ 26+ 4n4 4(M? + 1)1/2(6 + 4), 


of) — — Qn? + nE + 2E (M? + 1) — 2n (8M? + 2) — 2 (M? + 1) (2M + 1) —E lB? + 2M7E + 4My 
+4M2 (Me + 11/25 + 4M"), qe) =f? —En an — 8 (1) ae + 1), 

s) = §?— En + 4nM? — & (M? + 1) + 4M? (M? + 1), pf? = 4? — En + 2n —E (8M? + 1) + 1— M4, 

pr = 1? — En + 2M —§ (M2 + 3) + MA— 1, ep? = — Qn? — & + 3Eq—- 2n (MP + 1) +8 (MP + 1), 


gf) = In? —L En +2 £2 + 2n (2M? + 1) —>E (9M? 5) + 2M? (MP + 1) + © (n+ M* + 3)/2(E + 4), 
gp? = In? —P En + SE? 4 Qn (M? + 2) —LE (5M?+ 9) +2(M?+ 1) + B2(n + 3M? + 1)/2(E + 4M’), 


— &n —&(M? + 5) -|- 4m + 4(M? + 1), py = — En —E (5M? + 1) + 4Mm + 4M? (M? + 1), 
go = — f+ En +& (5M? + 1) — 2n (2M? + 1) — (M? + 1) (8M? + 1), 
gy = — P+ En+é (M2-+ 5) — 2n (M?2+ 2) — (M?+1)(M?+ 3); 


I 


(1.2) — — (2Qu(2)/E) In (E/A2), H{.2) —-> Eb.2) — (1.2) + 402) In £, 
We denote for brevit 4 
e ences or por J®) = —p In& + 7,{ qin§ ale, 
= (MP I)/(q + 2M2 +2), ag = (M?— 1)/6, 
Po 1 
Br = [oy + n/(n + 2M? + 2))%, - 2{ BtanhgdB + 2{ p tanh pda, 
Bo = [og + (6 + 2M? + 2)/E]'%, . ° 
A 1 =< ft 1 — Yo 1 4 
X,; = 4 + fi, Y, = — & + Bo, B= zm Q; = Sue ene 
Xp = % — Bi, Yo = — A, — Bo. (9) 
and when ¢ < 0 
Then Bae | i ig | 
(2) = — y2) [yp /S! 
ye —1 Wits 4] oes, : Ne ad + ite {— Og in + Oil ii 
ie aa (q + 2M? + 2) 281 {in| == 4+ x iz f : | 
7 2 \ B cothGdB — 2\ B cothBdB} , 
(once Yara et : 
E eins een re il; cLO) 0 0 
1, —1+4+y1 1 1+ 1 
M?2—1 { Q, == la ——— Q, ==In F 
)=(1 + ena Ne taneanosn tb 21+: SEG, 
Me a At the point ¢ = 0, the function I) is continuo 
Ka — (1— ue — 5 lh Ms; (11) 1@)(¢) > M2 in? M as (> £0. 
Finall 
M2—1 1 y. 
(i) 
a ae ue yom peo M, epee ee iia 20 (4) 
M?—1 1 2VE(E + 4) B 0 B—=4 
Ne =(14 ; ) we + In M. (12) 


+ 20 (=4) + | ; 
The function I“) is of the form 


(8) 


(14) 


(15) 


us: 


(16) 


=FlE+2+VEE+F4) - B=FlE+ 2-VEEF4); 


{OS — yi in Dee 2 : eas i, , 
SS — 2 a — 
4 4 Dp lee en In DE 2Mt +2 2VE(E + 4M2) [In B’ a a’ 20 (y=) 
meat ay m2! : 4B 
- . + 20(5-4)+ wy, (17) 
—2 | Beothpag— 2 Beoth BdB + 2ni In 2B, + x? cine Ais 
. 5 Wee, B59) & Sas 
4, 4 eee PONS Tei malap + 4) | 
et 9) pak 1 
ait er ar 1 + x2” . p=? [2+ § &(4 + 4)| 
M2 M2 M2 > 
where 


1°) has different forms for ¢ > 0 and ¢ <0. 4 
When ¢>0 © (e) = —\ In| 1 —y|y dy 


0 
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is the Spence function, tabulated in the paper by 
Mitchell.’ 


2. INELASTIC-SCATTERING CROSS SECTION 


We now add to the elastic-scattering cross sec- 
tion the cross section of the scattering that is ac- 
companied by the emission of soft quanta (with 
total energy Ac). Here, as is well known, the 
photon mass A, which we have introduced, drops 
out. The inelastic scattering cross section is 


2 
AS inet = 46 ot : [L Ihe in| 


Xn 
(Neher Ey, Es, Ean, Eom), (18) 
where 
Lo = 4+ 2K (Pi, P2) + 2Ko (Pim, P2M) 
—4Ko(Pi, Pim) +4Ko (Pi, P2M); (19) 


L=K(py, pi) + K (P2, Pa) + K (pum, Pim) + K (Pom, P2m) 
—2K (pi, P2) —2K (Pim, Pam) — 2K (py, Pom) 
— 2K (pa, Pim) + 2K (pi, Pim) + 2K (po, Pom); 


at 
Ky(Pu Ps) =—}(PiP2) \ Prt az, 
a 4 
1 


K (Pi, Ps) =1(P,P,) ) Pz In = a a2, (20) 
P,=>P,(1+2) + ;P2(1—2); 

Ky (pi, Ps) = — 2wcoth 2, 

Ko (Pim, Pom) = — 2Wy coth 2wy, (21) 


Ko(Pi, Pim) = —(1+ M? + 1) Rep, 


Ko(Pi, Pam) = (6 + M? + 1) py. 
Ce rstandsior pz pins =~ )*)- 

After adding the elastic and inelastic scattering 
cross sections, the term L — Ly In (2A€/)) in the 
inelastic-scattering cross section [see formula 
(18)] is replaced by L — Ly In (2A €). 

The overall cross section for elastic and in- 
elastic scattering, is symmetrical in the variables 
M? and m?’, as it should be. When M =1, itis 
identical with the corresponding expression for the 
case of equal masses [see the first curly bracket 
of Eq. (2.16) in the paper by Redhead®]. As M — « 
we obtain Schwinger’s formula with Z = — 1 (the 
charge of the scattering center coincides with the 
charge of the incoming particle ).*? 


3. SCATTERING OF POSITIVE MUONS BY 
ELECTRONS 


Let us consider now the scattering of particles 
of different sign 
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pipe out t+e, we +e —p7 + et, 
The matrix element of this process is obtained 
from the initial element (1) by making the substi- 
tution 
[Dh 2 Oe Le [Oivies 
Se) n—>—C— 2M? —2, 
The new é, 7, and ¢ are defined as 


E = (Po, — pi, )? =4 sinh? w = 42 sinh’wy, 


1 = (Pim — Py, )*, C = (Pom — Pi4)? = H—E. 


Under the aforementioned substitution, B“) and 
B®), are transformed into one another with signs 
reversed, as they should: 


(1) 2 
Gem,  O=0) 
Le) Se), H® > H® ete. 


The reason for this is that the main term in the 
matrix element is proportional to eeyy, and the 
corrections due to diagrams 1 and 2 of Fig. 1 are 


Cy ee 
4 t ‘ wee 
' ' Mc 
1 J NS 
H ' we Se 
ae ht ee ee 
2, - a be ; 2, 


FIG. 1 
proportional to eer r- Their interference with the 
main term is proportional to ees r, We WG I= 
verses sign when one of the particles is replaced 
by an antiparticle. This property of the contribu- 
tion from the two-photon exchange is also conserved 
when one of the particles is nuclear-active. For 
example, the total cross section of the processes 
we +p—->p +p and w*+p— yp" +p does not con- 
tain a contribution from the exchange of two pho- 
tons (for more details see Appendix 1). 


4. CONVERSION OF AN ELECTRON PAIR INTO 
A MESON PAIR 


For the process e* +e —yu* +p we must 
make the following substitution in the initial matrix 
element [formula (1) ] 


Pi AG p_, mma Oa 
Puy - a ime Poy — Py— 
or, what is the same, 
— (n Si a), 


where é, n, and ¢ are defined as 
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mM-—p-), = (p+ —p_) = 4sinh*u, 


= (p,.- P) — o— , 
n+ 4=nv+4M?. 
For the real part of the function Ajq we obtain 


instead of (3) (for more details see the paper by 
Redhead*® ) 


ou ee (in —1)(1 — 2uy coth Quy) —  cothum 


uN 
+ © coth 2uy— 2coth Quy \ 8 coth@ds. 
The functions with index 1, which depend on 7, 
become functions with index 2, which depend on ¢: 


wi (nu), HO (n) > HO ©),... 
Analogously 
pu) (C) > p@) (6), 
L and Ly of (18) now become 
L=K(p_, p_)+K (Py, Px) + K(Pm+, Poms) 
+ K(pm—, Pm—)— 2K (p_, p,) + 2K (p_, Py.) 
OK (psy py) — 2K (Pn Py) 
+ 2K (P,, Py_)— 2K (Py, + Pu)» 
Ly = 4+ 2Ko(p_, P,) + 2K (pm—, Pm+) 
SAG Pes Pm) = AN (Ps Pe )- 


K(P,, P,.) is defined in (20), and instead of (21) 
we have 
Ko (p_, p,) = — 2ucoth 2u, 


H® (0) > H® (),.. 


KG (PM_, PM+) = — 2uycoth 2uy, 
Ko (p_, pm—) = (§ + M? + 1) pl (6), 


Ko (p_, Pm+) = (© + M? + 1) p® (€). 
If we consider the process in the c.m.s., then 
the substitution ’ —~ a — ¥ will yield = ¢ and 


B\) = — B®) (3 is the angle between p_ and py, _). 


Thus, the exchange of two photons not only does 
not change the total cross section for the conver- 
sion of the particles, but does not even change the 
angular distribution of the reaction products, if we 
disregard the sign of the particle charge. This 
property of the two-photon contribution is con- 
served also in a process with nuclear-active par- 
ticles, for example, for p+p—> u* +p (see 
Appendix 1). 
5. CASE OF HIGH ENERGIES. NUMERICAL 

RESULTS 

Let us consider now the most interesting partic- 
ular case, when — > 1 and n, ¢ = —0.8M?. We 
make the following remark concerning dojne]. The 
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main contribution to terms of the type K(P,, P2) 
[formula (20) ] is made by the integration region 
near 1 and (or) — 1, because the poles of the func- 
tion (P% — E2,)7! are close to each other. If P, 
refers to a light particle and Py, to a heavy one, 
only the region near one is significant in (20). i 
however, the two momenta P,; and P, refer to the 
light particle, both regions (near 1 and — 1) be- 
come significant. If both P, and P, refer to the 
particle with mass M, then K( Py, P,) is small. 
Naturally, when & > m? both regions are signifi- 
cant in any case, but we do not consider this cir- 
cumstance since it will be apparently a long time 
before experiments can be performed on it. 

The fact that the poles are close together makes 
it possible to obtain relatively simple approximate 
expressions for K (Py, P,). By way of an example, 
let us give the value of K(p, py) in the c.m.s.: 

Evy (1 — By cos 9) 


K (p, Pm) © se — E+ 2Esin® OD IY AE”. 


Here By is the velocity of the particle M and 
is the angle between p and py. 

The most cumbersome expressions in the for- 
mula for the radiative corrections are due to the 
contribution of the irreducible diagrams [see Fig. 1 
and formulas (6) and (7) for B“) and B‘?)}, Allow- 
ance for the irreducible diagrams, and also for the 
emission of the soft quanta, does not entail much 
difficulty. 

Let us pay principal attention now to B“!) + Bf?) 
and write out for the given particular case the ex- 
pression for this sum without terms that depend 
on A, assuming that the latter are included in 
dojne]- This inclusion [together with the corre- 
sponding terms from A and Aj as given by (8) ] 
eliminates the dependence on i. The latter re- 
duces to the substitution } — 1 in (18). Denoting 
by B the quantity 

a BY di B®) 

mt Q : 
in which the terms proportional to In XQ are left 
out, and retaining only the double-logarithmic 
terms, which make the principal contribution, we 
obtain for the scattering of a negative muon by an 
electron 


+m 
B=<2In§ in Poo + Reo oe (+ w Ink) 
+ (2 + wi Iné) ee + GY +92”) + G @P + @); 


Q = + (2n? + & — 2En + 4nM? — 4EM 24 2M), er 


gy? = — En — EM? + 2(n? + 38M? + 2M4), 
Pe 7 Sn Meni), 
3 + ga? = & — 2 (n+ M?), 95) + 9 = 7% 
cot +E (5y + M?) —4ynM? — 4M4 
+1 + &(E — 4M?) (n + M*)] /2(§ + 4M), 
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Siete elt 
C+ Me e+ mw 


il 
po = {in we 


12) are determined by (13), (14), and (15), where 
we can now put 


(n + 2M? + 2)8, > 9 + M?, 


in (13) and 
[G|Boep—o+ M2, 
Dee rE ay, =, gal 


7a 1 bags 
G = gg [In + 3 | 
in (14) and (15); G is defined in (17). 
All these formulas can be readily obtained from 


the general equations if we write down (9) for this 
case in the form 


xy =1—2/(m+ M), Xo = — H/(H + 2M); 
y=14 2/64 MM), ye=—(C+2M*)€ for ¢>0, 


yi=—(C4+2M?)0, y=1+2/(0+M*) for C<0. 


We note, to avoid errors, that the changeover to 
other processes must be made in the complex 
matrix element, without first leaving out the imag- 
inary parts in the individual terms. 

We give now the numerical results for the 
c.m.s. The curves of Fig. 2 give the percentage 
contributions from the irreducible diagrams to the 
uncorrected cross section [i.e., the ordinates rep- 
resent the quantity 100 B, see (22)]. For the scat- 
tering of particles of different signs, the values of 
B given on Fig. 2 must be taken with a minus sign. 
The corresponding corrections for the case of the 
conversion e+ +e ~~ yp* +y are given in Fig. 3. 


500 


WM) 


30 £0 90 100 150 

FIG. 2. Percentage of the contribution from the irreducible 
diagrams to the uncorrected cross section, for the scattering 
of particles of equal sign. #—scattering angle in the c.m.s. 
The numbers on the curves indicate the energy of the incoming 
electron in the c.m.s. in mc’ units. 
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FIG, 3. Percentage contribution from irreducible diagrams 
to the uncorrected cross section, for the casee*+ eo pt +p. 
3 is the angle in the c.m.s. between the incoming electron 
and the outgoing y meson. The numbers on the curves 
denote the energy of the incoming electron in mc’ units. 


Finally, Fig. 4 shows the total contribution, in per- 
cent, to the uncorrected cross section for the case 
when the c.m.s. electron energy is 300 mc? and 
the total loss to emission of soft quanta is = 30 mc 
= AE. 

In conclusion, I am grateful to I. L. Rozental’ 
for interest in the work and to Z. S. Maksimova 
for making the numerical calculations. 


2 


FIG. 4. Total percentage contribution to the uncorrected 
cross section, for an electron energy E = 300 mc’ and 
A€ = 30 mc’. Solid curves — corrections for the process 
e +e*«,y' +"; dashed curve — corrections for the process 
e-+p*>e +,7*; dash-dot curve — corrections for 


e+p7e +y. 
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General Properties of Corrections Due to the 
Two-Photon Exchange 


We denote the contributions to the scattering 
cross section from the irreducible diagrams 1 and 
2 O1.Fig. 5 by B“) and B®), These functions are 
not independent. For example, the matrix element 
for the process » +p—~ yw +p canbe written in 
the form 


[M %.- =| Mi + BO (E, n) + BE, n), 


where B“) and B°)? corresponds to contributions 
from diagrams 1 and 2 of Fig. 5, and |m,|? is the 
matrix element in the approximation of the one- 
photon exchange (see reference 10). Analogously, 
we have for u* +p— pw +p (see Fig. 6): 


[M+ =|mliT— B™ (E, n) — B (E, n). 


On the other hand, | |? p+ can be obtained from 
| mr |? ji- by the substitution 


uss Tape t ea) oma 


The diagrams 1 and 2 of Fig. 5 go in this case into 
the respective diagrams 2 and 1 of Fig. 6. Hence 


BY (E, n) a3 
Mm ae M liscat+ Be (cs n) ae 


= BE, == 2M? — 2); 
BY (g,—C — 2M? — 2). , 


For particle conversion we have 

M leone = | M bconv’+ Bo (= n—4, — C— 2M?— 2). 
Be (ey 4, =e 2 2). 

Thus, the contribution from the two-photon ex- 
change is antisymmetrical in the variables ¢ and 
€, This means that the charge acquires a tendency 
of retaining the direction of the initial motion after 
the particle conversion. 


APPENDIX 2 


We give here the results of the calculations of 
the principal integrals encountered in the matrix 


Ges eel auee 


—_ tt ee ee 
pepe 


FIG. 6 
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element for the scattering of muons by electrons. 
They can be used to calculate the polarization ef- 
fects in we interactions. 
These integrals have the following form (for 
notation see reference 6). 
4 
bo, = ea (1, Kg KK) d*K 


(0) (q) (A) (2) ” 
where we put for brevity 


(0) = K?+2Kp,, (9) =(K—q@y? 4+, 
(1) = K*—2 Kom, (2) = K2 + 22. 
We need also 
eee (4, K,) Gio (CK) 
HD. = =a le ok eee Waverton 
() et (ERKS) a, pees (ake) r 
C= ala@etk Ge-mo@eth 


We have written out only the quantities with 
index 1. All the quantities with index 2 [for ex- 
ample, bel are obtained from the correspond- 
ing quantities with index 1 by the substitution p,)y 


= [eile 
As a result of the calculation we obtain 


HY — Pls HY — p® aie Thad In rN, 


where I‘!) and yi) are given by Eqs. (13) and (10) 
of the text. Furthermore 
6? = G —G 
[See Eq. (17)]. 
The quantity G is given in (16), and 


H®? — K™ p10 SND. ate = Kp. he N™ poom+qoH™, 


where K“) and N“) are given in (11) and (12). 
Finally 


4 E OVE \ 
Gv = o> ae s 2\n kat PicoM + (2M?G + In i) o> 
Ge G — 21n£} pys + (2G + In) qe, 
where p(t) = bp!) is given by (8). 


The expressions for b{!) and particularly for 
pit) are quite cumbersome. We give therefore 


only their ‘‘projections,’’ for they alone are used. 


2prade = G— FY’, 
tele = C0 re. 
2promber = FY —G., 
2Piombs” a ae. == G, 


onl = HG te 

2Psalee =H: = 3G ene 
2pebs” = G, — HY? + Eo, 
2pecde == Oe = eee 
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Radial equations are derived for the excitation of an arbitrary level of a many-electron atom, 
with allowance for the nonorthogonality of the wave functions of the external and optical elec- 


trons. 


The well-known ambiguity which appears when approximate atomic wave functions are 


used is discussed. An approximate form of the equations is proposed, in which terms that 
contain simultaneously nonorthogonality integrals and higher multiple interactions are neg- 


lected. 
employed for the optical electron. 


l The various methods based on perturbation 
theory are as a rule insufficient in the calculation 
of the effective cross sections of the excitation of 
atoms by slow electrons. In the more general for- 
mulation, the problem reduces to the solution of a 
system of integro-differential equations for the 
radial wave functions of the external electron, ana- 
logous to the Hartree-Fock equations in the multi- 
configuration approximation of electron theory. 
The present paper is devoted to a derivation of 
equations that describe the excitation of an arbi- 
trary level of a multi-electron atom. The equations 
up to now are only for some particular cases (see, 
for example, reference 1). 

Let us consider the following system: an atom 
with N electrons in state yLS and an outer elec- 
tron with momentum 1(y is the totality of the re- 
maining quantum numbers characterizing the LS term 
of the atom). The state of the system with speci- 
fied values of total momenta LyS7y is defined by 
the set of quantum numbers [= yLSIL7TSf7 (the 
quantum numbers Mj, and Mg, which are of no 
importance in our problem, are omitted; the mag- 
netic interactions are disregarded in this paper). 
The wave function of an arbitrary state of the sys- 
tem can be represented in the form 

Y= > (Lr) (1) 
1 
To separate the coordinate of the external electron 
it is necessary to change over to the incompletely 
antisymmetric functions 


Sy ee 


Ea 
oe VN+1 


= WV (yLSILrSr) 


Wy LSlinlLaS7): 
(2) 


In this approximation the ambiguity disappears if semi-empirical wave functions are 


The function W(yLSl;, iy LTST ) is constructed 
in accordance with the Perera principle of addi- 
tion of momenta, but unlike W(yLS ILTST ) it is 
antisymmetric only in the electrons 1, 2,..., 
pe os » N+1, while the i-th electron is 
assigned the state as Using (2), we can separate 
the radial function of the external electron 

== {i rien) 
ps V oe +1 = 


i 


y= @M(yLSlLrSr). _ (3) 


The function Fp(r) has an asymptotic value (To 
is the initial state ) 


Fp (r) ~ Opp, sin (kr — in/2 + 4 1n 2kr + 57) 
+ Tr, exp {é (kr — in/2 + yn 2kr + 55)}, 
n=(Z—N)/k, op =argl F+1—in). 


The total cross section of the atomic transitions 


(4) 


yoLiSo ~ yLS is expressed in terms of eae 
Amage (287 +4) QL, + 1) 
YoLoSo__ T T 
ome Gae pio (OS, FHL, +4)! f1Tel”: (5) 
9 ThLTSr 


Thus, the cross section is determined by the 
asymptotic values of the functions Fp(r). A sys- 
tem of equations for these functions can be obtained 
from the variational principle 


8 (Fr) <P] H —E|¥> 


= 216 (Fr) CY ()|H —E|¥(")>=0. (6) 


The symbol 6 (Fy) denotes variation over the 
function Fp in the left part of the matrix element. 
To carry out the variation in (6) in explicit form, 
it is necessary to express the matrix elements of 
(H — E) in terms of the radial integrals. 
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2. We assume henceforth that the atomic func- 
tions are Hartree-Fock functions of single-config- 
uration approximation. In the case of complicated 
atoms, the Hartree-Fock functions are the most 


exact functions that can be used in real calculations. 


Generally speaking, the single-electron func- 
tions that enter into W¥(I) and W(T’) may not be 
completely orthonormal. We shall consider only 
the nonorthogonality of the functions of the external 
and valence electrons, which plays the greatest 
role in the present problem. A full account of the 
nonorthogonality would lead to an excessive com- 
plication of the derivations and of the final expres- 
sions. 

The energy of the system is made up of the en- 
ergy of the atom Eg, and the energy of the external 
electron k’/2. For the energy of the atom it is 
necessary to use the same approximation as used 
for the wave functions in the calculation of the 
matrix elements, or else the contribution to E, 
from the internal shells will not be compensated 
for by the corresponding terms in <Ir|H|I>. 

It is physically obvious that the energy of the in- 
ternal shells, which exceeds by many times the 
energy of the interaction of the external electron 
with the atom, should not enter into the equation 
fore¥ (x). 

When using the approximate expression for the 
energy of the atom, the two representations 


E=E,+8/2, E=E,+k7/2 (7) 


are not equivalent. In the case of diagonal ele- 
ments, the choice of the representation for E is 
dictated by the requirement of regular asymptotic 
behavior of the wave functions, viz., it is necessary 
to use the first representation in (7) for <I'|H 
— E’|I’'> and the second for <I’ |H-E|I”’ >. 
As regards the nondiagonal matrix elements, 
either representation can be used with equal justi- 
fication. This ambiguity, which arises in the use 
of approximate atomic functions, is known in liter- 
ature as the prior — post divergence.’ 

3. If we disregard the excitation of the elec- 
trons of the internal shells, we can confine our- 
selves to matrix elements of three types 


(8) 
(9) 
(10) 


Cee n |b Tbe ttl ET: 
CET eT et 6 ha, 
(TbriT |H — E|T Lvl’). 
Here and henceforth T will mean a pair of 
quantum numbers of the orbital and spin momenta 


of the system T =(LTSrT). Analogously, tT = (LS), 
T, = (1,8;), etce., while Te includes all the closed 
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shell of the atomic residue.* To shorten the nota- 
tion, we shall denote the totality of the single-elec- 
tron quantum numbers nl as simply J. 

The Hamiltonian of the system H contains terms 
of two types: 


H=F+Q=Difitid aus. (11) 
i ij 

The calculation of the matrix elements begins with 

a separation of the coordinates of the external 

electrons with the aid of formula (2). Some of the 

terms in the sum (2) will contain, in implicit form, 

nonorthogonality integrals of the type 


co 


A (il) = 57, Fp (r) Py (r)dr, 
0 

where P7(r) and Fr(r) are the radial wave func- 
tions of the atomic (7) and external (1) electrons. 
To separate the nonorthogonality integrals it is 
necessary to separate the coordinates of one of the 
atomic electrons. Formula (2) cannot be applied to 
the equivalent electrons. For two groups of equiv- 
alent electrons, the relation needed has the form 


(12) 


i Bei pies 10) 


=) ae aan) ps Ce CSE SECTS) 
Ty 


$22 


AML aie ‘my “m—1m" a " 
n+m (= 1) 2 Gie (/ fh , l TylwT ’ I), 


7 (13). 


where Gr, are the partial parentage coefficients 
introduced by Racah.* In Racah’s notation 
Gh = Gar C=C [al S LES Tals) (14) 
(see the preceding footnote concerning the quan- 
tum numbers @ and a). 
We shall also use the quantities 


Gl = VnGr,. 

As above, the subscript (i) (in parentheses ) follow- 
ing 7 will denote that the i-th electron is in the 
state 1. The generalization of (13) to the case of 
three and more groups is obvious. 

Let us consider a matrix element of the type 
(8). After all the transformations are made, it is 
represented in the form 


(15) 


*In order to specify the term of configuration /"(/ 2 2) it is 
necessary to introduce additional quantum numbers, for example, 
the seniority quantum number v for / = 2.3 We shall omit these 
quantum numbers throughout. We note that the dependence on 
these quantum numbers is expressed in the following formulas 
only through the parentage coefficients. 
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6 
CH BP = Mr) 


r=0 


(16) 
Miyg= Orne€ Tol) | Hy = k?/2 | (RIM e (17) 


M,= Ona Aap AiA.< eid om T2 | qn | Lil ala (18) 
T >. 


My=6_ + YAAK bay! To | Gr2(1— Paz) La! T2>, (19) 


1 
1T, 


My= —A(il) As6Tat tl wy | Hn | TAT lant 

= 56. A (IL) Es] — A(il’) 

SOA (CT Le elven ile lint 

—75 A(t) Es), (20) 
M,=—A(il’) 


KAN Tare an Talv ll Hut Tle Melati 2 


TT, T 2 


= 


Bop A(t) 2s) — ACh) 


x yi Agl < T lt tal yytalt |Hy| TH 


, 
Tot, Te 


— bopr-A (yl) Ea), Bu 
Ms=— 8__.(1— rr’) A (il’) A (Th) 
x > A;A.<T ol? tal (ny T 2 | Ay TAS late. (22) 


7 
Tot ,T2 


M, = A (ul’) A(T’) > As CT ht Peel nyt (Hy (The thn) BD 


+ AHL) A (Th) >) AST elt taht | Hy | Tol 20 Ly ty. 
TT, (23) 


In addition, another term arises, proportional 
to A(1l’). We cannot account for this term and 
still use the asymptotic values of the radial func- 
tions. It is therefore omitted throughout. The fol- 
lowing notation is used in (17) — (23) 


Hy = fv+ un, gu = D\9ne (1— Pui); (24) 
Ay= (vil [0] UT | 0 [72] LT) (1— 812) (18,0), 
A (aul [ct] (T as Il [T2] YT); 
As= (tl [1] oe | Ty E[v'\lT), 
A G3G (Toby [T] 1 alee | ee is Plo yal), 

2 

As=G2 (tla [wikis | tol [T 2] 1,7), 
A= GEG": (tol (a) L007 | wal (AITIe'] 47). (25) 
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The coefficients A} are obtained by means of the 
substitution tll = yl. 

These formulas are valid for both diagonal and 
nondiagonal matrix elements. If we disregard the 
uninteresting transitions between terms of excited 
configurations, then the terms My and M, contri- 
bute only to the diagonal matrix elements. We 
shall therefore write from now on 6py in M, in- 
stead of 6p] n’I’- 

In the case of nondiagonal matrix elements, we 
can have two representations for E, and Ez: 


a= & + h7/2, 
En=85- hye, 


E,= 8,4 kj 2; 


Es= e; + k’2/2. (26) 


€7 and «7, are the energy parameters of the 
Hartree-Fock equations for the J and J, electrons, 
corresponding to the atomic state T; en and eh 
are the parameters of the 7’ and J, electrons, 
corresponding to the atomic state T,; (see Appen- 
dix). 

The expression suchas (9) for the matrix element 


can be obtained by replacing in the sum >) Mr [Eq. (16)] 
re 
all the My except My by 2) G7,Mr: and by putting 
T4 


1, =12 and M;j=M;=0. In addition, E, is written 
in (26) in the form 


Ea= 2 HEED ener alo Mia amen 


The expression for the matrix element (10) can be 
obtained by replacing in the sum ))My all the My, 
7 r 
except My by >) Gt ,Gr,Mr, and by putting 1, =1 
T4T} 

=l’ and M; = My= Ms = Mg= 0. In formula (24) it 
is necessary to leave out the exchange terms if the 
electrons Jj) and 1(N) are equivalent. 

If we start out directly with the expressions 
(16) — (23), we obtain exceedingly complicated 
equations for the functions F(r). The use of such 
equations serves no purpose. We therefore con- 
fine ourselves to an approximate but much simpler 
representation. Assuming the nonorthogonality 
integrals to be small, we omit from (17) — (23) 
part of those terms that contain simultaneously 
nonorthogonality integrals and multipole interac- 
tions of second or higher order. It can be shown 
that this is equivalent to neglecting in the terms 
that contain the nonorthogonality integrals the dif- 
ference in the terms of the considered configura- 
tion, compared with the average energy of the 


term. In this approximation, the matrix element 
of type (8) becomes 
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OE ee Oren Ral py gg — +k? | Tel iny> 
ss Ser YAAK lie | @n| Bet Cait 
? 


sf cae A,A,< lalla | Gaz (1— Pp) 
17, 


+ Apr Prz\layl Te), (28) 


Apr’ ———— S a RAf2 O° Maes a [Ha PP (29) 


If I is the initial state and I” the final state, then 
the first expression corresponds to the ‘‘prior”’ 
approximation, while the second to the “‘post’”’ ap- 
proximation. Thus, the difference between these 
two approximation reduces to the difference be- 
tween the multipliers of the nonorthogonality inte- 
grals in the nondiagonal matrix elements* (the two 
expressions coincide for the diagonal elements ). 
Even this difference disappears, however, if we 
take for «7 and «7 the experimental values of the 
energies of the corresponding states. This way 
appears to us to be the most advantageous. Lack 
of space prevents us from giving many arguments 
in favor of this. We note only that the calculation 
of the energy parameters of the Hartree-Fock 
equations with complete self-consistency is a very 
laborious task. 

Matrix elements of type (9) and (10) are ob- 
tained by averaging the ion terms, as was done 
above. In addition, the second term and the right 
half of (28) is equal to zero. 

4. We proceed to separate the radial integrals 
from the matrix elements. The result can be rep- 
resented in the following form 


PH —E\I") = bre Ur + SapRa (ht, 2) 


— SER (LT, Th) + otek. C7, U7) 


ye fee 
(2lp +4) (2 +1)? 


— 1 Br [Ru (7, 71’) — 8,0 


x A(H’) A (iU’)), (30) 


R, (0, U0) 


= \(dradrarer ss Py(r) Pur(r) Fr (ra) Fr(ra), (81) 
where r < (ry) is the smaller (larger) of the 
r; or Yo. 

We denote by Ip the first term in (28), which 
contains additive operators and the operator of in- 
teraction with the filled shell. The separation of 
the radial integral from this term entails no diffi- 
culty (see, for example, reference 5). 


*Moreover, only in the exchange terms (see reference 2). 
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The coefficients a and b are expressed in terms 
of a and £ of the preceding ion 


Pee FT: 

(32) 

The coefficients a@ and 8 are of greatest inter- 
est, and we shall discuss them in greater detail. 

Using (25) and the general methods for calculating 


the matrix elements from the product of tensor 
operators,°® we obtain 


ap = > (Ay)Papers, bp — >| (A,)?Breps, 


T; Ts 


f ~ x a PES Boe EN. os, 
air bss: (— ITE AC 0) (F || C* IT) le? 7 jie 


(33) 


ib, fe 
: | *ir. 
art 


Bie (— 1 MSE Gy CHE TC EY | * 
(34) 


T 


The reduced matrix elements (1|| C* ||’) are 
expressed in terms of the 3-j symbols 


(Lj C* 0) = (— 1)! (20 + 1) (20+ 1) ne el (35) 


In the case when L, = 8; = 0 (for example, one 
electron outside the filled shell) wX = vk =1. In 
the more general case, we have for the matrix 
element of type (8) 


= 0 


M 1G ley by 
IN Ga yt 


(HAE (AL + YALE 1) fi 


}, (36) 


ora —1/,—S’ "Te tf "/o 1 
ie ee ee US oa be 


xen eyeor nl — UVSC +1) 
Lr L if im 


CUES ee Soret, see aa 
X\lilp Lh f\ bill f rv xy, (37) 
For the matrix elements of type (9) and (10) it 


is necessary to average p* and v* over 7, or, 
respectively, over 7, and Tj, i.e., we must take 


3 a: or 07, 
Ty Vpr’ i ; vor] 

Although the parentage coefficients for most con- 
figurations of interest were tabulated by Racah, 

the calculations become most complicated, particu- 
larly of matrix element of type (10). However, 
Racah®’! has developed special methods which 
greatly simplify the calculation in many cases. 

5. We can now derive in explicit form the radial 
integro-differential equations from the variational 
principle (6). Inasmuch as all the matrix elements 
are diagonal in L7St, we obtain an independent 
system of equations for each such pair LyS7. 

This system can be represented in the form 


he oe UE EES oe k? ! Fr (r) = 2>) OrrUpy (r) Fry-(r), 
‘ds a ™ (39) 


(38) 


TT 
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1 

UrFr = =| — 2+ Dagyy, (O] Pr(Q— 7 ow, () Pal) 
1 i 


Lyx 


+= 7 Oey Hilt) Fo(r) 


— > tr | yz (r) — On 


x 


re " 
ae A(T) | P (r), (40) 


4 
Upr Fie = res On Yiye ( na C8) > Bp Mp (r) 
(ery App P,. 41 
= 6x0 (21-+-4)/2(2U +4) : y (r). ( ) 


Here Z is the charge of the nucleus and 2 de- 
notes the summation over all the shells except the 
outer shell. For filled shells we have 


nm ly x jp 
2 C5 0 0 
where n, is the number of electrons in the shell. 

For unfilled shells, ah and bh are determined in 


accordance with (32). The radial integrals y* (r) 
have the form 


bp = (42) 


x 
Ohp = 18,0; 


ri=\GY Plea Fotendece\ GY" Ped Fete 


Equations (39) represent an infinite system of 
coupled integro-differential equations. In practical 
calculations one frequently uses the approximation 
of distorted waves, in which only one term with 
IT =T[) is left in the right half of (39). In this case, 
the transition amplitude Ae Gy can be represented 
in the form 


Fy Upp, Frat 


fOp+bp,) 2 
eee DasOln ae 


— _ pl@rtiry 2 a DoteRaGiy tt) = Di 11) 


A (iol) A Go|}. 


where the functions F(r) are solutions of Eqs. 
(39) without the right halves, with use of the asymp- 
totic expression 


[tirsR (ae 


(—1)t! 60 Arr, 
(2ly)+1)'/2(21-++1) 2 


(44) 


Fp~sin(kr —ln/2+ yln2kr+o,+ 6p). (45) 


The bar over R and A denotes the use of F in- 
stead of F. 
APPENDIX 


The energy of the atom in the state Tol? 'r,Ir 
can be represented in the form 


Bac at yy | Pelee a 


=F Tay alone | An| (eS (A1) 


il 
Tl (yyt>. 


Li, An WVADNS A Nera) let: 
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The Hartree-Fock equations are obtained by vary- 
ing Eg with respect to Pj. It is easy to show that 
the second term in (A1) is equal to the energy par- 
ameter €]7, since it is the only one that contains 
the function Pj. 

In the case of the state Tol" we have 


(Gay al 


>) GG “OTL lial Han Tele lone (A2) 


Ty 7 


To obtain the Hartree-Fock equation it is necessary 
to vary both terms. It can be shown, however, that 
the second term is equal to «7 as before. Separ- 
ating the radial integrals from (A2), we write E, 

in the form 


alba rag! OP) 


+ [10+ Deak.) (A3) 
On the other hand, the matrix element is 
(Tb"t| H| Tel") = E(T,) + ni (tl) + Djo*R, (il). (A) 
Varying this expression, we obtain the Hartree- 
Fock equation for the 7 electron 
(A5) 


2 
fe +23 ory (1) | P,(r) = &,P;(r). 
The operator 3% occurs when the matrix element 
I(Z) of the single-electron operator is varied. The 
diagonal matrix elements of the two-electron oper- 
ator of the atom and the ion are connected by the 


simple relation 


= (n— 2)a*/n, le, Of = Der iin, (A6) 


therefore the second term in (A3) is 


= ( arP, (r) 


0 


1 (L) + SyoxR, (Ul) EE + Soy © Pilly en 


and, consequently, 


Sy Gz,G5<T el” el ynyt Stee 


, 
TT, 


(A7) 


1 
Tal (nyt? = ep. 


Moreover, it is seen from the derivation that 
formula (A7) can be generalized by replacing the 
radial wave function of the 7 electron in the left 
half of the matrix element: 


Dd GG Tel elit | Ay | Tel” telat) = 


, 
v1T, 


A (il), (A8) 


provided the orbital quantum numbers A and 7 are 
equal. 
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A perturbation theory is developed and an expression is given for the amplitude (correspond- 
ing to a given initial state) of a state that decays exponentially with time. A final expression 
is obtained which plays the role of the norm of such a state. 


Aw exponentially decaying state that describes, 
for example, the phenomenon of a decay, is char- 
acterized by a complex value of the energy, the 
imaginary part of the energy giving the decay prob- 
ability. The wave function of this state increases 
exponentially in absolute value at large distances, 
and therefore the usual methods of normalization, 
of perturbation theory, and of expansion in terms 
of eigenfunctions do not apply to this state. We de- 
velop here a perturbation theory which gives an 
expression in terms of a quadrature for the 
changes of the mean energy and of the decay prob- 
ability corresponding to an arbitrarily small 
change of the potential. 

If the state is initially described by a certain 
wave function, then for a long time interval there- 
after the wave function is close to an exponentially 
decaying function with a definite amplitude. This 
amplitude is also calculated in terms of quadra- 
tures. 

The solutions of both problems—that of the en- 
ergy and that of the amplitude of the exponentially 
decaying state—involve a quantity that plays the 
role of the norm of this state: 

lim \ X%> exp (— ar?) r°dr. 

a>09 

For the calculation of this quantity we shall give a 
direct method which enables us to avoid the limit- 
ing process a —~ 0. 

1. Let us consider a particle moving in a spher- 
ical potential with a barrier, i.e., moving like the 
a particle in the Gamow theory of a decay. 

Let the corresponding Schrodinger equation have 
the formal solution 


"p(r, £) = e/F'ty (r) 


with the complex value E’ = Ey — iy. The discrete 
value E’ is obtained from the condition that at 


large distances y(r) contains only an outgoing 
wave: 


NL) Aree 


k=+V2E", 


rT > oO, 
(= leh Ihe 


This solution is of interest not only as a descrip- 
tion of an unstable state; the corresponding eigen- 
value is a singular point—a pole—(in the complex 
plane) of the matrix for the scattering of a parti- 
cle by the potential. 

As is well known, | x(r)| increases exponentially 
for r—o; the function x cannot be normalized, 
and in particular cannot be regarded as a wave 
function in the usual sense: it does not belong to 
the complete system of eigenfunctions 7, of the 
Hamiltonian operator. We cannot apply to x the 
usual formulas of perturbation theory, for example 


8E, =| rot - Wade/ | pwd, 


and the expansion of the function of an arbitrary 
state in terms of eigenfunctions: 
P(r) = Ander An= | Vapde |\ wrpnde. 

We shall find the expressions that replace these 
well known formulas in the case of the function x. 

Let us begin with the perturbation theory. In the 
simplest case of an S wave and a potential such 
that V(r)=0 for r > R, by using the methods de- 


veloped in references 1 and 2 we get without dif- 
ficulty the expression 


SB’ =\ 8 (NV (de / [ht 0) 


— (Crtet)*) de — C8 / 21k |, (1) 
where C is the coefficient in the asymptotic for- 

mula for the unperturbed solution y: y(r) ¥ Cr7teikr 
as r—~o. The two integrals—in the numerator and 
in the denominator—can be thought of as taken over 
all space: in the numerator the region of integra- 

tion is fixed by the region of the perturbation 5V(r), 
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and in the denominator the integrand is zero for 
Ty 33 18% 

We note that the integrands do not contain the 
pute of the absolute value, but the complex quan- 


tity x’, and therefore 6E’ is complex. The expres- 


Sion (1) gives not only the change of the energy Ej; 
-but also the change of the decay probability w= 27. 
To derive Eq. (1) we introduce the variable 


y=diny/dr; x (r)=exp{\ y(aaq}. (2) 


Schrodinger’s equation then takes the form 


dy/dr=—y? 


2 (2 Va(r)}; (3) 
and the equation for the perturbation of y is 
d by /dr = —2y dy + 2[SE’— dV (r)). (4) 


The condition of regularity of y at r =0 
uniquely determines y(0), so that dy(0) = 0, and 
from this we have 


dy (r) = exp {2 | wir} (av (q) — 6E"} exp {2\ vag} ag 


0 0 


= = v2 
x \ eV ( ) — 6E"}  (q) dq. (5) 

The boundary condition for the perturbed prob- 
lem for r >R is 


diny’/dr =y + 6y =iV 2(E’+ 6E) 
= iV 2E’ + isE'/2E’, 
dy = idE’/V 2E’ = ibE’/k. (6) 


Comparing Eqs. (6) and (5), we now get Eq. (1) by 
an elementary calculation. 

If we prescribe 6V=€ = const in the entire in- 
finite volume, we must obviously get OE’ = «€; 
Therefore the finite expression in the denominator 
of Eq. (1) can be regarded as the definition of the 
diverging integral x*dr. This latter integral does 
have any unambiguous meaning because of the fact 
that 


|x| ~exp (1r/V 2E,) > «© for r— oo 


and does not become convergent if we multiply the 
integrand by e~@° and subsequently take the limit 
a —0. Convergence can be achieved by multipli- 
cation by e7°F?: 

\ x? dt= lim \ ye OT vad 


a—>0 


” \ [x2 — (Cr-ter*")2] dx — C?/2ik. (7) 


Equation (1) can then be written in the form 
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6E' =\ Vide ek (1a) 

2. Let us now consider the nonstationary prob- 
lem. Suppose that at the initial time the wave func- 
tion 


P(r, £ = 0) = p(r) 


is prescribed. It is well known that the asymptotic 
form of the solution is 


Wii t= Ae 2? y (r) 0 (r,t), (8) 


where O(r, t) falls off like t™ 3/2 for small r [for 
further details about O(r, t) see the paper of 
Khalfin’}. 

Despite the fact that the first term decreases 
exponentially as e~Y! and the second only by a 
power law, the separation of the first term is jus- 
tified evel, a wide range of values of t for y « Ep. 
Drukarev‘ has shown that the approach of w(r, t) 
to the asymptotic expression (8) occurs nonuni- 
formly at small r (r< vt, where v is the speed of 
the particle corresponding to the energy Ej). As 
has been shown by Fok and Kryloy,° the coefficient 
A in the first term of Eq. (8) is proportional to the 
residue (at the pole E = E’) of the spectral density 
of the initial state g(r) when it is expanded in 
terms of the continuous-spectrum eigenfunctions 
~(E, r) that correspond to real values of E. 

The coefficient A can be expressed in terms of 
g(r) and x(r) by a simple quadrature: 


A=\qxdr /\ x2 dx, (9) 


where Jr dr is defined by Eq. (7). 
To verify this we introduce, following N. A. 
Dmitriev, a function ~(r, s) defined by the formula 
0 
(Gr, S) = —i\ nD (rm, t)erodt, 
0 
for those values of s for which the integral con- 
verges. In the region where the integral diverges, 
we define ~(r, s) as the analytic continuation of the 
function defined by the integral (10). 
The Schrodinger equation gives 


—sw(r,s)—+Arp(r, s) + V(r) p(r, 5) = —@(r). 
In the region r > R, where V(r) = 0 and g(r) = 0, 
the solution is of the form 

wp(r, 8) = EF (s) exp (ir V28) + fr (s) exp (ir V 25), 


where f and f, are arbitrary functions. 
Considering the region Ims > 0, where 7(r, s) 
is given by a convergent integral, we convince our- 
selves that f,(r, s)=0, since |#(r, s)| cannot in- 
crease for r — ©. The condition that ~(r, s) is a 


(10) 


(11) 


(12) 
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diverging wave for large r_ is extended by the an- 
alytic continuation to arbitrary values of s. 

The function y(r) that describes the decaying 
state satisfies the same condition for r— © and an 
equation analogous to Eq. (11) but without the right 
member: 


= E(t) AVY (1 )y(7) 0 


It follows from this that the solution of the equa- 
tion (11) with the right member has a pole at 
s = E’ (with Ims = -y < 0): 


P(r, 8) = ax (r) /(s — E’) + Pr (7, 8), 


where 7,(r, E’) is regular. 

To determine a we multiply Eq. (11) by x(r) 
and Eq. (13) by y¢(r, s) and subtract one equation 
from the other. We then integrate over the volume 
0 <r < Rand substitute the expression for ~(r, s) 
in the form (14). Then finally for s —~ E’ we get 
an expression for a that coincides with the expres- 
sion (9) for A. 

Inverting the relation (1), we find that the pole 
term in Eq. (14) gives the exponential term in Eq. 
(8) with A=a, and this completes the derivation of 
(9) 

3. The formulas are easily extended to the case 
of states with / ~0. In this case all formulas con- 
tain instead of y? the product x(r)x *(r), where X (r) 
is the solution of the adjoint equation (cf. reference 
6). In the present case, since the operator H is 
Hermitian, the taking of the adjoint reduces to 
changing the sign of i in the boundary condition 


Olnry/Or = + iV 2E", Oln ry/or = —iV 2E” 


(13) 


(14) 


(rf — 00). 
After separating off the angular factor in y(r) 
=P(0, ~)z(r), we get 


~~ ~ ~ 


y = Pz, a 2= 2, 
so that finally 


Set \ X48 V de / \xx dr, (15) 
(rf) = Ae" 4 (r) + O(r, f), (16) 
A=\¥ (r) (0) de [\ 9 (r) x(n) ae. (17) 


In the equation for the radial function z(r) the 
effective potential U(r) includes the centrifugal po- 
tential: 


U(r) =V(r) + r2L(C +1), 


and therefore in the region r > R, where V(r) = 0, 
the function z(r) can be expressed in terms of a 
Hankel function of half-integral order of the com- 
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plex argument kr (k is complex when E’ is com- 
plex). 

For r —~ © we also have |y|— », and therefore 
to give a definite meaning to the integral that plays 
the role of the normalization we must again either 
multiply the integrand by e~@ r? and then let a > 0 
or else use a finite expression of the type of (1), 
which does not require the passage to the limit: 


(18) 


For r >R we get into the region where z(r) 
can be expressed in terms of a Hankel function, 
and the derivatives in the second term can be taken 
in an elementary way. Furthermore, it is easily 
verified that in virtue of the equation satisfied by 
z(r) the right member of (18) does not depend on 
r. The problem is solved in a similar way for the 
Coulomb potential, the only difference being that 
for r >R the quantity z is expressed by a hyper- 
geometric function. 

Finally, in the case of a V(r) that contains, be- 
sides the Coulomb and centrifugal potentials, an- 
other part that is everywhere different from zero 
but that decreases sufficiently rapidly (exponen- 
tially), we must bring into the treatment, along with 
the solution z(r) of the complete equation, another 
function z,(r) that is a solution of the equation with 
V(r) = 0 and coincides with z(r) in the limit r —~ © 
[z(%) = z4(%)]. The function z, can be expressed in 
terms of known (Hankel and hypergeometric) func- 
tions: 


co e co 
\ Pb al te \ 2¢r'dr 4. \ Chace hae 
0 0 0 


+ 22 Lee (rz) | ‘ 
r=pe 


1 OF’ Or (19) 


For 1 =0 we must treat separately a neighbor- 
hood of the origin, 0< r < p, because of the fact 
that the Hankel function has a nonintegrable singu- 
larity at zero. It is assumed that after we have 
separated out from V(r) the terms of orders 1/r 
and 1/r’, V(r) falls off in such a way that 2?-z,’ 
is a function that is integrable for r — o. 

In the case of a potential of complicated form, 
for which the integrals can only be calculated nu- 
merically, the advantage of the expression (19) as 
compared with (18) is that in Eq. (19) one takes 
the derivative of known functions. 
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The angular distribution of fission fragments produced in the capture of particles of low 
orbital angular momentum is considered. The spin of the target nucleus is taken into ac- 


count. 


The effect of fluctuations in the distribution of the transition nucleus levels on the 


angular distribution of the fission fragments is also considered. 


Une recently, the available data on the angular 
distribution of fission fragments referred chiefly 
to fission induced by high-energy particles. Abun- 
dant experimental data for this energy region made 
it possible to establish the existence of not only 
qualitative but also quantitative agreement between 
the simple statistical theory of the angular aniso- 
tropy and experiment.!~4 

The investigation of the low-energy excitation 
region of the transition nucleus* is of considerable 
interest. The study of the angular distribution of 
the fragments permits one to obtain information on 
the fission probability as a function of the value of 
the projection K of the spin of the transition nu- 
cleus on the direction of fission, and therefore on 
the K distribution of the transition nucleus levels 
for small excitation. When the transition nucleus 
is even — even, the fragment angular distribution 
also gives additional evidence of the existence of 
an energy gap in the spectrum of the transition 
nucleus levels and the existence of rotational lev- 
els inside the gap. However, there is need of a 
more accurate theory of the fragment angular dis- 
tribution. Most important is the taking into ac- 
count of the initial spin of the nucleus. 

1. For a definite spin of the target nucleus, the 
probability amplitude for the emission of fragments 
in the direction n can be written in the form? 


fisy (n) 
Dix (n), 


aes 
Ty tT) 2 e 


where § is the spin of the channel; S = Jy) + '/; Jo 
is the spin of the target nucleus; J is the spin of 


cum 
C Sula Yun (v 


J 
(vy) 2 Voas(R) 


K=—J 


*By transition nucleus we have in mind here a nucleus 
undergoing fission with a deformation corresponding approxi- 
mately to a saddle point. The excitation energy of such a 
nucleus is approximately equal to the excitation energy of a 
compound nucleus minus the threshold energy for fission. 


the compound nucleus; / is the neutron orbital 
angular momentum; v is the direction of the neu- 
tron beam; m, p, M are the projections of the 
vectors 1, S, J on the axis of quantization; Y7m 
and Dj, are the normalized spherical function and 
the matrix of the J-representation of the group of 
rotations; one) is the Clebsch — Gordan coeffi- 
cient. Choosing in (1) the axis of quantization 
along the direction of fragment emission n, one 
can obtain the following expression for the ampli- 
tude: 


fiss =V (2S + 1/2 (249 +1) Dd) CSkim V ps (KR) Yim(v), (2) 


p 


where use was made of the relation 
Dmx (0) = {(20 + 1) / 42)" bux. 
For the fragment angular distribution, we obtain 
Wiss (3) = (20 + 1)/2(2Jy + 1)} 


x 2) (CSiim)* ps (K)| Yom (®) |, (3) 
mp. 

where ¥# is the angle between the direction of the 

neutron beam and the direction of fission. In for- 

mula (3) the interference terms have been dis- 

carded, as they are not important for a nucleus 

with a large density of levels. 

The coefficients py(K) are determined by the 
number of transition nucleus levels, for a given 
value of K, through which the fission takes place. 
They can be represented in the form 


0, (K) = {1's (0) a (K) / (27 + 1)} 
J 


x{Pe Ty +[TO Y aK] | ers 


K=—J 


(4) 


where a(K) is independent of J, and I'¢(0) is the 
fission width for J = 0. [It is assumed that a (K) 
is normalized by the condition a(0)=1]. With 
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such a choice of py(K), the angular distribution 
(3) turns out to be normalized in such a way that 
the integral of Wygj (%) is equal to the probability 
of fission for the nuclear angular momentum J if 
the absorption coefficient is equal to unity: 


\ Wiss (8) dQ = (2J + 1)T,/T; (5) 
J 
es Te ye (Sn <P WS Cd + 1977; (0) D} ce (K), 
tiga) 

I's is the fission width in the state J, M.* In for- 
mula (5), 2J +1 is the statistical factor for the 
formation of a compound nucleus of angular mo- 
mentum J and any allowed value of M for given 
1 and 8. 

We now assume that the total width I of the 
excited state of the nucleus weakly depends on the 
angular momentum. This occurs, in particular, if 
In + ry does not poogee on J, and I'¢(J)< Ty 


+Ty and also when — aK ee 2d) 1oi-e.s if 
a(K) is very little different from unity. Taking 
this into account, we find the following expression 


for the angular distribution: 


Dy (Cart) a (KEY in(@)2.. ~ (7) 


pmK 


Wiss (8) = 


In formula (7) we have omitted factors which are 
independent of 7 and J and which are not impor- 
tant for what follows. 


The overall angular distribution of the fragments 


in the reaction has the form 


W (9) =>) Gis Wiss (%), (8) 
LSJ 
where figs are the absorption coefficients. For 
the sake of simplicity, we assume that they do not 
depend on § and J. Setting ¢j53 ~ ¢] we find the 
following expression for the angular distribution 
of the fragments: 


W (9) = yor > Wis (9), (9) 
l 


=Jot'/2 
where Wjg(#) is the angular distribution for the 
channel (J, S): 


7+S l m+S 


Ss) = Di in OP Dy a(R): 


J=\-—-S} m=—l K=m—S (10) 


In the derivation of formula (10) we employed the 
relation 


Wis (8) = 


*Here the dependence of the fission width on the angular 
momentum of the nucleus, which is associated with the effect 
of rotation on the value of the fission threshold,° is not taken 
into account. This effect is important for very large angular 
momenta of the nucleus. 
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<1 IK seit: [K—m|<S 
2 (Csuim) — ‘Ny. |K—m|>S ; 

In statistical theory the K distribution is given 
by the expression!?! 


a(K) = exp (— K?/2K2), (11) 
where Kj} = ¥T/h’; T is the transition nucleus 
temperature, #~! = (a ee 1, 4, and 4 | are the 
moments of inertia of the transition nucleus with 
respect to the axis of symmetry (axis of fission) 
and the direction perpendicular to it. Taking into 
account the fact that for low angular momenta the 
inequality 


JOR eet, (12) 
holds, we expand a(K) into the series 
GK a Kk OK aa, (13) 


Inserting this expression into formulas (9) and 
(10), we obtain 


(/ 
D Vim (@)/2B 2S + 1) 


m=—l 


W (%) = Dor 
i 


{1 — (1/2Ko) [m? + S(S + 1)/3}} 


= (2L + 1) Gr {1 —[L(2 + 1)/4K6] sin? 9} + const, 
(14) 


which can also be represented in the form 


W (%) ~ const - {1 — (22/4K}) sin? 9}, (15) 


where 


P={P A+ )Gld+ HH SAl+ yay? 6) 
L i 
is the mean square of the orbital angular momen- 
tum imparted to the nucleus. For a black nucleus 


Pai ey (Ra) (17) 


For neutrons and nuclei with A ~ 240, the following 
expression is, in practice, more accurate: 


2? ~ (2.5—3)-En [Mev]. 


The small constant term dependent on the spin 
of the target nucleus and appearing in the braces 
in formula (14) has been omitted, since it obviously 
does not affect the shape of the angular distribu- 
tion. It may therefore be said that for a small 
anisotropy, the statistical distribution of the frag- 
ments does not depend on the nuclear spin for any 
value of the orbital angular momentum of the neu- 
tron. The dependence of the angular distribution 
on the spin arises for the next term in the series 
(13). In the calculation of this term, the coefficient 
of sin? 2 in formula (15) should be multiplied by 
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the spin-dependent factor 1 — S*/2K*. The coeffi- 
cient of sin’ 3 is independent of the spin. Fora 
small anisotropy, the spin-dependent terms are 
negligibly small. 

The reason for the weak dependence of the 
anisotropy on the value of the initial spin becomes 
more understandable if one considers the classical 
limit (1, S >> 1). In this approximation, for a 
given distribution a(K) the angular distribution of 
the fragments with respect to the spin direction of 
the compound nucleus can be represented in the 
form 


W (n) = const-a(K) |k=1n- (18) 


We set J=1+S5S and average expression (18) over 
all possible directions of the vectors 1 and § 
(vector 1 lies ina plane perpendicular to the 
beam, vector S lies ona sphere). Asa result, we 
obtain for the Gaussian distribution (13) an expres- 
sion similar to formula (15) and, consequently, a 
weak dependence of the angular distribution on the 
initial spin. For another form of a(K), the angu- 
lar distribution, generally speaking, depends on 
the initial spin. In particular, a strong dependence 
on the magnitude of the initial spin occurs for the 
distribution used by Griffin:* 


1—|K|/K 


te Sa 
a(K) = 0, 


|K|>K 


max’ Be 


max 


(the anisotropy is less for a large value of S). If 
the series for a(K) begins with the fourth power 
of K 


a(K)~1—xK?4 (x > 0), 
then the angular distribution has the form 
W (%) = const - {1 —%x C (sin? + S22 sin? di, 


i.e., the anisotropy would even increase with an 
increase in the initial spin. The physical reason 
for this is the fact that along with the deterioration 
in the angular momentum of the compound nucleus 
for a definite initial spin, there is an effect leading 
to an increase in the anisotropy; this effect is con- 
nected with the fact that for a large initial spin 
there are, on the average, larger values of the 
angular momentum of the compound nucleus (see 
also reference 1). Therefore, the final result is 
determined by the degree of the dependence of the 
anisotropy on the magnitude of the angular momen- 
tum of the nucleus. 

2. One can also set the task of determining the 
distribution a(K) from the known angular distri- 
bution of the fragments. To do this, it is neces- 
sary to know the angular distribution for each K, 
separately. 
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We shall first consider the case K = 0. Since 
it is assumed that the transition nucleus has an 
axis of symmetry (coinciding with the direction of 
fission), there exists for the rotational states with 
K = 0 a selection rule, according to which only 
even values of angular momentum can occur for a 
compound nucleus of positive parity and odd values, 
for negative parity. Hence, for K = 0, the summa- 
tion over J in the individual terms of formula (8) 
should be carried out in such a way that the parity 
of J is the same as the parity of 1 for a target 
nucleus of positive parity and of the opposite parity 
in the case of negative parity. This summation 
can be carried out in general form by means of the 
formula 


DY (C8am)® = ELL + (= 1)4S+4 8ino]; (19) 
J 


where the primes on the summation sign indicate 
that the summation is carried out only over even 
or only over odd values of J. Employing (8) and 
(19), we find 


WX) (9) = DY EWIS-? (9), (20) 
lS 

Wis” (8) =F{ 3) [Yim (8) + (— LEP Vi0 (8) Ph. 

|m|<s (21) 


For each 7 the second term in formula (20) has 
opposite signs tor the two values S= J) + %, and 
these terms cancel one another in the sum over 
S in formula (20). This also occurs in the case of 
a spin-orbit interaction between the neutron and 
nucleus when the absorption coefficient also de- 
pends on § and J. Therefore we shall omit this 
term everywhere below in the expressions for 
Wien) (ae 

1s 

Kors =ss 


WIS (8) = (21 + 1) / 8a, (22) 


i.e., for K=0 the channels with 1 <S give an 
isotropic contribution to the angular distribution. 
For the channels with J] > S, the angular distribu- 
tion for K = 0 can be written in the form 


Wis (9) =i >) ReAOy (9), (28) 
|m|<s eh 
P a 
Fn@)= sq 2) |\Yin @)P- (24) 
m=—dzr 


A simple expression for the function Eis OD 
tained in the quasi-classical approximation if, in- 
stead of the functions | Y;,, |’, their classical 
analog 


(1 / 2x2) {sin? & — (m? /12)}—4 (25) 
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is employed. Replacing in formula (24) the sum- 
mation over m by an integration, we obtain 


1 lsind< 4 


Fy, 
( (A/Esin 9), Jsin9>4. 


R@Ie I KS Uy 


Ronee 
or \(2/a) sin 


(26) 


Fir (9) 


By means of formula (10), one can obtain ex- 
pressions for the angular distribution for other 
fixed values of K. Noting that a(K) is an even 
function of K, we obtain the following resulting 
expression for the angular distribution of the fis- 
ea fragments for a channel with a fixed value of 

K |: 


~ (2/x) (A/l sin 9). 


Wis? (9) = Wis? (9) + WIS (9), 


where for S21 
HAC SS sii 
See hdres 


Say. CReS ar 
(27) 


1 
13) [od 
Wis? (a) = = 4 | t+ Fy six), 


4m ‘ 
a Ep iKp S54 ©) 


and for S<] 
WIE? (9) 
Fy (9), K=0 


- Fy,s—inj OO) + Frsyx)@), O<1KISS 
Soa Pear (9), eae ae (28) 


~ * L,,K{—S—1 


Substituting (27) and (28) into formulas (9) and (10), 
we obtain the following expression for the angular 
distribution: 


W (%) = const- Die! 11) G, a(S; 2) 
—4@ (Si + A)] (Fiza + Fi,a); 
S;=Jot*/,  a(—K)=a(k). (29) 
We introduce the quantity A() = {o¢(¥) 
— o¢(90°)} /og (0°). For a small anisotropy, A(#) 


practically coincides with the usually considered 
quantity: {of (3) — o¢ (90°)}/of( 90°). The expres- 
sion for of(0) can be obtained directly from for- 
mulas (9) and (10) if it is noted that 


049 
a (OVP= (er eri ao 
Calculating o¢(0°) in this way, we find 
A (9) = 2} B®, (9), (30) 
A=1 
where 
= a(S;— 4) —a(S = mae 

R= TeOraSr2eh+.+aScpy Wo 

(31) 
= 12) (2 + 1) Gn, (8 /2 (21 + 1) Gr 
l 

Ppp (9) = Frra(®) 4- F 2,2 (8) — Fi. (90°) — Fi,2 (90°). ’ 

(32 


For a small anisotropy, the denominator in for- 
mula (31) is approximately equal to 48, = 2(2J) + 1). 
Some values of the functions #7, for 1 = 3 are 
shown in the table. 

The functions ®)(¥%) depend only on the inci- 
dent neutron energy, since they are fully determined 
by the absorption coefficients. In the case of a 
black nucleus, they depend only on Imax. The in- 
dex 2» runs over the values from 1 to Imax. Thus, 
knowing the angular distribution of the fragments, 
one can, in principle, determine Imax independent 
differences of the coefficients a(K). Using the 
functions (26), we can obtain the following quasi- 
classical expression for ®)() for a black nucleus: 


oN 
> Finis 


90°» 
n=)—1 


D, (9) = 


Kit | lene Sint el 


52 4 


ae) tae) 


Fin (9) = ae ae 


The angular distribution of the fragments is 
readily calculated by means of formulas (30) — (32) 
if the distribution of a(K) is given. If, as happens 
in the statistical case, a(K) is a monotonically 
decreasing function of K, all the coefficients 6) 
are positive, and A(#) is a monotonically decreas- 
ing function of the angle ¥. [Both functions %)(0) 
and 7, (¥) decrease monotonically with an in- 


Values of the function 67) 


ee ______ Ee 


Ihe a 


9, 
dee 14 2.4 3.4 2.2 oo | 3.3 
0 1.000 | 1.500 | 1.636 | 0.750 1272 0.63 
10 0.970 | 1.412 | 1.460 | 0.750 1.267 0.636 
20 0.884 | 1.170 | 1.032 | 0.740 | 0.226 0,634 
30 0.750 | 0.844 | 0.556 | 0.703 | 1,076 | 0.626 
40 0.589 | 0.518 | 0.218 | 0.623 | 0.810 0.593 
50 0.413 256 | 0.066 | 0.492 0.486 0.510 
60 0.250 | 0.062 | 0.036 | 0.33 0.218 0.373 
70 0.417 | 0.020 | 0.034 | 0.165 0.068 0,205 
80 0.030 | 0.002 | 0.020 | 0,041 0,024 0.065 
90 0.000 | 0.000 | 0.000 | 0.000 0.000 0.000 
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crease in #.] In the statistical case, for a(K) 
not very different from unity, one can employ ex- 
pansion (13), which gives 


Bue Pi 2K. (33) 
The function A(#), by (15), has the form 
A(9) = (1/2K3) S)A®, (9) = (2 /4K3) cos? ®. (34) 
r 


In formulas (26) — (31), the above-mentioned 
selection rule for J was not taken into account for 
the states with K=0. If this rule is taken into ac- 
count, the coefficient a(0) decreases by one-half. 
This result is obvious in the classical limit: For 
a given orbital angular momentum and K = 0, fis- 
sion is possible for only half the possible values 
of the angular momentum of the compound nucleus. 
As a result, formula (30) should be written in the 
form 


A(8) = >) Ba. (9) +4 [2 (2J. + Ls, (9), 


AT 
(Sy = }/ /2) 


For a Gaussian distribution of a(K) anda 
small anisotropy, the fragment angular distribution 
in which the selection rule for the states with K 
= 0 is taken into account has the form 


lca = Say a(0) = iy. (34’) 


A (9) = (2 /4K3) cos? ® — [2 (2Jy + 1)J2@s,(9). (35) 


For large J the integral contribution of the second 
term decreases as Ipiax. If the first term in for- 
mula (35) is independent of the initial spin, then the 
second term, other conditions being equal, leads 

to a certain decrease in the anisotropy for a smaller 
value of Jo. 

3. In those cases for which the probability of 
fission in a channel of angular momentum J is de- 
termined not only by some statistical factors, as 
was assumed above, there may be need of expres- 
sions for the fragment angular distribution with a 
fixed value of J. In the classical limit, they can 
be obtained by replacing in formula (7) the square 
of the Clebsch-Gordan coefficient by its classical 
analog: 


(Cave = 
COS (2H) * (0 (Cel) 


(1/sl) {sin® y — (m? /1?)}—, 
S(S eed (ies 1); 
and the functions | Yj (#) |? by expression (25). 


Replacing also the summation over m by integra- 
tion, we obtain 


(K=0) — =a (Girlie 
BO PN nik cal 


(36) 


z= sin? O/sin? ¥ <1 
ped , (37) 
where K(z) is the complete elliptical integral of 
the first kind: 
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n/2 
\ (1 — 2? sin? g)— dg. 


0 


K (2) = 


K=0 
The quantum-mechanical expression for wis ) 


has the form 


dy (— 198 (2E + 1) (27 + IE 


PO \gQ 


a 


Zolo 


* (C50)? W LILI Sp) Pp (cos @), (38) 


where W (abcd|ef) are Racah COOMICICDES: 
Another classical expression for Wiss ) (3) 


can be obtained by replacing the Racah coefficients 
in (38) and the squares of the Clebsch-Gordan co- 
efficients by their classical analogs: 


(Cioto)® == (4/m0) {402 — 13)" 
W (JiJ| Soy (—1)° (2 + 1). G7 4 Dy “P, (cos 
As a result, we obtain 
wisr x Ol Ql + 1) (QF +- 1)%{(4d? — p?) 
x (412 — p*)}-“*4 ~P, (cos x) Pp (cos 9). (39) 


(K=0) 


Iss (2) is somewhat 


The last expression for W 
more accurate than (37). 
4. In the presence of a spin-orbit interaction 
between the incident neutron and nucleus, the ab- 
sorption coefficients ¢7gj depend on all the in- 
dices. Their explicit form can be found from a 
comparison of the expressions for the total wave 
function of the system in the representation used 
above for the spin of the channel and the ordinary 
j-representation (j= 1+ AS Consideration of the 
spin-orbit interaction leads primarily to the re- 
placement of ¢7 by the mean absorption coefficient 


Gr = (2h + IEF 1) bret + Urn), 
where £1,j are the absorption coefficients in the 
j-representation. In formulas (15), (34), and (35) 
there appears, moreover, the factor 

(1 + 2 (22 + 1)*q1], 
G1 (Ci,epn— Cra.) | (Clee a he) 
in the coefficients of cos? ¥. This correction is 


not important. For w(K=0) (3), with allowance for 
the spin-orbit interaction, we obtain the expression 


Oe pa C 5! LY im (%) |? 


m=—S 


Pays 


yw ik= =0) 


— > €:[4qrS, / (2 


ISS 


- qu] (2l + 1) |Yi,5,(9) Bh. 
(237) 

The correction associated with the last term in 

(23’) also proves to be small. We note the follow- 
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ing useful relations which are employed in calcula- 
tions with spin-orbit coupling: 


Di (CS inc 
J 


= +4) + S(S +4) + lnl<S, 
! 0 » |pI>S, 


2mu, |m|<1 


ee || ah 
LU $1 (CShum)® = FU + (= Sono EE $1) 
+ S(S + 1)}—m?. 


The validity of these relations, as well as formula 
(19), can be established by a comparison of the 
zero coefficients for 3°, 8, (i oa), and (17 —v)? 
in the expansion in powers of # and (7 — ¥#) of the 
identity 


S pl Vi pwK ye 
Dix Dinm — Di (CSe1m)"Dikx = 0. 
J 


5. If the values of the orbital angular momenta 
taking part in the reaction are not large, formula 
(30) can be used quite directly for the analysis of 
the experimental data. The ‘“‘statistical’’ term of 
the angular distribution, which, for a small aniso- 
tropy, is given by formula (34), can be separated 
immediately. With the ‘‘fluctuational’’ part of the 
angular distribution separated in this way, it can 
readily be shown how the coefficients 6) differ 
from their statistical values (33). To do this, it is 
necessary only to take into account the fact that 
the functions ®) (v7), which, although simple and 
similar in form, strongly differ as regards the 
width of the maxima (see Fig. 1). It is also impor- 
tant that the functions #) (3) very weakly depend 
on the assumptions concerning the absorption co- 
efficients ¢7, This can be seen in Fig. 1, where 
b) (3) calculated for two variants of €7 are shown. 
The dotted curve denotes ) for a black nucleus 
with Imax = 3 (¢7 = 1,1 =lmax). The solid curve 
represents the functions ®) calculated with values 
of £7 computed by Nemirovskii for a semi-trans- 
parent spherical nucleus with a diffuse boundary 
for KR=11.5 and Ey, = 1.5 Mev (£) = 0.45, & 
= 0.95, = 0.29, £3=0.50).* The nonmonotonic 
character of fa] reflects the existence of a ‘‘reso- 
nance shape’’ for the p and f waves. The effect 
of the resonances decreases, owing to the defor- 
mation of the target nucleus, as a result of which 
the true values of the functions ©, prove to be 
intermediate between the two curves shown in Fig. 
1, which, however, are very close to each other. 

The angular distribution of the fission fragments 
has been studied experimentally by Blumberg and 


*The author expresses his indebtedness to P. f£. Nemirov- 
ski¥ for making available the results of his calculations of the 
absorption coefficients. 
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FIG. 1. a—functions ®,() calculated for 1.5 Mev neutrons; 

solid curve corresponds to the optical model for a spherical 
nucleus with a diffuse boundary and with spin-orbit interaction 
(absorption coefficients are given in the text), dotted curve 
corresponds to the functions ®, for a black nucleus and 

lmax = 3; b—functions 9«(v%) calculated with formula (45) 
from the functions ®)(%) for a semi-transparent nucleus 

(E, = 1.5 Mev). 
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Leachman’ and by Henkel and Simmons.? Compar- 


ison of the angular distributions for U** (Jy = %; 
fission threshold of 1.6 Mev), Pu? (Jy =‘, 
threshold of 1.6 Mev) and U*> (J) = %, threshold 
of 0.6 Mev) indicates the absence of an appreci- 
able influence of the spin of the target nucleus. 
Moreover, according to the experimental data of 
Henkel and Simmons,’ the angular distributions 
for these targets are described, within the limits 
of experimental accuracy, by the expression 1 
+A cos? 3, where A * 0.1—0.15. Both these cir- 
cumstances are evidence in favor of a Gaussian 
distribution for a(K).* On the other hand, the 

*For the determination of the value of Kj from the experi- 
mental data, see references 8 and 9. 
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data of Blumberg and Leachman® for Pu? and 

u**? apparently indicate the presence of substantial 
fluctuations in the distribution of a(K). Thus, on 
the basis of the angular distributions for Ey = 1.5, 
it has to be conceded that a(0) considerably ex- 
ceeds the statistical value (it is 1.5 —3 times as 
great). 

The second term in formula (35) is associated 
with the selection rule for J in the state K = 0 
for Jy = °/ and lnax = 3-4, and does not exceed 
the value 0.02, which is within the limits of exper- 
imental error. For Pu’? (J, = ,), the amplitude 
of the second term is equal approximately to 0.15 
— (0.20, i.e., larger than all values of the observed 
anisotropy. For the same values of the parameter 
1’?/4K% as for U*?, the presence of the second 
term in formula (35) should lead to the appearance 
of a relatively deep minimum at J = 0° and a broad 
maximum at /@ = 40°, which is clearly contradicted 
by the experimental data. 

Hence one may conclude that the interdiction on 
odd (or even) values of spin for an even (or odd) 
state of the nucleus does not occur, at least, for 
transition nucleus excitation energies 2 3 Mev. 
The absence of such an interdiction, well-known 
from weakly excited states of even-even deformed 
nuclei, may be associated with fluctuation devia- 
tions of the self-consistent field from axial symme- 
try. Such deviations may prove to be very impor- 
tant, since the criteria that the collective motion 
during fission be adiabatic are satisfied with only 
a small reserve’? (see also reference 11). This 
would signify the impossibility of describing the 
nuclear state by means of a wave function of the 
rotational type. The quantum number K would 
have the meaning of a mean statistical constant of 
motion. 

Comparison of the value of the anisotropy for 
U5, U33, and Pu”? (reference 9) indicates that 
there is a systematic tendency towards a small 
increase in the anisotropy for nuclei with larger 
values of Jy; the difference in the ratios o¢ (0°) 
/o¢(90°) is, in each case, approximately 0.03. 
This effect may be associated with the presence 
of the negative term proportional to K! in the ex- 
pansion of a(K) ina series in K. Writing a(K) 
in the form 


a(K) = 1 — (K2/2K%) — K, (40) 
we obtain for the angular distribution 
W (9) = 1 + (2/4?) cos? 9 
— 2 xb4sint d + % (Jp + 1/)? Pcos? >. (41) 


Since the first three terms in formula (41) do not 
depend on Jp, comparison of the values of the ani- 
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sotropy for different values of Jp permits one to 
determine the parameter x at once. For the in- 
dicated difference in the ratios of (0°)/og (90°), 
we obtain k = (2—4)x 107+. For such x, the 
last two terms in formula (41) have practically no 
influence on the shape of the angular distribution. 
The presence in the expansion of a(K) of a nega- 
tive term proportional to K* gives a relative de- 
crease in the contribution of large K in compari- 
son with a Gaussian distribution. 

6. In the case of neutron-induced fission of 
even-even nuclei (J) = 0), the angular distribution 
of the fragments is also described by formulas 
(30) — (32), where the coefficients B, are given by 


Ba = [4(*/2 — A) —a(*/2 + 4)]/2a (*/2) (42) 


(for S=,, of is different from zero only for K 
=¥,). If, now, the fission is characterized mainly 
by one value K = K*, the coefficients a(K) in the 
numerator of formula (42) can be represented in 
the form 


a(K) = a(K’){8x, x* + 5x, —K*}; 


from which we obtain for the function A (3) 


A (9) = [a (K’)/2a (*/2)] @x+(9), (43) 
QD, (9), Kean, 
oF. Djs, (9), = bax ate (43) 


Pxe() = 
Dos, od as Oxy, (8),  K* 44a» Umar + Va6 


The functions Px (%) can also be represented in 
the form 


gx (S)=4n >) by] [Ys, x1, (%) ? 


I>K*—1/, 


H¥ 1, xepin (8) [I [de melon (43"") 

Ll 

For! K*'=)7/,, we: find 
57 (9/55 (90°) = 1 + + [o;(0°)/o, (90°)] D1 (9), (44) 


where 

3; (0°)/6; (90°) = {1 — @, (9)}7. 
The angular distribution for K* = is character- 
ized by a sharp maximum for # = 0° (the half- 
width of the maximum is of the order Iplg,). For 
other values of K*, the function of(#) has a mini- 
mum at J=0°. The width of the minimum in- 
creases, and its depth decreases, for larger K*. 
For small K* not equal to ¥,, there is also a 
small maximum at ! = 40 —50°. Figure 1 shows 
several functions gy, (#%) calculated for a semi- 
transparent nucleus with Ey, = 1.5 Mev. For 
another neutron energy (or other values of the 
absorption coefficients ) the functions YK (t), as 
is the case for the functions ©,(#), can readily be 
calculated by formulas (32) — (43). For En 
<& 2 Mev, the table can also be used. 


ANGULAR DISTRIBUTION OF FISSION FRAGMENTS 


For K* = as the angular distribution of the 
fragments is determined single-valuedly if the 
function ,(.2) is known. For a neutron energy of 
0.7 —1.0 Mev, the value of (0°) is 0.9 —1.2, de- 
pending on the absorption coefficients. For Ep 
= 0.7 Mev, the optical model gives @ (05) = 1505 
(€9 = 0.35, £; = 0.81, €, = 0.12, £3 =0.07), from 
which, by formula (44), we find of (0° )/of (90° ) 
~ 2. This value is close to the experimental value 
for Th”? (reference 12). Figure 2 shows the ex- 
perimental data of Henkel and Brolley,!3 for 
fission of Th?8* induced by 1.6-Mev neutrons. The 
solid and dotted curves represent the angular dis- 
tributions calculated from formula (43) by means 
of the functions 6) shown in Fig. 1 for a semi- 
transparent and a black nucleus, respectively, with 
K* = %. For the ratio of the coefficients, we have 
a(*,)/a(¥%) *6—8. The curve calculated with 
¢7 for the optical model is in good agreement with 
the experimental data. 


6,(0)/6,(907) 


C H 60 Ty 

FIG. 2. Fragment angular distribution for fission of Th’*” 
induced by 1.6-Mev neutrons, according to the data of Henkel 
and Brolley,’* (experimental points). Curves 1 and 2 are 
the angular distributions for K = 3/2 for a semi-transparent 
and a black nucleus, respectively; Curve 3 is the ‘‘best’’ 
angular distribution for K = 3/2 determined by Wilets and 
Chase” by the method of least squares; Curve 4 was calcu- 
lated from the optical model for K = 5/2. 

The angular distribution of the fission fragments 
of Th?2 was also analyzed by Wilets and Chase." 
They represented the angular distribution in the 
form ls 

Dd) 1 (J) | Di, (8) + const, 

J='): 
where the coefficients r(J) were determined 
from the experimental points by the method of 
least squares. The curve obtained in this way is 
also shown in Fig. 2 (dash-dots ). This curve dif- 
fers little from the angular distribution calculated 
with the absorption coefficients for a semi-trans- 
parent nucleus. The difference between the solid 
and dotted curves in Fig. 2 is connected with the 
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difference in the size of the contribution of J = 2 
in the cases of black and semi-transparent nuclei. 
We note that in the case of a semi-transparent 
nucleus the choice of the parity of 1, connected 
with the fact that the parity of the rotational states 
with respect to the same region should be the same, 
is not important, owing to the relatively small 
value of €) in comparison with ¢, and ¢, in the 
optical model. 

As shown by Henkel and Simmons,? there are 
many other cases of an ‘‘anomalous’”’ angular dis- 
tribution of fission fragments of even-even nuclei 
at neutron energies of the order 0.5—1.5 Mev. 
These distributions have the shape of the curves 
shown in Fig. 1b and may apparently be explained 
by the anomalously large contribution of fission 
with some particular value of K. Thus, for exam- 
ple, the angular distribution of the fission frag- 
ments of U?** for Ey = 0.85 Mev’ is similar to the 
curve corresponding to K* = o/, in Fig. Ib. In 
principle, the most complete information on the 
distribution of a(K) can be obtained from the ex- 
perimental data directly from formula (30). 

I express my sincere gratitude to B. T. Geilik- 
man, D. P. Grechukhin and G. A. Pik-Pichak for 
valuable discussions on this work. 
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An infinite chain of equations relating the matrices of different transitions is constructed. 
After mass renormalization the equations are applied to multiple boson production in two- 


fermion collisions. 


lk The transition from an initial state | ink > 
with i bosons, n fermions and k antifermions to 
a final state | jml > may be represented by the 
matrix y Gj, nm, kl) [o, 09], which is related to 
the general transition matrix V[o, 09] (the S 
matrix for finite time intervals) by 


<jml (Vr ™ F065, oo] |ink> = <jml|V[o, 6,]|ink>. (1) 


The general transition matrix V[go, 09] satis- 
fies the Tomonaga-Schwinger equation with an 
interaction Hamiltonian H(x) which in theories 
of the ‘‘electrodynamical type’? is bilinear with 
respect to fermion (and antifermion) operators 
and linear with respect to boson operators. 

In order to arrive at a system of equations link- 
ing the matrices of different transitions V (2) we 
proceed as follows: 

a) We take the matrix element of the left-hand 
and right-hand sides of the equation for V[a, oo], 
for the initial state | ink > and the final state 
| jmZ > .* In accordance with (1), V () with dif- 
ferent sets of indices & is obtained from different 
terms of the equation for V[ga, ao]. 

b) For equality of the matrix elements obtained 
through a) it is sufficient to have equality of the 
operators whose matrix elements have been taken. 
This condjtion furnishes a system of linked equa- 
tions relating different vis), 

c) The entire system must now be put into a 
form convenient for applications, wherein 
V (2pm is given in terms of normal prod- 
ucts of j boson-creation operators and i boson- 
destruction operators and, correspondingly, m and 
1 creation operators together with n and k destruc- 
tion operators for fermions and antifermions. For 
" *We may speak of operators on both mathematical and 
physical particles. These differ in their numerical factors, 


which are combinations of contractions and which will sub- 
sequently be canceled. 


this purpose, from the equation obtained through 
b) for a given set of indices (ij, nm, kl) we sub- 
tract. the.equation for. .(i;— iain ee, 
k=1,0 —1): 

The foregoing procedure results in the system 
OV aa 
= YA ye a+ap, j—a--ap; n—b-+-bq, m—B+bq; k—c-+-er, l—y--er) 
a 
age 


ebay (pqr) 
(2) 


BRR 
Ban 


Here H ane is the term of the interaction Hamil- 


tonian containing a, B, y creation operators for 
bosons, fermions and antifermions, respectively, 
and a, b, c corresponding destruction operators. 
The indices p, q, r indicate that of the creation 
(2) 
(par ) 
q fermion and r antifermion operators contract 
with the corresponding destruction operators in the 
interaction Hamiltonian.* 

The system of equations (2) requires consider- 
able modification since it represents a system of 
‘‘mathematical’’ particles. We shall perform a 
mass renormalization. When the masses of par- 
ticles in the equations for field operators, in the 
Heisenberg representation, are taken to be the ob- 
served experimental masses, terms with pure 
electromagnetic (field) additions to the masses 
appear. When these terms are included in the in- 
teraction Hamiltonian, after passing to the inter- 
action representation we obtain the familiar equa- 
tion that includes counterterms. All field operators 
will now obey the equations for free physical par- 
ticles with the experimentally observed masses. 
Performing operations a), b) and c) as above, we 
obtain (2) with its right-hand side increased by 


operators in V by definition p boson, 


*We here sum over all possible combinations of contrac- 
tions which are permissible for given values of 4, B, and y. 
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the counterterms 


Sa yy (BY)y (Zi; n—b-+Lbq, 3-+bq; k—c 
<a yal AM (cy Vigan) pase Ne ee ec) 
AG EDS Caltehs Fp 
! “(a)y7(<—a+p, j—a+t-p; nm, kl 
— 2). AmeajV (p00) far 
> Pa 


(3) 


where the summations over Veuou 0, Cs-Qaand sr are 


taken from 0 to 1, and over a, a and p from 0 to 2. 


In (3) the quantity ani.) denotes the term of 


the operator for the electromagnetic mass of a 

fermion (or antifermion) which contains 8 ferm- 
ion-emission operators and b fermion-absorption 
operators as wellas y and c corresponding anti- 


~(@) 


fermion operators. Ai) is the boson counter- 


term with @ boson-creation operators and a boson- 


destruction operators. 

Prior to the renormalization we must introduce 
additional conditions determining the constants in 
the counterterms, which we denote by the same 
symbols AM and Am as the operators. We take 
these conditions to be* 


yuu 00, 00) [ 


5, So] =z 0, y (oo: 11, rs, Sol 25 (9) 


(4) 


The conditions (4) are favored by the following 
considerations: 

1) If all terms contributing to the self-energy 
are excluded from the renormalized equations (2), 
then (4) follows directly from (2). 

2) The usual result is obtained by means of (4) 
through the use of perturbation theory. 

3) If only one particle, such as one boson, ex- 
ists in the initial state, then from the condition 
that this is a physical particle it follows that the 
only operator which describes the temporal de- 
velopment of this system is V9) Gq, gy], 
which is the amplitude of the probability that no 
particle creation or destruction occurs. 

4) The conditions (4) lead to the cancellation 
of counterterms in the equations for any (&). This 
corresponds to the usual requirement of the renor- 
malization method that neither the electromagnetic 
nor the bare mass should appear separately in 
transition amplitudes. 

Our conditions (4) for mass renormalization 
differ in form from the usual conditions at least 
in so far as they do not require (although they do 
not exclude) the use of propagation functions other 
than those which correspond to the first perturba- 
tion approximation (but with the experimental 
masses). 

*The vanishing of a number of other matrices such as 
v(00,00,11) follows from (4) and cross symmetry; this cannot 
be regarded as an independent auxiliary condition. 
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2. We shall now apply the foregoing method to 
the creation of N scalar (or pseudoscalar) bosons 
in two-fermion collisions. Several quantized field- 
theoretical studies of this problem have appeared 
(references 1—4 and others), but none of these 
can be regarded as sufficiently complete since they 
all remained within the bounds of perturbation 
theory. 

The calculation that we present below does not 
of course solve (2) and (3) exactly, which we could 
hardly expect to do in general form. However, our 
simplifying assumptions do not represent the re- 
jection of diagrams of sufficiently high orders, but 
rather the summation of an infinite number (not 
all) of the diagrams. We can regard this as a way 
of proceeding beyond the perturbation theory. 

The simplifying assumptions may be formulated 
as follows: 

a) The creation of fermion-antifermion pairs is 
excluded from consideration both in the final state 
and in intermediate states.* The indices k and 1 
are always zero and need never be written. 

b) Only central collisions of nucleons are as- 
sumed to occur. 

c) The region of very high energies is consid- 
ered, where many bosons are created. 

d) It is assumed that the great majority of bo- 
sons have approximately the same energy (depend- 
ing on the initial nucleon energy, of course). This 
approximates experimental results. 

On the basis of the foregoing assumptions we 
shall now write a system of linked equations for 
the matrix V ON, 22) representing the production 
of N bosons in a two-fermion collision. We begin 
with the usual interaction Hamiltonian for scalar 
bosons in the case of scalar coupling: t 


H, = gype (x), (5) 


where, as usual, 


pouty, p=uto, g=gh+er 


In virtue of a), (5) is replaced by 


*This assumption formally destroys the unitarity of the 
theory since the probability |v| 2 of the initial state is con- 
stant and equal to unity (see also reference 5). However, this 
can have only a small effect on the cross section since the 
exponentially diminishing factor that appears in V© in the 
exact treatment cancels the corresponding factor in ve), 
This comment does not, of course, apply to processes whose 
very occurrence depends upon taking antifermions into account. 

tThe actual energy distribution is far from being 6-like. 
However, since we must sum over finite states, the integral 
over all finite energies is important rather than the detailed 
shape of the distribution. 

tIn the case of pseudoscalar coupling for pseudoscalar 
mesons the same results are obtained for the multiplicity. 
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H, = guu {gt + 9}. (6) 


Then, in accordance with (2), the equations for 
vy CON, 22) are 


a= (0N—1, 22 a N-+1, 
(OV ON, 22)/66 = = guug) (Gs BV. on i 22) -- guug! ) (x) Vacs i) 


+ guup— (x) ere ») _ AMuu(x)V (on™, (7) 
iV ON: 1 166 = oul ~ 7)(x) Vien? 11) guug'— ) (x) Vii nL) 


NVM Viti ee (8) 


Since we are considering central collisions (s 
states ) it may be assumed that the existence of 
fermion spin cannot strongly affect the cross sec- 
tion. In our opinion, the matrix-type fermion 
propagation function can now be replaced with a 
numerical function which will correctly represent 
only the energy dependence of the exact propa- 
gation function. A similar procedure has been 
followed in the so-called Bloch-Nordsieck model.® 
A possible form of the approximate propagation 
function is* 


Se(p) = i (2m) */Ep. 


The employment of c-number propagation func- 
tions simplifies (7) and (8), which in virtue of (4) 
now appear as 


iyo: 22) [s, So] 
fo} 


= 2\ dix, w(m)u() o (4) VOR” Lo, 00) 


So 


o 


+" g\ d'xyu (x4) u (X1) P (%1) Aces as So] 


ir) 


o 


sof \ 8 xyd 4x9 w(x) u (x1) PO (x1) QY 
~~. -| 


or) 


x (Xp) w (Xp) U (Xz) Vic ey [53, Go], (9) 


iV Ps) Tec 


Oo 


2 g\ Eat itt (Xa) PO) Vie Sts Sole 


So 


The solutions of (9) and (10) will be sought in the 
forms 


(10) 


(ON, 2 
POP DN e 0 


(ah 3% Su (P1) U (ps) U (qi) U (42) 


hae. 


N 


x [Te (&) Qn (Pi, Par Gus das Ky. 


t=1 


N 
x expt ix (Pi + ~Pa— Ga — + >} ka)p 


a=1 


Eley) 


(11) 


*Other possible forms of this function, 
i (2m)-*| p|/(p?— m), i (2m)-4/|p|, i (2m)-*/(E, — |p|), 
yield identical results for the multiplicity. We shall every- 


where neglect the rest masses of nucleons compared with 
their initial and final kinetic energies. 


B.oT. VA VELOV and ive «ie 


GRIGOR’EV 


por, 11) [s, So] = \ GAS ») u (Pp) u (9) 


N 


x J] o (&:) Bye, as ka... 


i=1 


N 
ix ( p — ae 

xX exp | ix(p De } 
where q, (qj, Eq,): do (2; Eq, ) are the 4-momenta 
of fermions in the initial state, while p; (Pj, Ey) 
P) (Po, E,) and kg (Kg, Wq) are the 4-momenta 
of fermions and of the a@-th boson in the final state 
(in the laboratory system). 

Substituting 


Qn = Qn (41; G2, ki... 
By = By(q ky---ky)/|PP (13) 
and transforming to the center-of-mass system, 
where 


ky) 


(12) 


ky)/| P2 — P|» 


Qi eon, Diy == Ua Ye Eq, = Eq, = Eq, 

Ep, = Ep, = Ep, |ka| =e, 

we obtain from (9) and (10): 
g te 4 ss -1 

Qv (1+ $5) =8|Fy—> Di | Ova 
a=1 

i : 1 

I | ; 2 os] (14) 


In arriving at (14) we have neglected |k,| com- 
pared with |p |. 
The solution of is is 


a5 u- eet iO 


(15) 


A= 1 p?/8a3. 


With the aid of (15), (13) and (11) the probability 
amplitude of the transition in question is found to be 


N 
SHE RANG HSB Nil Ae ay Ome ees 


J=1 


(16) 


where K is a coefficient which is independent of 
N. The mean number of created bosons is now 
found to be 


N = [l6ng}“E“/2.7, (17) 


where E is the initial nucleon energy in the lab- 
oratory system. 

The multiplicity represented by (17) agrees 
relatively well with some experimental high-energy 
data, but agrees somewhat less well (although the 
order of magnitude remains correct) at lower en- 
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ergies. This quite naturally reflects the important 
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' Lewis, Oppenheimer, and Wouthuysen, Phys. 


role of noncentral collisions in the latter case. The Rev. 73, 127 (1948). 


results interests us not so much from the standpoint 


of a quantitative analysis of the processes at high 
energies but because of its methodological signifi- 


cance, since it shows that field theory does not pro- 


duce absurd results. 

Further study is required to determine how the 
final results are affected by our hypotheses that 
antifermions play an unimportant part and that ex- 
act propagation functions may be replaced with c- 
number functions. This type of analysis, like the 
foregoing calculation, should not be based on per- 
turbation theory and can in principle be conducted 
along the lines of the method proposed here. 

The authors wish to thank E. L. Feinberg and 
D. S. Chernavskii for several valuable comments. 
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We obtain a broad class of cosmological solutions of the gravitational equations, which con- 
tains seven arbitrary physically different functions of the spatial coordinates. This number 
is only one less than the number of functions necessary for the description of an arbitrary 
initial distribution of the matter and gravitational field in the general case. 


1. FORMULATION OF THE PROBLEM 


‘Tue particular classes of cosmological solutions 
of the equations of gravitation, obtained in the pre- 
ceding communication! (referred to henceforth as 
I), show that the presence of singularities is, in 
any case, a rather broad property of such solutions. 
This is evidenced by various exact solutions (i.e., 
those valid over all of space at all instants of 
time), obtained by different authors under definite, 
sometimes special, assumptions concerning their 
form (see, for example, references 2 and 3). 

However, all these solutions can by themselves 
not answer the main question of whether the pres- 
ence of a singularity is a general property of the 
cosmological solutions, not connected with any 
specific assumption regarding the character of the 
distribution of matter and of the gravitational field. 
An affirmative answer to this question would mean 
that the equations of gravitation have a general 
solution with a singularity and with as many arbi- 
trary functions of the coordinates as are necessary 
to specify the arbitrary initial conditions at a cer- 
tain instant of time. To the contrary, the lack of a 
solution (with singularity ) with this number of 
arbitrary functions would denote that the case of 
arbitrary distribution of matter and field does not, 
generally speaking, lead to the presence of a singu- 
larity. 

We thus arrive at the following formulation of 
the problem: assuming the singularity to exist, it 
is required to find near the singularity the form of 
the broadest class of solutions of the equations of 
gravitation in such a way, that we can judge whether 
this solution is general from the number of the 


arbitrary functions of the coordinates contained in 
this solution. 


Among the arbitrary functions contained in any 
given solution of the equations of gravitation there 
are, generally speaking, such whose arbitrariness 
is merely due to the arbitrary choice of reference 
frame. We obviously need be interested only in 
the ‘‘physically different’’ arbitrary functions, the 
number of which cannot be reduced by any choice 
of reference frame. From physical considerations 
it is readily seen that the number of such functions 
should in the general case be equal to eight: the 
arbitrary initial conditions should specify the 
initial spatial distribution of the density of matter, 
its three velocity components, and four additional 
quantities which determine the free gravitational 
field (i.e., the field not connected with the matter ). 
We can arrive at this last number, for example, by 
considering weak gravitational waves: by virtue of 
their transverse nature, their field is determined 
by two quantities (the components gj;) which sat- 
isfy a second-order equation (the wave equation), 
and therefore the initial conditions for them should 
be specified by four functions of the coordinates. 

We shall use here, as in I, a reference frame 
subject to conditions I (1.3): goq = gy) = — 1. L. D. 
Landau has indicated long ago that in such a sys- 
tem one of the equations of gravitation [Eq. I (1.4) ] 
makes it immediately possible to prove that the 
determinant g must vanish within a finite time 
(this was also noted by Komar*). This fact, how- 
ever, does not in itself prove in any manner the 
necessity for the existence of a true physical singu- 
larity in the solutions, since the Singularity (the 
vanishing of g) may prove to be fictitious, and 
may disappear on going to other reference frames. 
Furthermore, V. V. Sudakov has indicated that in 
the given case such a fictitious singularity should 
exist by virtue of the character of the chosen ref- 
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erence frame. It is easily seen that in this system 
the time lines (i.e., the lines x!, x’, x3 = const) 
represent a family of geodesics. But the lines of 
such a family, on which no special parallelness 
conditions are imposed, will generally intersect 
each other on certain hypersurfaces — four-dimen- 
sional analogs of the caustic surfaces in geometri- 
cal optics. On the other hand, the intersection of 
the coordinate lines denotes the vanishing of the 
corresponding components of the metric tensor, 
and the determinant g also vanishes. The metric 
will therefore have a singularity on the indicated 
hypersurfaces, but not a physical one.* 

In the present communication we give a very 
broad class of solutions of the equations of gravi- 
tation, obtained during the course of the indicated 
program. These solutions have physical singular- 
ities, but the class is still not general; it contains 
seven arbitrary functions, i.e., only one less than 
required in the general case. 


2. CASE OF EMPTY SPACE 


We begin the construction of this solution with 
the case of empty space. 

In the absence of matter, the right halves of the 
general equations I (1.4) — (1.6) are replaced by 
zeroes; we rewrite these equations in the form 


Ro= ; . In(— g) + = “ext = 0, (231) 
(ey! g2 { 

Re on ax%at (= i Sie a 0, (272) 
a= Pa : Z O Bes 

[Res — 12s = 2V—@ Ol (V 2Q%a) — (0) (2.3) 


We seek a first-approximation solution of these 
equations near the singularity (principal terms of 
the expansion) in the form 


ig ele 0 Mgitig 1 Taftp, (2.4) 


S 


where 1, m and n are three-dimensional vectors, 
which are functions of the coordinates. The expo- 
nents pj, P», and p3 may also be functions of the 
coordinates. The determinant of this tensor is 


— g = (I [mxn])? £20Prteetes), (2.5) 


The tensor g@B, which is the reciprocal of the 
tensor (2.4), can be written in the formt 


*The analytic form of the metric near such a fictitious 
singularity will be indicated in another communication. 

tThe vector-operation symbols (vector products, the opera- 
tions curl, grad, etc.) must be understood throughout in a 
purely formal manner, as operations on the components of the 
vectors 1, m, and n as if the coordinates x’, x’, x? were 


Cartesian. 


5909 


ap ys 4-2, FT > 
a ae Vi 


(2.6) 


Here and below the summations are over the 
cyclic permutations of the vectors 1, m, and n 
and of the numbers p,, py, and ps; we use the 
notation 


i = [mxn}/(1 [mxn]),m = {nx1]/(1 [mxn}), n =[Ixm}/(I [mxn]) 

(2.7) 
for the vectors which are ‘“‘reciprocal”’ to the vec- 
tors l, m, and n (so that lee 1, lem=T1en 
=0,...). We have, furthermore, 


Mae Cee alae Ke Op aie 


nat = Spt TT, (2.8) 
Substitution of (2.5) and (2.8) in (2.1) leads to 


Pit Po+ Ps = p?+ p2+ p2.- (2.9) 


We now make the assumption that in Eq. (2.3) 
the three-dimensional curvature tensor PB does 
not contribute to the principal terms of the equa- 
tion.* Then the principal terms are of order t~ 
and vanish if p,;+p,+p3=1. Together with rela- 
tion (2.9) we obtain, therefore, 


Pia Pa Pal, pipe pi= 1. (2.10) 


These two equations relate the three functions 


Pj, Py, and pz; and consequently only one of these 
is independent.? With this, Pj, Po, and pz never 


" ¥There are apparently no broad classes of solutions which 
do not satisfy this condition. A relatively narrow class (which 
will be given later on) is obtained for constant values of p,, 
p,, and p, equal to s,, s,, and 1 respectively, where s, and 
S, are two numbers that satisfy the condition s, + s, = s} +s}. 

Relation (2.9) [i.e., Eq. (2.1)] is satisfied also when 
P, =P, =p; =1, ie., when gag = tags, where the agg are 
functions of the coordinates. Then Eq. (2.3) yields 
Pag = —2aqg; this means that the space has a constant nega- 
tive curvature (independent of the coordinates of the point). 
The corresponding space-time metric can be written with the 
aid of ‘‘four-dimensional spherical coordinates’’ y, 0, in the 
form 

— ds? = — di? + t? [dy? + sh? y (dg? + sin? 0-d@?)] 

(see, for example, reference 5, Sec. 104). But the transforma- 
tion r=t sinh y, T =t cosh y transforms such a metric simply 
to the Galilean metric 


— ds? = — dv? + dr? + r (dO? + sin? Od@?). 
tThe constant numbers p,, p,, and p,, which are related by 
Eqs. (2.9), were first used in the exact solution of Eqs. (2.1) — 
(2.3), indicated by Taub,° corresponding to a completely homo- 
geneous (but not isotropic) empty space: 
— ds? == — di? -| £7Ptdx? + f?Pdx8 + £?Pedxe. 
When p, = p, =0 and p, =1, the transformation x, = x, 
x, =y, t sinh x, =z, t cosh x, = T makes this metric Galilean, 
i.e., the singularity is fictitious. At these values of p,, p,, 
and p, the singularity is also fictitious for the metric (2.4) 
(although the latter is, naturally, not Galilean). We exclude 
these values from further consideration. 
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have the same value simultaneously, and two of 
them are equal only in the triplets 0, 0, 1 and 
—%, %, %. In all other cases pj, Px P3 are all 
different, one being negative and the other two 
positive. We shall arrange these values in the 
order p; < Pg < p3. The quantities p,, Pp), and pz 
run through their values in the following respective 
intervals 


—Ts<1<9, O< po <*/s; 
They can be represented in parametric form as 


s(i+s 
(esse 


*Is< Ps. 


8 
Pi Wise? 
1{+5s 

1+s+s% ° 
as the parameter s runs through values from 0 
to 1. The figure shows the curves that determine 
any two of the values p,, py, or p3 once the third 
is specified (the three values lie on one vertical 
line ). 

The conditions (2.10) ensure the vanishing of 
the contribution ~t~* from the second term in Eq. 
(2.3); in accordance with the assumption made, it 
is necessary also to ensure the absence of terms 
of the same order from the tensor pe. 

Inasmuch as the metric has an essentially dif- 
ferent time dependence along the directions l, m, 
and n, it is convenient to ‘‘project’’ all the tensors 
on these directions. Denoting the corresponding 
projections by the subscripts 1, m, and n we de- 
termine them in the following manner: 


[By = 


Ds = (2.11) 


Pit=Pealals,  “Pige=Paslame... (2e%2) 


In this notation we have, in particular, 


aoe 2p 
Emm = i Enn =t™. 


2 
Lil ==) (5 ae 


The ‘‘mixed’’ tensor components are defined ac- 
cordingly as 


Pi = Pulgn =t "Pu, PI = Pim|mm = t "Pim, - 


(2.138) 
The calculation of the components of the tensor 
Pag from the general formulas with the aid of the 
metric tensor (2.4) leads to the following expres- 
sions for the highest-order terms: 


Po ptt > pn = (curl a= op9 
P; — DE = Pa= 54 [mxn])? is 
(I curl 1) py, p 2(pi— Ps) 
Se seca aa 
_ (I curl 1) Pim 2(P1—P2) 
(Po = Gran, ’ 


Pin = 2ln?t (Po, nP1,m — Ps,mP1, n — P1,mP1, n)- (2.14) 


The letters 1, m, and n following the comma in 
the subscripts denote here differentiation in the 


Eo Mj LinsHieZ acd ie 
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corresponding direction, in accordance with the 
definition 


f., = 1,0f/Ox*, . 


Since p, < 0, we see that the power of 1/t in 
the diagonal components pi, , does not exceed 
2. To satisfy Eqs. (2.3) it is therefore necessary 
in any case that these terms vanish, i.e., we must 
have 


1 curl) 0; (251.5) 


We note that this condition has a simple geometri- 
cal meaning. The vector satisfying this condition 
can be represented in the form 1=¥y gradgy (w 
and g are two scalar functions), so that 
lqlgdxdxP = y*dy?. This means that the direction 
of the vector 1 at each point of space can be chosen 
as the direction of the coordinate x! (so that the 
surfaces y = const become the surfaces x! 
= const). It is well known that in the general case 
of an arbitrary three-dimensional vector field this 
is, generally speaking, impossible. 

If condition (2.15) is satisfied, the principal 
terms in the components of the tensor Pag are 
found to be of the following order of magnitude 


Pi ~ Pn ~ Pr ~ In? t, 

Pim Pent mere i We Pig TP mn = Ine, (2.16) 

and in the main do not influence the equations (2.3). 
It remains for us to satisfy Eqs. (2.2). The 
largest terms in these equations could have an or- 
der t! Int: these terms appear when differenti- 
ating the exponents in the derivatives of ga, with 
respect to the coordinates contained in the expres- 
Bay 


sion i 
CC 
=r ot Vest 2 Ox 
However, by virtue of (2.10), these terms cancel 


Lie Br 
out identically: 


og Pripatg sts 
1 Tesh ated al _ Int Pt Lol 
Int ae oe ; 
aa uae 8 el eee 
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Therefore the principal terms are those of order 
1/t. The first term in (2.2) in this approximation 
vanishes, and the calculation of the derivative 
Kq;g leads to 


Opes al 
aoe Fl (men) 2) 22 {[mxin] yp, + 


+ (1 — p2) ncurl m} = 0. 


(P3 — P1)m curl na 


(2.17) 


Projecting this equation on the directions l, m, 
and n we obtain the three relations 


[mxn] Vy Pi + (ps — p,) meurl n + (Py 2)neurlm = 0 

[nxl] V P2 + (P1 — p2) Neurl 1 + (p2 ae lcurln = 0, 

(hkan] VV ps + (P2— ps)! curl m + (Ps — Pi) meurll = 0. 
(2.18) 


The following terms of the expansion of the 
metric tensor 


’ 


Seay = 


gO) + hap (2.19) 


[ where aM is given by (2.4)] are expressed in 
terms of the quantities contained in (2.4). We 
shall not repeat here the corresponding calcula- 
tions, but will indicate only that the first correc- 
tion terms have the following orders of magnitude: 


bee ee peop ap ee Jat ft (2.20) 


(the component hj is found to be of relatively 
higher order of smallness and in this sense enters 
in the next approximation ). 

Expression (2.4) contains a total of ten different 
functions of the coordinates: three components for 
each of the three vectors l, m, and n, and one of 
the functions pj, py, or p3. These ten functions 


are connected by the four relations (2.15) and (2.18). 
In addition, the reference frame which we are using 


admits also of arbitrary transformation of the 
three spatial coordinates in terms of each other. 
Therefore the solution obtained contains merely 
10 — 4 — 3=3 physically different arbitrary func- 
tions of the coordinates. This is one less than re- 
quired to specify the arbitrary initial conditions 
in vacuum.* 


3. SOLUTION IN A SPACE FILLED WITH MATTER 


Let us show now that the presence of matter 
does not change the solution obtained, and that the 
initial conditions for the distribution and motion of 


*The solution with two arbitrary functions, obtained in Sec- 
tion 4 of I for the case of empty space, corresponds to the 
particular case of constant values p,, pz, and p,, equal to -4, 
%, and 4. 

Recently Harrison’ found a series of exact solutions of a 
special type. These solutions have singularities which can be 
reduced to the type (2.4) (with different constant values of p,, 
p, and p,) or to the type mentioned in footnote *, page 559. 

We are grateful to Harrison for a preprint of his paper. 
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the matter can be specified in a fully arbitrary 
manner. 

To gain an idea of the orders of magnitude of 
the energy density € and of the components of the 
four-velocity of the matter uj, it is convenient to 
use the hydrodynamic equations of motion of mat- 
ter, which are contained, as is well known, in the 
equations of gravitation (the equations Te = 0): 


Ve SO —. 
ee ee (3.1) 
» (OU; ‘ 
(p + 8) Tat bow: ae = ut it ae uur 2P Ce) 
os 4 Ox' Ox' ax 
(see, for example, reference 7, Sec. 125). Here o 


is the entropy density; for the ultrarelatistic equa- 
tion of state p = €/3 the entropy is g ~ &/, 

We make an assumption (which will be con- 
firmed by the results obtained) that the principal 
terms in (3.1) and (3.2) are those which contain the 
derivatives with respect to time; then Eq. (3.1) and 
the spatial components of (3.2) (the temporal com- 
ponent yields nothing new) give: 


0 == 5 Ou, 
57 V —g uve’) = 0, 46 + u eee 


hence 


tue += const, ue /*= const, 


where the symbol ‘‘const”’ stands for quantities 
independent of the time. In addition, we have from 
the identity ujui =- 1, considering that all the 
covariant components ug are of the same order 


ue aU U2L= ees 


(we again use the projections on the directions l, 
m, and n, i.e., we represent the three-dimensional 
vector u in the form u= uzl +.u,_,M + upn). 

From these relations we obtain 


eg ~ {-2(1—P) , ue —~ {—(@Ps—1), Ug~ {U—Ps)/2, (Gz) 


after which we can readily verify that the terms 
discarded in (3.1) and (3.2) are actually small com- 
pared with those retained. 

We now estimate the components of the energy- 
momentum tensor ie contained in the right halves 
of Eqs. I (1.4) — (1.6). In Eq. I (1.4) we have 


0 oy2 ~ f—(+Ps) 
To ~ eu? ~ 1-1). 


Inasmuch as p; < 1, this quantity is of lower order 
in 1/t than the principal terms in the left side of 
the equation (~t™). The same holds for Eqs. I 
(1.6); the spatial components of the tensor T;, 
‘“‘projected”’ on the directions 1, m, and n, are 
of the order of magnitude 

caer eo ee lad Te ~ Bu u™ ~ t-O+2P2—P»), 


Th ~ eunur~ t—-O+P), (3.4) 
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which are all smaller than t~?. 
On the other hand, in Eq. I (1.5) we have 


TT. ~ tUlgtta~ 1/t, 


i.e., the same order of magnitude as in the left 
side of the equation. This circumstance, however, 
also leaves the character of the solution unchanged. 
Actually, in accordance with (3.3), we write 


& = £(0)f—2(1— Pa) u = 0) ¢A—Ps)/2 (3.5) 


for the first terms of the expansion of these quan- 
tities; here 


2—m 1;(0)24—(3Pps—1 
ur =~ ult fails 


Equating expression (2.17) for R’ to the quantity 
To, = 4€u,u/3, we obtain in lieu of (2.18) 


[mxn] ypi+ (Ps— pi) Meurl n + (p,— p2) ncurl m 


4 0 
= as 2 (1400) ul Dee 


Thus only the connection between the functions con- 
tained in (2.4) changes, and this connection now in- 
cludes the new functions €) and uw, 

The form of the following terms of the expan- 
sion of the metric tensor also changes, and the 
first terms following (2.4) are precisely the terms 
connected with the presence of matter. 

To calculate these terms, we write gqg in the 
form (2.19). Here 


git ge fe8, Xap x) + hep, 


Bs oft HB »4( 
Ho = “OB AB — xfO“Ab + (Phy (3.7) 


(the dot denotes differentiation with respect to t). 
From I (2.1) and I (2.3) we obtain the following 
equations for hag: 


Ro = 3 (A+ HAs) = To, .8) 


Rea F (i +5 he + Fxlo? h— xOrhe tui) =78, (3.9) 
where h = h® [in the calculation of R&, it is nec- 
essary to take into account the fact that the «08 
are proportional to 1/t, whereas ey = 2/t; the 
contribution to RB from the ‘‘perturbation’’ of the 
tensor pe is of smaller order of magnitude than 
the terms in (3.9)]. Since these equations do not 
contain derivatives with respect to coordinates, 
we can directly change in these equations to pro- 
jections on 1, m, and n; considering that only 


xi! =2p,/t, (0) = 2p,/t, 40)" = 2ps/t, 


differ from zero, we obtain from (3.9) equations 
of the form 


1 o. 1 . os 
3 (i+ Fatt & h) = 7h, (3.10) 


4 f= 4 iy e 
ain 1+ 2px— 2-4 ig) = hie ne 


f (3.11) 
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Of the three ‘‘diagonal’’ components (3.4) of the 
energy-momentum tensor, the one containing the 
highest power of 1/t is Th Therefore in caleulat- 
ing nf, ees and ie we can omit T) and Ty for 
the right halves of (3.10), and retain only TH 
= 4eunu"/3. As a result we obtain 


i = Pi ne P2 h 
= ae hm 1— ps ? 


Be (0) (02 


Sots wea 
3(1— ps)(2 — Ppa) 


hn = 2h, 


Be (0) (0) (0) 
pe Ar= Ll n fi 
: ¢ 3(4 — ps)(1 + ps— 2p1) 
Be (460) y(0) 


(3312) 
3 (1— ps)(1 + ps— 2pe) 
These corrections are of higher order of magni- 
tude than the first correction terms in the absence 
of matter (on the other hand, the component hjm 
is again found to be of relatively higher order of 
smallness ). 

Equation (3.8) is satisfied by the expressions 
(3.12) identically. On the other hand, the equation 
RY, = T’,, which we did not write out, would come 
in only in the determination of the following expan- 
tion terms of the energy and velocity. 

Thus, the solution obtained for the gravitation 
equations represents a very broad class of solu- 
tions with singularities. It contains seven arbi- 
trary functions of the coordinates: the three func- 
tions which enter in the absence of matter, the 
function ¢€° and the three functions ult) * 

The character of variation of the metric t > 0 
in this solution is such that at each point of space 
the linear distances diminish along two directions 
(as tP2 and tP3) and increase along the third (as 
tes |); the volumes decrease here in proportion 
to t. The laws of these variations (i.e., the values 
of py, Py, and p3) vary in space and are deter- 
mined by the initial conditions. 

The density of matter becomes infinite at each 
point in space as « ~ t-*(!-P3). This is clear evi- 
dence of the physical (not fictitious) nature of the 
singularity in the given solution (we note also that 
in the case of empty space the singularity is not 
fictitious because the scalars made up of the com- 
ponents of the curvature four-tensor Rjxjm, for 
example, the scalar RikjmRiK/™, do not become 
infinite). The velocity of motion of matter tends 
in this solution (in the reference frame considered 
here) to the velocity of light as t ~ 0.7 Actually, 
~ *It can be shown that the higher terms of the expansion of 
the metric contain no other arbitrary function. 

TIn the particular case when P,, P, and p, have the constant 
values —%, %4, and 74, the matter can be ‘‘written in’’ into the 
solution (20.4) in another, particular manner, by which its ve- 
locity tends to zero as t+ 0. This is the solution developed 
in I [formulas I(4.2) and (4.3)]; in this solution the matter 
brings only two, and not four arbitrary new functions, i.e., the 
initial conditions for this solution should have a certain par- 
ticular character. 


=e 


as 


h 


At = ti—Pa, 
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as t— 0, the three-dimensional scalar u,u® 

~ unu”™ goes to infinity as t~?P3-!), This means 
that the matter moves at any point essentially 
along the direction n, while the absolute magnitude 
of its ordinary three-dimensional velocity v tends 
to unity as 


Vl —v? ~ tea—ve, 


The proper time 7 of the moving matter is con- 


nected with the time t by means of dt = dty1 — v?. 
Therefore 


T ~ L(3Ps+1)/2, 


In the attached reference frame, the energy 
density goes to infinity, consequently, in accord- 
ance with the law 


& ~ T—A(1— Ps) /(3Ps+1) , 


The solution obtained, however, is still not gen- 
eral, for the general solution should contain eight 
arbitrary functions of the coordinates. The fact 
that this solution is incomplete manifests itself, in 
particular, in its stability properties. The general 
solution, by definition, is completely stable: no 
small perturbations can alter its character, since 
it admits of arbitrary initial conditions. The pres- 
ent solution, however, is unstable (if terms quad- 
ratic in the perturbations are taken into account ) 
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under perturbations of a definite type — perturba- 
tions connected with the appearance of the non- 
vanishing quantity 1 curl 1. The question of the 
existence or absence of a general solution with 
singularity is closely related with the problem of 
the character of this instability, and calls for a 
separate investigation. 

In conclusion, we are sincerely grateful to 
Academician L. D. Landau for continuing interest 
in our work and for many discussions. We are 
also grateful to V. V. Sudakov for informing us of 
his results. 
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It is proved that the coordinate conditions employed by Einstein, Infeld, and Hoffman in their 
derivation of the equations of motion for a system of masses, cannot be obtained from the re- 
quirement that the gravitational field Lagrangian be invariant under some family of coordinate 
transformations. The application of these coordinate conditions to the astronomical problem 
of an isolated mass system is shown to be inexpedient. 


V Ve shall show that the coordinate conditions, em- 


ployed by Einstein, Infeld, and Hoffman!® in their 
work on the problem of the motion of an isolated 
mass system, cannot be derived from the require- 
ment that the field Lagrangian be invariant* under 
some family of coordinate transformations. 

To prove the above assertion we first find the 
general transformation law for the gravitational 
field Lagrangian under the replacement of the co- 
ordinates xy, xj, Xp, X3 by the new coordinates 
Xo, Xj, X, X3. Starting from the known transforma- 
tion law of the Christoffel symbol of the second 
kind 


a Ox, 0%, OX, 5 ax, Ox, 
Nee — 7 7 oT } D , 
Ox, On, 07, O%, Ox, Ox, 
we obtain 
L'=L+ QV —g. (1) 
Here 
L = ge (yal e—Ti oe), (2) 
B B : é (Saeed aw” 
Q = (PyaPyg— Pivlap) Gt Py Ox, ay Ox, ? (3) 
ax. Ox ax 
Pins aR (4) 
x Ox, Ox,0x 
ov — V— gg. (5) 


Greek indices take on the values 0, 1, 2, and 3. 
The expression for the function Q can be con- 
siderably simplified by making use of the identity 


Pi Po, Pt Pe, = OP" 0% — OP) Oxe 


*More precisely, from the requirement of relative invariance 
of the field Lagrangian (see Fikhtengol’ts,* denoted in the fol- 
lowing by I). The word ‘‘relative’’ has been omitted for the 
sake of brevity. In what follows it is understood that the word 


invariance, as applied to the field Lagrangian, means relative 
invariance, 


We then obtain 
Q = 2 (PL, P76"). (6) 


Equations (1) and (6) express the law of trans- 
formation for the function L. If in addition we 
make use of the known transformation law for the 
determinant g, we find that the transformation law 
for the Lagrangian 


Z=V—gL (7) 
is given by the formula 


Di (Cees 5 ee: 


g' 0? *1> %a 3) OP ze Q. (8) 


D (Em, X1, X2, X3) 


The fact that under arbitrary coordinate trans- 
formations the difference on the left hand side of 
Eq. (8) is equal to a sum of derivatives with re- 
spect to xq[see Eq. (6)], corresponds precisely 
to the general covariance property of Einstein’s 
gravitation equations. Starting from the estab- 
lished transformation law for the gravitational 
field Lagrangian we conclude that the condition, 
that the field Lagrangian be invariant under arbi- 
trary coordinate transformations, is given by* 

f (P.O Prey =o. (9) 
It is important to note that the conditions of invar- 
iance of the field Lagrangian under arbitrary fam- 
ilies of coordinate transformations reduce to equa- 
tions, that are linear with respect to the quantities 
Gus 


We pass now to a consideration of the coordinate 
conditions 


OY on/OXn— OY o0/0Xo= 0, OY njOxr= 0; (10) 


employed by Einstein, Infeld, and Hoffman!= in 


*In the case of infinitesimally small coordinate transfor- 
mations the condition (9) reduces to the condition I (17). 
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their derivation of the equations of motion of an 
isolated system of masses. In the conditions (10) 


Yu = Ayy— = Nav“ haa; (11) 


where the quantities hyp and hU” are respectively 
given by the equations* 


L£u= uv -F lies (QR) a ney + ye. (12) 


with 


Noo= 7 oe if ie nq! = , 


Yir= ies aa 0; he (13) 


Latin indices take on the values 1, 2, and 3. 

Let us express the conditions (10), which we 
shall call the Einstein-Infeld conditions, with the 
help of the fundamental tensor Sup. It follows 
from Eqs. (11) — (13) that 


el eae , 1 ae 
Tuy Nev + Luv 3 Hall 2aes 


and therefore the conditions (10) become 


Ofon f) 

OR up , 

- — = One Oa tee Olen) — 

Ox, 2 Ox, (Soo+ Sit £22483) =0, (14) 
9g sp ee i) F 

dx, | 2 Ox, (Zoo— L11— L22— ss) = 0 


In order to prove that the Einstein-Infeld conditions 
cannot be obtained from the requirement that the 
field Lagrangian be invariant under some family of 
coordinate transformations it is sufficient to show, 
as a consequence of Eq. (9), that the conditions (14) 
do not reduce to equations linear in GP”, 

The proof will be carried out under the assump- 
tion that the metric deviates little from a Galilean 
metric. In that case we can set approximately 
(see Fock®)f 


6° — 1 oe 4U cP? + 4S/ct, 6% = 4U;/c? + 4S;/c®, 


Gk — 6:r+ 4S;,/ct. (15) 


Going over from the quantities 64” to the quanti- 
ties gps we obtain in the corresponding approxi- 
mation 


Ljg= => > (6° G+ 64 


9 


6?) L. ; (6” 1) 


Loui= GY — = (oo, 

1)2] d:n,— G". 
(16) 

We conclude that, with Eqs. (16) taken into ac- 


count, the Einstein-Infeld conditions become in the 
approximation corresponding to Eq. (15) 


1 00 
a (G 


Lir= : [6° Gt 622— G3 


*Following Einstein et al.,"* we set x, = ct. 

+The difference between the expressions (15) and the cor- 
responding expressions (67.04) in Fock’s book® is due to the 
fact that in this paper we follow Einstein et al.‘* and set 
x, = ct, whereas Fock uses in the relevant discussion x, = t. 
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ar 3 a 


coe meee = (ere 


ay" 10 00 

pee — 2 

Ox, ae 
aa 


8 Ox. 
L 


(17) 


It is clear from the relations (17) that the 
Einstein-Infeld conditions do not reduce to equa- 
tions linear in GH”, and, consequently, that these 
conditions cannot be obtained from the requirement 
of invariance of the field Lagrangian under some 
family of coordinate transformations. 

If an even rougher approximation than Eq. (15) 
is used to find the quantities 6H”, namely, if we 
set 


G=144U/c%, G%=—4Ui/c3, G=—6, (15’) 
and then pass from the quantities 6H” to the 
quantities gy», then we find 

Soo= | ; (Ge), Loi= G, 
Gp AGE Oh (16’) 


Thus in the approximation corresponding to 
Eq. (15’) the relation between g,,) and GH” be- 
comes linear. In this approximation the Einstein- 
Infeld conditions become linear in GH”, too. Fur- 
thermore, it follows directly from Eqs. (14) and 
(16’) that in this approximation the Einstein- 
Infeld conditions coincide with harmonic coordi- 
nate conditions (see also Fock*). 

We show now that in approximations higher than 
those discussed above, the use of the Einstein- 
Infeld coordinate conditions in the astronomical 
problem of an isolated mass system is inexpedient. 
In order to be convinced of that it is sufficient to 
discuss the simplest such system, namely the sys- 
tem consisting of a single spherically symmetric 
mass. As is well known, for this simple case an 
exact solution of the Einstein gravitation equations 
is available. It is this solution (in the region out- 
side the mass) that we shall use. Assuming that 
at large distances from the mass m, which serves 
as the source of the gravitational field, the field is 
Newtonian, and that at infinity the space-time 
metric becomes Galilean, we have 


oo =1—2a/p, gr=9, 


(18) 


g 
San 1 dp\2_ p” 

Here a = ym/c’ is the gravitational radius of the 

mass m (y is Newton’s constant of gravitation ) 

and p is an arbitrary function of the variable r 

=Vxj}+ xs + xs. It is of course understood, that the 


Eq. (18) for the components of the fundamental 
tensor is valid in only those coordinate systems, 
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for which both the assumed property of a spheri- 
cally symmetric field, as well as the stationary 
property of the spherically symmetric gravitational 
field in the region outside the mass, hold true. To 
determine the function p(r) it is necessary to in- 
voke additional (coordinate ) conditions. In the 
Schwarzschild solution it is assumed that p=r 
(see, e.g., Landau and Lifshitz’ ). If harmonic 
coordinate conditions are used then, as is shown 

in Fock’s book, p=r+ q@. If, however, the Ein- 
stein-Infeld coordinate conditions are used, then, 
as a consequence of Eqs. (14) and (18), we obtain 
the following equation for the function p: 

d 2 2 \2 02 
dr E aR (2) > 4 +2] ap : F ae (3) 5 


| 20: 

(19) 
The r-dependence of the function p determined by 
this equation is rather complicated. If we limit 
ourselves in the determination of p/r to quantities 
of order (a@/r)* then we can set 


p/f=1+af/r+2a?/r?+-pa8/r3. 


with the function g(r) determined, as a conse- 
quence of Eq. (19), by the following approximate 
equation: 


(20) 


Pp 2 de 2 


(Ge ae hp pe 


(21) 


Equation (21) may be integrated by elementary 
means. It follows directly from Eqs. (20) and (21) 
that, when use is made of the Einstein-Infeld coor- 
dinate conditions, the quantity p/r cannot be ex- 
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pressed as a power series in a/r or, what is the 
same, in U/ c?, where U is the Newtonian potential 
of the mass m serving as the source of the gravi- 
tational field. The indicated complex character of 
the dependence p =p(r) is not, however, due to 
the intrinsic physical properties of the spherically 
symmetric gravitational field, but arises solely 
from the inappropriateness of the Einstein-Infeld 
coordinate conditions to the problem of an isolated 
system of masses. 
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The lateral distribution of high-energy nuclear-active particles in the core of extensive 
atmospheric showers is considered. The mean-square radius for nuclear-active particles 
with energies =5 x 10" ey is computed from the angular distribution of secondary particles 
emitted in multiple-production processes, as predicted by the Landau hydrodynamic theory. 
It is shown that the mean-square radius depends not only on the angles of emission of the 
secondary particles during multiple production but also on the diffraction scattering of the 


nuclear-active particles by nuclei of air atoms. 


ie There are many known experimental papers 
devoted to the lateral characteristics of the 
nuclear-active component of extensive atmospheric 
showers (EAS) of cosmic rays.!? One of the 
tasks of these investigations is to study the 
angular distribution of the secondary particles 
produced when high-energy nuclear-active parti- 
cles collide with the nuclei of air atoms. For this 
purpose, the form of the lateral-distribution func- 
tion of the flux density of the nuclear-active parti- 
cles of energy higher than specified is determined 
in different experiments. Since the nuclear-active 
cascade is accompanied by a large number of elec- 
trons produced by the 7 mesons which are 
created in the same interaction events as the 7+ 
mesons and the nucleons, one might think that an 
investigation of the lateral characteristics of the 
electron-photon component would explain several 
detailed features of the elementary act. However, 
it has been shown by many authors (see, for 
example, reference 3) that the lateral distribution 
of the electron-photon component is practically 
independent of the lateral and angular distributions 
of the 7’ mesons. It follows therefore that the 
lateral distribution of the 7 mesons is very 
narrow, and consequently a study of the lateral 
characteristics of the electron-photon component 
(except perhaps at very short distances from 
the axis) does not make it possible to evaluate the 
angular distribution of the secondary nuclear-active 
particles in the elementary act. 

The situation is different with 7 and nucleons, 
the lateral distributions of which (in the case of 
high energies) are determined by the angular dis- 


tribution of the particles during the acts of multi- 
ple generation and by elastic scattering on the nu- 
clei of the air atoms (diffraction scattering ). 

2. Let us consider the passage of high-energy 
nuclear-active particles through the atmosphere. 
Let P(E, t, r, 6) be the flux density of the nuclear- 
active particles of the EAS. Here E is the energy 
of the nuclear-active particles, t the height of ob- 
servation in nuclear-interaction ranges, r the 
radius vector in a plane perpendicular to the 
shower axis, and @ the vector of direction of mo- 
tion of the particle. The function P satisfies the 
following kinetic equation:* 


AP (E, t, r, 0)/dt + OOP (E, t, r, 0)/Or = — P(E, t, r, 0) 


+\\ P(E, t,r, 0+) 02 (E’, E, 0 + %, 0)dE’dQ 
9 


\ 
& 
+\(P(E, t, r,6+4)— P(E, t, r, 8) do(x), (1) 
2 

where gj,(E’, E, 8+ x, @) is the probability that 
a particle of energy E’, traveling at an angle 9 

+ y to the shower axis, will have an energy E 
after colliding with the nucleus of the air atom, 
and will be deflected by an angle x; da(x) is the 
cross section for the deflection of a nuclear-active 
particle by an angle x as a result of diffraction 
scattering.* 

We shall consider nuclear-active particles of 
very high energies (E > Mc’), and can therefore 
put 6<«<1andx <1. 

For the function gy ],, which characterizes the 
multiple particle production processes, we use an 


*We neglect the diffraction-generation effect. 
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expression that follows from the hydrodynamic 
theory of interaction of particles of very high ener- 
gies,’ with allowance for the fact that the distribu- 
tion of the secondary particles along the direction 
6+ y has azimuthal symmetry: 


, (E’, E, 0 + yx, 0)dE’ dQ 


A exp {— (qn — 0,)2/2L} dE’ dQ pie 
mw Ne — 8(x = ? 
3 V 2nL 2np ,¢ 
5 aap 
i =~ 0.5 9’ TF DENIM, 
i) lho ree Lea Oa. Ne 


na[v—n |, 
ny is the average number of nucleons in a ‘‘tunnel’’ 
of the air-atom nucleus, and p, is the momentum 
acquired by a secondary particle in the direction 
perpendicular to the direction of motion of the pri- 
mary particle. According to Milekhin,° pi © 3yc,* 
where yp is the pion mass. The function @y, is 
normalized to the total number of particles pro- 
duced by a primary particle of energy E’. 

It must be especially emphasized that we 
assume that the 7 mesons and the nucleons inter- 
act in the same manner with the nuclei of the air 
atoms. It is possible that account should be taken 
of the difference between 7 -mesons interactions 
and nucleon interactions. This would lead to a sys- 
tem of kinetic equations which are genetically re- 
lated, but such an analysis is not believed desirable 
in the present paper. 

In addition to scattering that takes place during 
the nuclear-interaction events accompanied by 
multiple particle production, one must allow also 
for the so-called diffraction scattering, which 
occurs without loss of primary-particle energy, 
since it is found that the effective angles are of 
the same order of magnitude in diffraction scat- 
tering as in multiple-production events. The total 
cross section of diffraction scattering og; is 
equal to the multiple-production cross section 


Amp: 
Ogit = Omp> NR*A’, 


where A is the atomic weight of air and R ® 1.3 
el 0me cm: 

The cross section ogjf which we use for dif- 
fraction scattering contains one natural assump- 
tion, namely that the nucleus is a non-transparent 
‘“‘black ball’’ for fast nuclear-active particles.® 

To simplify the kinetic equation (1), we use the 
condition x ~ 1 and expand the function P(E, t, r, 
6+ yx) in powers of yi 


*By p, is meant the mean-squared value of the transverse 
momentum. 
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5 | OP 
x ky + 90,00, on nee 
y y 


(2) 
Here Xx and Xy are the components of the vector 
x in a plane tangent to the unit sphere at the point 
0: 


Ve= ¥ COSD, Yy— {sino 


Let us average Eq. (2) over g with allowance 
for the azimuthal symmetry 


27 


P(0+y) dp ~\ P()dp + FxAP+..., (3) 


0 


ky 


where, in view of the smallness of x, we discard 
terms with higher powers of x. 

We substitute (3) in the right half of (1). The 
integral that determines the multiple-production 
processes assumes the form 


| P(E’, t, 1,042) 0, (E", E, 0+ % 0) dB'dQ 
Q 
— L[P(E’, t, r, 8)] + (p,c/2E)? AcL [P (E", t, r, 8)], 


me—> 8 


L(P(E’, t, r, 6)] = 


— 3G 


P(E’, t, r, 0)@, (E’, E,0+y, 0) dE’. 
(4) 


* 


th 


The integral that describes the diffraction scatter- 
ing is transformed into 
\ | (PE, tr 6+ P(E tr, 8)1F(q) sin x dy, do 
00 
Xm 


a Dor (E, by r, 6) \ 1 Gar ay. 


0 
Here f(y) is determined from the expression for 
the diffraction-scattering cross section da (x) 
= f(x) dx, and xm is the maximum angle of de- 
flection, taking account of the transparency of the 
edge of the nucleus to nuclear-active particles. 
We note that the expression for f(y), which fol- 
lows from the ‘‘black ball’? model,® 


I== 


(5) 


fom, Z 
Js (gessin x) /sin x], 


leads to a divergent expression for the mean- 
squared deflection angle y?. Taking into account 
the fact that we know the structure of the edge of 
the nucleus, we introduce the mean-squared angle 
of diffraction scattering y? = (buc?/E)*, and then 
(5) is transformed to 

(buc?/2E)? AoP (E, t, r, 0). (6) 
The parameter b should be determined experi- 
mentally, for example, from emulsion data. We 
thus write finally expression (4) in the form 
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OP(E, t, 1,8) | » OP(E, tr, 8) 
ot Or me 


ee Ey tte, 0) 


+ (Ee Non 6) 


+[1+Ge) 


3. Let us now determine the mean-squared 
angle and the radius of deflection of the nuclear- 
active particles. Following the usual procedure of 
pare ie the moments of the function P(E, t, r, 
6)," we integrate (7) with respect to t from 0 to 
and then multiply by 6? and integrate over all of 
space and all the solid angles. As a result we 


Ao|LIP(E’, t, 1, 8)]. (7) 


obtain 
Py (E)—L1P (Ey) = (EF) P(e) + (2) 2 1P, (2), 
(8) 
P(E) =| \\ P(E, t,ir, 6)dtdrd6, 
Gy see) 
P,(e)=\ \\ P(E, t,r, 0) &dt dr d0. (8) 
iro 
Hence 
& — P, (E)/P, (E). (8”) 


Next, multiplying (7) by @°* r and carrying out the 
same integrations, we obtain 


E’)) = P(E), (9) 
P,(E) =\ \\ P(E, t, r, 6)(6r)dtdrdo; (9) 
Q 


and finally, multiplying (7) by r’ and integrating 
over all space and all the solid angles, we get 


P(E) —L(P3(E’)| = 2P3(E), (10) 


ey =((\ PE P(E, t, r, 6)r2dtdrdé. (10°) 
orQ2 


r is given by 


(10”) 


Thus, the problem of determining 6? and r’ 
reduces to a successive solution of very compli- 
cated integral equations (8), (9), and (10). These 
equations can be solved if we know the function 
P) (E) dE, i.e., if we know the differential energy 
spectrum of the nuclear-active particles in the 
EAS. For this function we can use the expression 


(11) 


of the deviations r 


P = P,(E)/P,(E) 


The mean square oO 


P, (E)dE = AE“dE, A = const, 


which follows both from an examination of the alti- 


tude variation of the EAS under a variety of assump- 


pone regarding the character of the elementary 
act,® and from experimental data.’’” 


After substituting (11) in (8) we obtain 

__ (buc?\2 A 

ae EP 

(12) 


The solution of Eqs. (12), (9) and (10), carried out 
by the method of successive approximations, has 
made it possible to DEN the following expres- 
sions* for 6? and r’: 


62 ~ 1.1 (uc? / E)? [2 + 0.7 (p, /pc)?l, 
7 = 3.0 (we? / E)? [62 + 0.7 (p, /uc)?]. 


For a comparison with the experimental data, 
it is necessary to obtain an expression for the 
mean-squared radius of particles of energy greater 
than specified, r?(2E), since this quantity can be 
estimated experimentally. 

By definition 


( 


FP (>E) = jae 


(13) 
(14) 


va || P, (E’) dE’. (15) 
E 

Substituting in (15) the values of P3;(E) and P)(E), 
we obtain 


(> £)= ? (6? + 0,7 (p, /pe)?*]. 


We must at that the expressions obtained for 
6?, r*, and r*(=E) are valid at very high ener- 
gies (E 25 x 10!! ev), since we did not take into 
account the spontaneous decay of the pions. 

To compare the value obtained for r?(2E) 
with the experimental data, it is necessary to know 
the value of the diffraction parameter b. The 
value of b cannot be determined theoretically 
since the structure of the nucleon is unknown, and 
consequently we do not know the character of the 
‘‘transparency”’’ of the edge of the nucleus to fast 
pions. It is sensible to assume, however, that b 
= 3 (this corresponds to a smearing of the nuclear 
edge ~fh/Mc, where M is the nucleon mass). In 
this case [r?(=10" ev) ]!/? = 0.6 m for an alti- 
tude of 3,860 m above sea level (Pamir). We as- 
sume here that p, ~ 3uc, if we are to follow the 
hydrodynamic theory of multiple production.° This 
corresponds to a hydrodynamic system decay tem- 
perature Th, * uc’ (the transverse momentum ac- 
quired by the particles through expansion of the 
hydrodynamic system at primary-particle ener- 
gies ~ 10 ev is much less than the transverse 
momentum obtained in thermal motion’). 

From the results obtained in the investigation 
of the energy characteristics of the nuclear-active 


(uc? / (16) 


*The computational accuracy of (13) and (14) is not lower 
than 10%. 
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component in the region of the core of the EAS, 

it follows that [r?(210' ev)]!/? > 1m. Thus, the 
experimental and theoretical values of the mean- 
squared radius are quite close to each other, al- 
though the experimental value is somewhat higher. 
There is little likelihood of attributing this differ- 
ence to an underestimate of b (when b ® 6 we 
have raxp & Theor): It is natural to assume that 
the transverse momentum p,, acquired by the sec- 
ondary particles during multiple production, is in 
fact higher for the faster particles than follows 
from the hydrodynamic theory, although p * 3pce 
for the overwhelming majority of the secondary 
particles (this is confirmed by emulsion data''). 
In addition, the fastest particle can be a nucleon” 
with a transverse momentum considerably greater 
than 3uc. 

4. We see from the formula for r’ that for 
particles of energy 2 5 x 10"! ev, r enters into the 
lateral distribution function of the nuclear-active 
particles only in the combination rE. Since parti- 
cles of such energies are observed only near the 
axis of the shower, we can use the Pomeranchuk- 
Migdal method!*»!* to calculate the lateral distribu- 
tion function of the flux density of the nuclear- 
active particles. We seek a distribution function 
in the form 


nm, 


P(E, r, t)=P(E, t)F (rE/kEa), (17) 


where P(E, t) is the total number of nuclear- 
active particles with energies in the interval E, E 
+ dE, at a depth t; Eq determines the value of 
(poy t/es and k=const. The normalizing factor A 
is determined from the condition 


ana | F (rE /kE4) rdr = 1, 


0 


hence 


A = E?/2n(kE.)?. (18) 
For the flux density of nuclear-active particles 

with energy =E we have 

iB 

ear (EF (72) dB". (19) 

E a 


1 
PACS Ma arya 

To determine the functions P(E, t)dE we make 
use of the analytic expression derived by Fukuda, 
Ogita, and Ueda,? 


(1—4)v 


P(E,t')dE = Sa 
eal [4 V (1 — 8) vi'y]"” 


x exp {—?t’ + dy + 21(1 — 8) vt'yy) dy, (20) 


where y = 1In(E)/E), t’ is the depth in units of 
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range of nuclear interaction from the point of 
shower production to the observation level, v is 
the ratio of charged nuclear-active particles to 
the total number of particles produced during the 
multiple-generation act, and 6 is the fraction of 
the energy retained by the nucleus after each in- 
teraction; the values of v and 6 were chosen by 
comparing the altitude variation with experiment: 
yp), 6 8 Y,. The function F (rE/kEq) was 
chosen to be 


F (rE /RE,) =@ 7 "*. 


Then k = 1/V6 [this follows from the condition 
Pm =\(Eq /E)*, and for r < Vr? the choice of the 
specific form of the function F is immaterial]. 

To compare the experimental data with the cal- 
culated lateral distribution, account must be taken 
of the fluctuations in the depth of the onset of the 
shower, namely, that showers with a total of N parti- 
cles at the observation level can be produced by 
primary nuclear-active particles of different ener- 
gies, interacting at different altitudes from the ob- 
servation level. In calculating p(E, r, t) we used 
the dependence of the total number of particles N 
= €(Ep, t’), which follows from calculations of the 
altitude variation of the EAS under the assumption 
that the hydrodynamic theory of multiple produc- 
tion is valid.’ In this case the range for the inter- 
action of nuclear-active particles with nuclei of air 
atoms was assumed to be 75 g/cm’. 

Figure 1 shows a comparison of the experimen- 
tally-obtained and theoretically-calculated lateral 
distributions for particles with energy 25 x 101! 
ev, for the case Eq *® 1.5 x 10° ev (corresponding 
to b 6 and py ® 3ue). 

It must be noted that the total number of nuclear- 
active particles with energy =5 x 10'! ev ina 
shower with a large number of particles, N = 10°, 
obtained by integrating expression (20) with re- 
spect to the energy for the Pamir altitude, is about 
one-fourth the experimentally obtained value. The 
theoretically-calculated lateral distribution was 
therefore normalized to the experimental value 
relative to the total number of nuclear-active 
particles of energy =5 x 10" ey. 

Let us consider now the dependence DCE ru) 
for fixed values of r and t, i.e., let us determine 
the energy spectra of the nuclear-active particles 
at different distances from the shower axis. The 
results of the calculation are shown by the solid 
lines of Fig. 2, which shows also the experimental 
values of p(=E) taken from the paper of 
Dovzhenko, Zatsepin et al.!° The calculation was 
carried out for E © 1.5 x 109 ey. 

In conclusion, the authors consider it their 


DISTRIBUTION OF HIGH 


& na. 
10 
. } 
10 v= al 
Q3 
0° 
003 
es Gul } 1 12 4 
O° ; lo 3:10 Wo” = 3-10 
Qi 5 = 18 405m Engle) 


FIG. 1 FIG. 2 

FIG. 1. Lateral distribution of nuclear-active particles 
with energy > 5 x 10’*ev. The experimental points were bor- 
rowed from reference 10, and the solid curve py.a, (r) is calcu- 
lated by formulas (19) —(21). 

FIG. 2. Energy spectra of nuclear-active particles for dis- 
tances r from the shower axis ranging from zero to one meter 
(©) and from one to two meters (A) for a shower with a total 
number N = 10° particles.*° 
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Stability conditions are derived for a plasma possessing an anisotropic particle velocity dis- 
tribution and located in a cylindrically symmetric magnetic field. Cases of longitudinal and 


azimuthal magnetic fields are considered. 


1. INTRODUCTION 


In the rare collisions when the magnetohydrody- 
namic approximation is not valid, the stability of a 
plasma can be investigated with the generalized 
energy principle, developed by Kruskal and Ober- 
man,'! according to which the necessary and suffi- 
cient condition for the stability of a plasma is that 
the change 6W in the plasma energy be greater 
than or equal to zero under the possible perturba- 
tions. 

The application of the generalized energy prin- 
ciple was confined heretofore to the proof of com- 
parison theorems, without account of the charge 
neutrality of the plasma; it follows from these 
theorems that the energy change produced by the 
perturbations is bounded by the energy change in 
the magnetohydrodynamic approximation from 
below, and by the approximation of Chew, Gold- 
berger, and Low from above. In the present paper 
we formulate, on the basis of this principle with 
allowance for the charge neutrality of the plasma, 
new comparison theorems for a plasma ina mag- 
netic field which is constant along the force line. 
We also derive the conditions for the stability of a 
plasma with arbitrary anisotropic velocity distri- 
bution of the particles, located in a magnetic field 
with cylindrical symmetry. We consider the case 
of longitudinal and purely-azimuthal magnetic 
fields, which depend in an arbitrary manner on the 
distance to the symmetry axis. It is shown that 
the stability conditions of the plasma in the case of 
a homogeneous magnetic field remain the same if 
the field is dependent on the distance to the sym- 
metry axis. 


2. GENERALIZED ENERGY PRINCIPLE WITH 
ACCOUNT OF CHARGE NEUTRALITY OF THE 
PLASMA 


The variation of the energy of a plasma located 
in a magnetic field H(r), described by an arbi- 


trary distribution function f(r, Vip. vi ), and de= 
pendent on the coordinates and on the velocity 
components parallel and perpendicular to the force 
lines of the magnetic field, is of the form! 


sw = = \ d?x {a H&Qjeurl a + (vp ,) div § 


p\) |nir, ie (oe ol 


+ 2p, (div —»)? + (P, 


fed 0 0g; 9 
Ta ee ae elt, (2.1) 
(i)? 
2 Bye ies dy la aed 
Ie y dame \\\ od de dx] as 
ap) 

— pH? is (div § — x)?| 4 
Q=curl[§xH],  * = 1,n,0§; / Ox:, n=H/H, (2.2) 
where pL) is the equilibrium distribution function 


of particles of type i (of mass mj and charge ej) 
in the r, v space; f;'’ is a small addition to fil), 
due to the perturbations; the integration variables 
uw and € are connected with the adiabatic invariant 
and the particle kinetic energy by the relations pu 
=v} /2H and € = (vj + v})/2; finally py and py 
are the longitudinal and transverse components of 
the pressure tensor: 


ee ae He oy 
p= Ym,\\+ fQo5 du de, P= ym, \\> fOudy de. 
i I : ; I 
i (2.3) 
The summation is over all types of particles. The 
distribution function is assumed normalized in the 


following manner: 


1 i) A gi i 
me \fvee =\\5- [dude =n, (2.4) 
where n°!) is the density of particles of type i. 

The condition for the equilibrium of a plasma 
with anisotropic pressure is of the form 


(2.5) 


In minimizing 6W with respect to fi) one must, 
along with using the additional condition used by 
Kruskal and Oberman,! 


(6) 
ae [p 5), + (Pp, — p,)n,n,) = [curl Hx H],. 
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at TO! wet af) 
i a ee 


(where the integration is along the magnetic force 
line L), take account also of the charge-neutrality 
condition of the plasma as a whole 


H of) 
Se; \\+ 0 
oma ?| de 


By minimizing 6W and taking (2.6) and (2.7) into 
account, we get 


[ua ok 


— fi |\dude = 0. 
(Bat! 


AP = (Ar + ext / m,) Of ® / 08, (2.8) 


where Aj(u, €, L) and T(r) are the Lagrange 
multipliers corresponding to conditions (2.6) and 
(2.7). From (2.6), (2.7), and (2.8) we obtain for 
these multipliers the system of integral equations 


Ni =! - loin + wH (div § — x) — ell al - (2.9) 
e\\ (dive (HH — 2) Ste a de 
oat | 
2 x (2) 
> a \\ zn Ao (2.10) 


This system can be readily solved by assuming the 
magnetic field constant along the force line; we 
have then 


c= =| dl (vx + pH (div — —x)] 
C (2.11) 
oe = [ (dive — x) —+\ dl (div § — #)|& 


f Jé 


padnce |Y Z he aren 


where A = f dl is the length of the magnetic force 


ee #2 of) 
apa \\ 0) aE 


i 


(2.12) 


line L. 

Account of the plasma neutrality modifies the 
comparison theorems. 
stant along the force line, we have in the isotropic 
and anisotropic cases, respectively, 


6W > ate 


ow <0 — 7 \ xe De oe alive —) 


CT 


—-\ (divé rh udude, (2.13) 


i 


where 6Wy is the change of energy in the mag- 
netohydrodynamic approximation, and 6WL, is the 
change in the approximation of Chew, Goldberger, 


and Low. 


If the magnetic field is con- 
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3. STABILITY OF A PLASMA IN A LONGITUDINAL 
MAGNETIC FIELD 


Let us investigate the stability of a plasma ina 
magnetic field with anisotropic velocity distribu- 
tion of the particles. We assume that the field has 
a cylindrical symmetry and is directed parallel to 
the symmetry axis. We then have in a cylindrical 
coordinate system H, = 0, Ho = 0, and H=H,(r). 
The plasma displacements & (r) are represented 
in the form 


E(r) =[&-(r), Eo (r), &, (r)] ette+eme, 


The expression for 6W does not depend on the 
component of € parallel to the field. This shows 
that the most dangerous are the convective or 
interchange instabilities. Minimizing 6W with 
respect to sg we obtain 


(Jey 


Gites nY d 2 
OW = EA atx Sng? b a ee ( = rel (3.2) 
a ea Pi Pia a | a0 ate a, 
(3.3) 
g= 7 {ym\\5- i udu de 
(2) 
8305 a dude} (3.4) 


The second sum in (3.4) is connected with the con- 
dition of plasma charge neutrality, and is positive 
when 9of(1)/de < 0. 

The expression (3.2) leads to the sufficient 
conditions for the plasma stability 


H?/4n-+p,—p,>0, H*/4n+ 2p, +2q>0. (3.5) 
Given 7 and y, the necessary and sufficient con- 
ditions for the stability of the plasma are obtained 
by minimizing (3.2) with respect to €;, and using 
the boundary conditions. These conditions can be 
chosen in the form €r(0) =&,(R) = 0, if the 
plasma density vanishes on the boundary r = R. 

For a plasma in a constant and homogeneous 
field, analogous stability criteria were obtained by 
the method of normal oscillations in the work of 
Kitsenko and Stepanov.” 

If the plasma is homogeneous and consists of 
electrons, i = 1, and of ions of one type, i = 2, and 
if the unperturbed distribution function has the 


form 
sp ( 


we obtain from (2.3) and (3.4) 


2nom/" 


(3.6) 
~ TO QKTO yne 


m0) mv, ) 
(i) (i) 
PLE | 27) 
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( (2) (1) (2) 
pySnTy FT). PL =m ar) 
Tee se \ ee (Pr? as TN 

oe | a) Te RCT at 


When Die = Ti?) and in = Die the stability con- 


ditions (3.5) become the same as the conditions ob- 
tained by Vedenov and Sagdeev,°® provided the error 
in the cited paper is corrected. 


4, STABILITY OF A PLASMA IN AN AZIMUTHAL 
MAGNETIC FIELD 


Let us consider an azimuthal magnetic field 
with components Hy = Hz = 0, H = Hy (r). When 
investigating the stability of a plasma in sucha 
field under displacements of the type (3.1), it is 
best to consider separately the cases of ‘‘necking,’’ 
m = 0, and bending, m = 0. Asa result of mini- 
mizing 6W with respect to £7, we obtain by inte- 
grating over g and z, with m = 0, 


| d 
sw =a\rdr[n +- 3p) + 2r 


pees |B) Dy Se! ‘ (4 1) 
r r ; 


~— -A/40 + 2p, dr gf 


Integrating the second term in (4.1) by parts, we 
get 
2 
sW = x\r dr | Py ee a 
(H?/4m — py)? br 
(H2/450 -+ 2P 1) [eee 


r= (p, +p1) 


(4.2) 


from which follows the necessary and sufficient 
condition for the plasma stability 


(H2/4 — py yp 


tale d 
Grange ZO Gag P N= aaiae op 0 


(4.3) 
For m = 0 the change in energy becomes, after 
integrating over y and z and minimizing with re- 
spect to €,, 


V 


dp fr? + my 1 7 
ow mx ede {lm + 1) + 2 Gh — 0 age |e 


il OS Ee Ine Gh 3 
2. if ( mn + Rr?y 4m Var 5, 


se m ny 72 é = : 


mn + Rr dr r (4.4) 


Vo FU AGERSINGand Vie te 
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Integrating the second term in (4.4) by parts we 
obtain the sufficient stability conditions 
H?/4x-+p,—py>0,  H/4m+ 2p, +2q>0, (4.5) 
(m2 — 2) yn — r dy [dr — (mn + rx)? {6 [m? (k2r® — m?*) n 
+ Rk? (m? + Rr?) ry] + m?r (R276? dy /dr 
— (k2r? + m?) y? dd/dr]} > 0 (6=n—1). (4.6) 


In an isotropic plasma 6 = 0 and the stability 
criteria (4.3) and (4.6) become the same as those 
obtained by Kadomtsev‘ 


Ds Cin eg Gs beagie 
sq" aa) Par \an) © °P ix 


5 d 
(m? — 2) H?—r = H?>0 


4+ 5p?~>0 (m=0), 


(m=: 0). 


Conditions (4.5) are then satisfied automatically. 
In the case of long-wave perturbations, when 
kr « 1, condition (4.6) assumes the simple form 


(m?° —1) (+ p1—Pi)— at (eq +21 +24) D0. 


In conclusion, the authors are grateful to A. I. 
Akhiezer, K. N. Stepanov, and A. B. Kitsenko for 
valuable advice and a discussion of the results of 
the work. 
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On the basis of unitarity, a closed system of equations is derived for the Mandelstam-repre- 
sentation spectral functions, fully symmetric with respect to the three channels of the 
four-particle vertex. The question of consistency of equations obtained by applying unitarity 
in different channels is clarified. If the integral representation is written down with sub- 
tractions, one obtains a set of coupled equations for the one-variable and two-variable 
spectral functions. Consistent iteration of these equations corresponds to taking into ac- 
count the contribution (or part of the contribution) from a number of Feynman diagrams 
consisting of two parts connected by two lines. This set of equations reduces to a Chew- 
Mandelstam type equation if the terms containing the two-variable spectral functions are 


neglected. 


i INTRODUCTION 


It has been conjectured recently that it may be 
possible to construct quantum field theory directly 


from the unitarity conditions together with relations 


(of the dispersion type ) arising from the analytic 
properties of the amplitudes. 

Working along these lines Mandelstam!~? and 
Chew‘ constructed a scheme based on the assump- 


tion, that for not too high energies the nearest lying 


singularities (poles, branch points), i.e. the sim- 
plest two-particle terms in the unitarity relations, 


dominate the behavior of the amplitudes.* The two- 


particle into two-particle transition amplitudes 
involved in these terms may be expressed in terms 
of the integral representation proposed by Mandel- 
stam.! At the same time a number of relations 
among the spectral functions of the integral repre- 
sentation can be obtained from the unitarity con- 
ditions and these relations may be considered as 
the basic equations of the theory. This system of 
equations for the spectral functions has not been 
obtained in closed form. This may be due to the 
fact that the three unitarity conditions, for the 
three channels of the four-particle vertex, are in- 
compatible in the two-particle approximation (as 
was noted by Mandelstam). 

As is shown below, this incompatibility is easily 
removed by taking into account on the right side of 
the unitarity condition an appropriate part of the 


*This assumption is not as obvious as may seem at first 
sight, since infinitely distant singularities of the amplitude 
may be important (in this connection see discussion at the end 
of the article on the question of convergence of the integral 
representation). 


FIG. 1. The four-particle function 
—the amplitude for the processes 
at+tb2@ct+d, atd2e@c+b, at+c2b-+d 


5, 


d b 


contributions due to all many-particle processes. 
The corresponding terms have a simple interpre- 
tation in terms of diagrams, and when they are 
taken into account a closed system of equations is 
obtained for the spectral functions, fully symmetric 
with respect to the three channels. 

In the system of equations obtained from the 
Mandelstam representation with subtractions appear 
both spectral functions depending on two variables 
and on one variable. The iteration in the coupling 
constants of the resultant equations corresponds to 
a consistent taking into account of contributions 
(or a well defined part of the contributions ) from 
Feynman diagrams consisting of two parts con- 
nected by two lines. If terms involving the two- 
variable spectral functions are neglected then the 
resultant equations are analogous to the equations 
obtained by Chew and Mandelstam‘ (for the meson- 
meson interaction), Cini and Fubini,® and a num- 
ber of other authors.’ 


2. UNITARITY CONDITIONS 


Let us consider the four-particle vertex func- 
tion shown in Fig. 1, i.e., the two-particle into two- 
particle transition amplitude A = A (Sj, S2, S3). 
This amplitude describes transitions in three 
channels: in the first channel for the reaction 
a+bz= c+d, inthe second for the reaction 
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FIG. 2. The system 
of triangular coordi- 
nates S,, S,, S,, with 
Ss, +s, +s, =v. The 
height of the small 
equilateral triangle in 
the center of the figure 
is equal to the sum of 
the squares of the 
masses (v) of the four 
particles a, b, c, d; 
inside the dashed tri- 
angle By the ampli- 
tude is real. 


a+d=2 b+ce, inthe third for the reaction 
a+cew b+d and itis a function of the invariants 


S, = (Pa + po)? = (€a + &)” — (Pa + Po), 
S3 = (Pa-+ Pa)? Ss = (Pa + Pe)?, 


which are equal to the square of the energy of the 
particles in the barycentric frame in the respec- 
tive channel. (These invariants were denoted by 
Mandelstam?”? by s, u and t respectively. ) 

Since sj + S, + S3= Vv, where v is the sum of 
the squares of the masses of the four particles in 
Fig. 1, it is convenient to discuss the amplitude A 
as a function of the position of the point & 


= (Sj, S», S3) in the triangular coordinates of Fig. 2. 


In these coordinates s;, S, and sg represent the 
distances of an arbitrary point & in the plane of 
Fig. 2 from the sides of an/equilateral triangle 
(shown by heavy lines in the center of Fig. 2), 
whose height is equal to v. Since the sum of these 
distances is always equal to the height of the tri- 
angle the condition s; + S,+ S3=v is automatic- 
ally fulfilled for any point € in the plane of Fig. 2. 

If the particles a, b, c, andd of Fig. 1 are dif- 
ferent then the unitarity conditions relate the am- 
plitude A to a number of other four-particle 
vertex functions: B‘') and C?? in the first chan- 
nel [see Fig. (3a)], B‘?) and C2? in the second 
channel, and B‘?) and C‘) in the third channel 
[the notation is obvious from Fig. (38)]. It follows 
from Fig. (3) that the unitarity conditions may be 
expressed in the form 


AvsroeSs)— Sy (Si) 1B” (Si) Sap Se) C) (Sry Sm, 53) 1/4 
(1) 


ay 525.5) = Ga(S;) |B 1 (Sys Say 5a) OC) (Sip Sey Ss) My 4a 


sli Ay (S1, Se, Ss), 
a= As (Sy, So, Ss), (2) 
As (81; 82, $3) = 5 (83) JB” (51, 82, 8) C™ (51, Say Sg) d ng/40 


ae Ag (si, So, S3). (3) 
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Here Ay, Ag, A3 stand for the absorptive part of 
the amplitude A in each of the\three channels, so 
that, for example 


A, = (2i) (A (81 + it, Se, S3) = A(S; = 1%, S2; S3)), 


and ¢1, & , ¢3 are functions determining the sta- 
tistical weight* of the two-particle states (aj, 
Bi)» (2. Be), (a3, B3) in Fig. (3), into which tran- 
sitions from the initial state (of channel one, two 
and three) are allowed by all conservation laws. 
It is understood that the quantities Bi Yao @) 

(i = 1, 2, 3) in Eqs. (1) — (3) are summed over 
all possible types of these particles, in particular 
if the particles a ,, 8, have spin then a summa- 
tion over spin variables is understood. For brev- 
ity such summations will not be indicated; for the 
same reason we have written in these equations 
B(1)* c(i) instead of 4, (BU)*c4)4 BUCO )«y, 
The integration in Eqs. (1) — (8) is over the direc- 
tions n of the momenta of the particles a, (or B;) 
in the barycentric frame. 

The amplitudes in Eqs. (1) — (8) depend on the 
invariants sj, sj, and sj’ whose meaning is ex- 
plained in Fig. 3 and in the caption to that figure. 

The symbols A;, A», and Ag stand for contri- 
butions from terms corresponding to production 
of three or more particles. The quantity A, van- 
ishes if sy is below the threshold for production 
of three particles (or four, if the transition from 
the initial state with particles a,b into a three- 
particle state is forbidden); similarly A, and Ag 
vanish if sy and s3 are below the corresponding 
thresholds. 

If the amplitude A has pole terms then to the 
right side of Eq. (1) terms proportional to 
6 (sy — et should be added, where Hq are the 
masses of the bound states. Similar terms must 
be added to Eqs. (2) and (3). The unitarity rela- 
tions (1) — (3) also hold for each of the amplitudes 
B(@) and C(@). This is also true for all the fol- 


*The quantities ¢ depend on the normalization of all ampli- 
tudes. For the same normalization as used by Chew and Man- 
delstam,* where the cross sections and amplitudes are related 

4 


by 

(=) a fede oy 

dQ /1 Van Vs 
(dab and qcq are the momenta of the particles in the barycen- 
tric frame before and after the transition), the ¢; are given by 


0; = 4 (%; Vs)14a,0,0 a): 


where Va:8; = (2 Vs)" s;—(Ha, Me) "I (s;—n,)'5 1; = (Mg, + bg.) 
%;=2, if the particles 0; and Bj are identical and Ki = 1 if they 
are different; the @ function is equal to unity if s; > ni and 
equal to zero if sj < nj. 
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FIG. 3. The unitarity conditions in the three channels. 
On the left side of the equalities stand the absorptive parts of 
the amplitudes. The notation is: 


at $= Wa, Pa) 89 (RP, +P), 8) (pp Pa), 


S3 = (Pa — Pa)” 
b: 8; = (Pp st Py)» 53 =(Po + Pa ae s == (EIDE 
= 2 = 


AG ale 


Shans 


CS a (Pas, + Pp)” + — (Pa, otal Pq)?» s= (Pe an Pa)» 


= bs = Pa)* 


The same notation is used in Eqs. (1)—(3); to them corresponds 


the numbering of the channels of the amplitudes B® and C® 
(i = 1, 2, 3) used in what follows. 


lowing relations which will always be written out, 
for the sake of brevity, for the A amplitude only. 

We shall consider only the case of ‘‘normal?’” 
relations between the masses of all particles, 
when the integral representation of Mandelstam 
is valid. In that case the left sides of Eqs. (1) — 
(3) may be expressed in the form! 


Aes ees (s1, 5) ee Aai (5, | ds, 


6 — S2 6—Ss 


O- 
4 ° Azz (S2, 5) Ai» (6, $2) 
A, ==\| ge as 6—S1 “26 | do y 
0 
i¢ Asi (Ss, 5) Ag; (6, Ss) 
A, = +\ [SS + SE | ds, (4) 
0 
where the Aj; are real spectral functions. By 


making use of the one-dimensional integral repre- 
sentation for the amplitudes B i) and c@), Man- 
delstam showed that the first terms on the right 
sides of Eqs. (1) — (3) can be reduced to precisely 
the same form. We write out the expressions ob- 
tained by Mandelstam! for these terms, for rela- 
tions (1), (2), and (3) respectively: 
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4 ° Py (si, 6) Qi (s, Sy) 
«\| 6 — Sg | =e |as, 
Al C P2 (S2, 6) Q2z (5, Se) 
«| o— S3 Sr Sil |e, 
LPP Poiseeo)  Os@ S15 
: \ o— Sy ! G— Sp |4s, (5) 
where 
4 Bee tC . 
Qi (Ss) $1) = = \\ Ty (m, m; 83, 5)(B3)"CY 
0 
as BO*C® | dm? dm”, (5a) 
eee hte . 
Pa (Sis 50) = sy \\Ti(m', m’; sp, 81) BY"CY 
0 
a Be CG. lém dam (5b) 


Here B§!) stands for the absorptive part of 
the amplitude B‘ in the second channel, in which 
the variable s) has been replaced by m’’, and sz 
by = m/7 = Ss, (v4 stands for the sum of the 
squares of the masses of the four particles for the 
amplitude B"), i.e., BY = BL (s,, m”, v4 
Sane S,); the variables sj, or the quantities by 
which these variables were replaced, are written 
throughout in the order sj, S9, s3. Analogously 


(1) (1) 4 2 2 
B; = By (Si, it hig 1A Np 


’ ; oF - 
CG (Semen vam as), 


() ~ i) 
C3 aa (Si, v,— Mm" — S$}, m™ 2 


By I; is denoted the spectral function A3,; of 
the box diagram, Fig. 4a, for which m’ and m’’ 
are the masses of the particles corresponding to 
the vertical lines.* The function I, differs from 
zero beyond the curve Can (Fig. 5) correspond- 
ing to the singular points of the diagram in Fig. 4a; 


8, Ss, Sy 
@ Ma | a u tp Ha,{ G 
Bp _™ 2s ; er 
im” mm m m m” 
a 7 C “* d 6 “ty \c 
a b c 


FIG. 4. Feynman diagrams for which the spectral functions 
are given by: a—the quantity I,, b—the quantity I, , and c— 
the quantity [,. The quantities IY, I and IY stand for spec- 
tral functions of the same diagrams but with two particles in 
the left parts of each diagram interchanged. 


~ *We give, for checking purposes, the value of I, correspond- 
ing to the normalization indicated in the footnote on p. 576. 

T= -87x;7'A%), where AG) is given in Eq. (3.25) of the Mandels- 
tam paper (after exchanging particles to correspond to Fig. 4a). 
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FIG. 5. The curves of 
singular points of the box 
diagrams, Fig. 4a (C‘) 
and Fig. 4c (C{S) with 
particles b and d inter- 
changed (with s, > s,). 
The quantities [, and [Ty 
[in Eqs. (5a) and (5b)] 
are different from zero in 
the region beyond these 
5, curves. 


a 


this curve has in the ck — Sy plane the asymptotes 
$1; =1,= (Ha, + ug.) and s3 = (m’ + m’”)?. te 
particular, if either sy, <1, OF -S3 < (am + m’’)? 
then Tj is certainly equal to zero. Similarly we 
denote by Tj the spectral function Aj. of the box 
diagram, Fig. 4a, in which the particles c and d 
(in the left part of the diagram) are exchanged. 

All of the notation here introduced (including, 
in particular, the definitions in Fig. 3) is fully 
symmetric with respect to the three channels of 
the amplitude A; all of the relations for channel 
one [including, in particular, Eqs. (1) — (5)] go 
over into the corresponding relations for channel 
two by the cyclic permutation of the indices 
i224 > 3,0 =~. One more cyclic permuta= 
tion of all indices (i.e., the substitution 1— 3, 
2—1, 3-2) leads to the relations for channel 
three. 

When this is taken into account it is easy to de- 
rive from Eqs. (5a) and (5b) the values of the 
quantities Q,, Q@3; and P,, P3. The corresponding 
quantities T,, T'3 and Ty, I will represent the 
spectral functions of the diagrams, Fig. 4b and 4c, 
and (for Ty, I) the analogous diagrams obtained 
by interchanging particles in the left part of the 
diagrams. For example, for P3(s3, sy) we obtain 
from Eq. (5b) 


oo 

4 , , ” * 

es \\ Pay mm sys io, Cy 
0 


+ BE”*C®| dm? dm”. 


P3 (S83, 81) = 


(5c) 


The notation B®) and of") G = 1, 2) is anal- 
ogous to that used in Eqs. (5a) and (5b); the spec- 
tral function Ty of the diagram in Fig. 4c (with 
particles b and d in the left part of the diagram 
interchanged) is different from zero in the region 
beyond the curve C3, ‘ in Fig. 5; it Se tee van- 
ishes if sz ue [where 73 = (Has + ao Orit 
Sy <(m’ +m’). 

The relations (4) and (5) were written without 
subtractions. The modifications introduced by sub- 
tractions are considered below. 
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The terms A,, Ay, and Ag in Eqs. (1) — (3) are 
equal to the difference of expressions (4) and (5). 
Therefore they may be represented in the same 
form as Eqs. (4) and (5). 


= ah is 


br 4 6 — Sg 6 — S83 
0 
20 


\ (22 (Sz, 5) a Uz (6, Sz) “2 |ds, 


6 — S3 (O} eb 


E (S3, 5) de Us (6, $a) | ds, (6) 


0 
=) o— Sy 6— Se 

0 

where Uj, Uy, Ug and vy, V2, V3 are real functions 
(the same kind of functions as Ajj and Pj, Qj). 
Since A, = 0 if s, is below the threshold for pro- 
duction of three (four) particles, it follows that in 
that case u, = v; = 0. Analogously, Up, V2 and us, 
v3 vanish respectively if sy and s3 are below the 
same thresholds in the other two channels. 


3. EQUATIONS FOR THE SPECTRAL 
FUNCTIONS Ajj 


We substitute Eqs. (4) — (6) into Eqs. (1) — (8), 
analytically continue Eqs. (1) — (3) into the unphysi- 
cal region — beyond the curves Cy, Co3, C3, in 
Fig. 2 —and equate in these regions the imaginary 
parts of both sides of the equalities (1) — (3). In 
this way we obtain six equations for the three spec- 
tral functions Aj, Ag, and A3;— two equations for 
each function. For example, from Eqs. (1) and (3) 
we obtain for A3; 


Ag; (Ss, $1) = Qu (Ss, Sy) -+ 4 (Ss, $1), 
As; (Sg) 81) = Pg (Sap Si) Us (Sy 5a). (7) 


In the two-particle approximation, i.e., with 
Vi = Ug = 0, these equations are incompatible 
since Q, and P 3 are not equal to each other. 

If s, is below the threshold for production of 
three (four) particles then v, vanishes; simi- 
larly us vanishes if s3 is below this threshold. 
In precisely the same way one notes that Q, 
vanishes for s3 below the threshold for produc- 
tion of three (four) particles, and P3; vanishes 
for s, below this threshold [see the above indi- 
cated properties of the quantities T, and TJ 
in the integrals (5a) and (5c) ]. 

An exception arises when all four of the am- 
plitudes B®, C™ and B®, C® in Eqs. (5a) 
and (5c) have poles. In that case one must ex- 
tract from Eqs. (5a) and (5c) the contribution 
(which is the same in both integrals ) arising 
from integration simultaneously over the poles 
of both the amplitudes B and C. This contribu- 
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FIG. 6. Regions of 
nonvanishing values for 
the following quantities 
in Eq. (8): beyond the 
curve I~ A®), TT — PB 
III —Q, and IV—8A,,. 

The symbols nj and 73 
denote thresholds for pro- 
duction of three (or four) 
particles. The spectral 
functions are correctly de- 
termined (within small cor- 
rections) only in the shaded 
regions of the figure. 


tion is the spectral function A$!) of the box dia- 
gram, Fig. 4a*¥ when m’’ and m’ are equal to 
the pole values Hos and HB: If we set 


Q,= Q Ie Aa , 


then we obtain for A§,;, Q{ and P§ equations of 
precisely the same form as Eq. (7), in which Qi 
certainly vanishes if s3 is below the threshold 
for production of three particles, and P§ cer- 
tainly vanishes if s; is below this threshold. 
Consequently, the only difference between this 
case and others lies in the requirement that the 
contribution A§%) be extracted from the spectral 
function Ajj. 

We shall consider the quantities Q,; and Ps in 
Eq. (7) as known. Then a general solution of the 
two equations (7) for the three unknowns Ay, vj, 
and us will be given by 


0; = P; + 6Azy, us = Qi + 6Ag, Asi = Qi+ P3 + 6Az1 
(8) 


eee PP eS 


By 6A3, we denote here some function of s3 and 
S; which cannot be determined from Eq. (7). It is 
clear, however, that 6A3, vanishes if either s 3 or 
Ss; is below the threshold for production of three 
(or four) particles. (If s; is below that threshold 
then v, = P3; = 0, if s3 is then ug =Q, =0; in both 
cases 6A 3; = 0.) 

In this manner the quantity A3, is expressed in 
Eq. (8) as a sum of two terms, (Q;+ P3) and 6Aq;, 
of which the first vanishes if at least one of the va- 
riables is below the threshold for production of two 
particles, and the second vanishes if one of the vari- 
ables is below the threshold for production of three 
(four) particles. Figure 6 shows in the s3sj - plane 
those regions in which various terms of Eq. (8) fail 
to vanish.t In order to determine 6A3, it is nec- 


*Or of the identical to it diagram, Fig. 4c, with particles a 
and c interchanged, in which m” = pa,, and m’ = 1p, - 

+The shaded region represents the region in which the spec- 
tral function A,, is correctly given by Eq. (8) (i.e., in this re- 
gion higher order approximations will result in small corrections 


only). 
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essary to take correctly into account in the unitarity 
condition the contributions of terms corresponding 
to the production of three and more particles -(re- 
quiring the discussion of, in addition to the four- 
particle function, diagrams involving a larger num- 
ber of external lines — the five-particle, six-parti- 
cle functions, etc.). It is natural to construct a 
theory by ignoring in the first approximation terms 
of the type 6A3,, corresponding to distant singulari- 
ties of the amplitude, i.e., to set 6A3; = 0. It then 
follows from Eqs. (5a), (5c) and (8) that 


1 “- * * 
An = sa\\ Px (65, 51) [BECP + BO"CLy 
0 


+Ps'(S15 89) [BEC + BECP) ddim". (9a) 


It is obvious that the remaining equations for Aj45 
and A»; may be obtained from the above by one or 
two cyclic permutations of all the indices 1, 2, 3: 


Au == Ve (S15 S2)[BY"Cy? + BE”CS”) 
0 
+Ty'(Se, 81) [B3°C3? + BSC) dm? dm”, (9b) 
Ass = 5 \ {T's (Sa, 3) [By”"Cy” + BY”C{”) 
0 
4. Ts’ (spSn) (BS CP BOCOn dm dm: (9c) 


If the amplitudes B!) and c(@) have poles then 
one must add on the right hand side of these equa- 
tions the spectral functions TR AY and An 
corresponding to the diagrams, Fig. 4a, b, c 
(with the masses m’ and m’’ equal to the pole 
values ). 

The system of equations (9), together with re- 
lations of the type of Eq. (4) for the absorptive 
parts of the amplitudes B(i) and c(@) ), forma 
complete system of equations for the spectral 
functions for all amplitudes. 

At this time it is not clear whether these equa- 
tions determine the spectral functions uniquely 
(and, if not, then what additional requirements 
must be imposed in order that the determination 
be unique). 


4. EQUATIONS FOR THE ONE-VARIABLE 

SPECTRAL FUNCTIONS 

In the majority of cases the integrals (4) — (6) 
over o diverge. For example, the functions 
Aij(s, a) in Eq. (4) for constant s not only do 
a fall off, but increase with o (almost propor- 
tionally to o). Therefore all the integral repre- 
sentations must be written with subtractions taken 
into account. We then obtain? instead of Eq. (4) 
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+ (6, $1) Ai (6, S2)] ds, 


Ay; = Qs (Ss) + —\ [p (5, 8) Agi (Ss, 5) 


0 


+ (6, S2) Ass (5, S3)] ds. (4’) 

These relations differ from (4) only in the 
appearance on the right hand sides of the spectral 
functions a;, a2, a3, which depend on one variable 
only, and in the replacement under the integral 
sign of 1/(o — sj) by the difference 

4 a 1 
S—s, G—S,  (6—8,)(S—S;9) 


Sree 70 


(9, si) = 


, 


where (849, S29, $39) iS Some point at which the 
subtraction is carried out.* 

The one-dimensional integral representation 
with subtractions for the amplitude A is given by 


1 r tA 19 19 
A=F,+—_\ lo(m, s,) A, +o (m®, 83) Asldm, (10) 
0 
where A, and A3 are determined in precisely the 
same way as the quantities Bay and Boe in Eqs. 


(52) 28(OD) ale, 


A> = A, (Si, itt ai m’? == Si), 


A; = Az (si, v —m’? — s,, m’*), 


F, stands for the following function of sj: 
1 foe} 
Fy (1) = a) + —\ p(s, $1) 4, (s)do 
0 
(s1 — S19) Ags (m’2, m2) dm'2dm"2 


1 
lg 2 72 72 7z 13 
1 (v — m2 — m"2 — sy) (m’? — soo) (m"? — sao 
0 


+> (10a) 


where by ay we denote the value of A at the point 
S19, S29, S39 (it is convenient to choose this point 
inside the triangle afy in Fig. 2 because then ay 
is real). As can be verified by direct calculations, 
the substitution of Eqs. (4’) and (10a) into the Eq. 
(10) for A results in the two dimensional Mandel- 


*It is obvious that if the integrals over o in Eq. (4) con- 


verge then the Eqs. (4) and (4’) are fully equivalent provided 
that 


1 co 
” | Aye (si, 6 
mS 
0 


Asi (s, “| as 


5 — Sag 


(and analogously for a, and a,). However even in this case it 
is more convenient for practical reasons to use the representa- 
tion with subtractions since then the integrals converge faster. 
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stam representation [cf. Mandelstam,” Eq. (2.13)] 
with one subtraction. Two more one dimensional 
representations analogous to Eq. (10) follow by one 
or two cyclic permutations of all indices in Eqs. 
(10) and (10a). 

Let us also give the expression for the average 
of the amplitude A over the scattering angle w, in 
channel one (cos % =Qab Ged/dab Acd) For con- 
stant s, the quantities s, and s3 are functions of 
this angle. We denote the average of A over cos 4; 
by <A(s;,) >, and the average of the function 
in Eq. (10) by 2; (m’*, s,) =<g(m”, s;) >, where 
i =2, 3. All quantities are functions of s,;. Accord- 
ing to Eq. (10) 
<A (s1)>1 = Fu (si) + J Us (m’*, 51) As + 5 (msi) Aal dim, 

Q (11) 
We observe that J, and 7; are simple logarithmic 
functions of m’” (cf. Mandelstam,’ Pp. 1745)) 3 fox 


example 
1 1 
i, =(——_ Beeler 
Til ~——1S¢ 1 it ~— Ssq 
{ 4 1 m2 — are 
a7 rae ae Oe ee n , 
< Tie ——S3 23 4G a6 cd m’? — sf} 
where 
(+) 5 SO ae ee 2 
sy = (V p2 + g? — V p2 — @?,)* — (Gav + Joa)?, 


and dab; Acq — the momenta of the particles before 
and after the transition in channel one — are given 
in terms of s, by well known formulas. 

By one or two cyclic permutations of all indices 
in Eq. (11) we obtain analogous formulas for the 
average values of the amplitude A in channels two 
and three. 

Calculations show (as was to be expected) that 
the subtractions have no effect at all on the form 
the Eq. (9) for the spectral functions. To verify 
this it is necessary to express the first (two- 
particle) term on the right side of the equalities 
(1) — (3) in a form analogous to Eq. (4’). For this 
purpose the amplitudes Bi) and c(t) must be 
expressed in Eqs. (1) — (3) as one dimensional 
representations of the form (10). This leads to 
rather unwieldy calculations. The required result 
may be obtained more simply by carrying outa 
subtraction directly in Eq. (5). To this end we 
average each of the quantities (5) over the scatter- 
ing angle in the corresponding channel and add and 
subtract this average [denoted by 1, Do, or $3, 
corresponding to the three quantities in Eq. (5) ] 
from each of the quantities (5). As a result we ob- 
tain for the first term on the right side of Eq. (1) 


P1(s1) +) {lP(6, 53) —Lo(6, si] Pa (sy, 3) 


Tiger sy =r tetenrorenentas 5") 
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and by averaging directly over cos 3 the first 
term on the right side of Eq. (1) we easily find the 
value of 4: 


Py (si) = 61 (s) <B® (s1)>* (CM (s,)>, 


The representation (6) for the quantities A; will 
be written in a form analogous to Eqs. (4’) and (5’): 


ae (5, S») 1 (81, 6) + (9, 55) 01 (6, 81)} ds, 

3 (6’) 
where 6a, (Ss;) = 0 if s; is below the threshold for 
production of three (four) particles. By one or 
two cyclic permutations of all indices in Eqs. (5’), 
(5’a) and (6’) we obtain the corresponding formu- 
las for the other two channels. 

We next substitute into the Eqs. (1) — (3) the 
formulas (4’) — (6’) and equate in the unphysical 
region (beyond the curves Cj, Cy3 and Cg, in 
Fig. 2) the imaginary parts of both sides of the 
equations obtained from the equalities (1) — (3). 
We then obtain for the spectral functions Ajj the 
equations (9), as before. Equating the real parts 
of these equalities (or considering their average 
over the scattering angle in each of the channels) 
we obtain in addition the three equations for the 
three functions aj, aj, and as: 


(5’a) 


A, = 6a,+ 


ay (s) + 44, (2, 5) Qi(s, 0) +la(9, s) Pa(s, o)]ds 
= (5) (BO (KC (6) (9’a) 
a (8) + i [Js (6, 8) Qa(s, 9) +46, 8) Pa(s, e) do 
= £45) (BO (9) (6 (6)>n (9'b) 
a,(s) + = at (5 8) Q(s, 9) +12(6, 5) Pa(s, )1do 
= 2198 (5)>5 <C® (5) o (9’c) 


We have neglected on the right sides the terms 
6a,, 6a, and 6a3, different from zero only in the 
region beyond the threshold for production of 
three (four) particles, since their magnitude [as 
in the case of Ai; in Eq. (9)] can only be found 
by correctly taking into account in Eqs. (1) — (3) 
terms corresponding to the production of three 
and more particles. 

Equations (9) and (9’), together with the rela- : 
tions (4’) and (11) (written for the amplitudes B\ 
and cl iy form a complete system of equations for 
the spectral functions for all amplitudes* A, pli), 
and c(i), 
~_*It is of course understood that analogous equations are 
written for the spectral functions of all the amplitudes B“ 
and C®, If N four-particle functions are involved in all the 
unitarity conditions (1)—(3), then we get 6N equations for the 
6N spectral functions. 
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x a. 
FIG. 7. Simpler diagrams of the ‘‘parquet’’ type,° whose 


contribution depends on one variable only. The contribution 
from a diagram always depends on one variable only, if the 
diagram consists of two parts to each of which are attached 
two external lines and which are joined by just one common 
point (or if two external lines are joined in a point). 


5. ITERATIONAL SOLUTION. EQUATIONS OF 
THE CHEW-MANDELSTAM TYPE 


The solution of the system of equations (9) and 
(9’) is easily found in the form of a power series 
in the coupling constants. Let us discuss for sim- 
plicity the case when none of the amplitudes have 
poles. The case when poles are present is no dif- 
ferent in principle. The coupling constants are the 
quantity aj and the analogous values Te and 
Co *) of the amplitudes B{) ana cl) evaluated 
at the subtraction point (S49, S99, S39). It follows 
from Eq. (9’) that the a;(s) are of second order 
in the coupling constants, and from Eqs. (9) and 
(4’) we find that the A;,; are of fourth order. In 
first seer n aa iee we substitute in Eq. (9’) 
<n ~ b(t), < EU les. we oy (1) and neglect 
the eoeera term on the left aides We then obtain 
for the aj (s) values that are of second order in 
the coupling constants 


HOV Ovy Cy (jesiine2 sno) e 


They correspond to the simplest type of diagrams, 
Fig. 7a. Accurate to second order terms we have 
from Eq. (4’) that A; © aj. 

The substitution bt analogous expressions for 
B;(4) and c,() into Eqs. (10a), (11), and (9’) re- 
sults in expressions for a; corresponding to more 
complex diagrams, Fig. 7b, of third and fourth 
order in the coupling constants (the number of such 
diagrams turns out to be precisely the same as in 
conventional perturbation theory). The substitu- 
tion of these same values for B; (1) and Cj 1) into 
the system of equations (9) leads to the appearance 


C 0 C a 
| | a | | 
a ( 0 . 000 
a Sei Z apres ve 
FIG. 8. Simpler diagrams, whose contribution depends on 


two variables. 
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FIG. 9. Diagrams, whose contribu- 
tions are not included in the Eqs. (9) 
and (9’). 


of spectral functions for fourth order diagrams — 
‘‘loaves,’’ Fig. 8a, b. Here the term Q, in (1) 
corresponds to the “‘loaf,’’ Fig. 8a, and the term 
P,; (or the term vy in Eq. (7) which is equal to Pgs 
for 6A3, © 0) to the rotated ‘‘loaf,’’ Fig. 8b. 
Already in this order in the coupling constants 
the significance (from the point of view of dia- 
grams) of the terms fase in the unitarity conditions 
(1) — (8) becomes clear. It is clear that diagrams 
of the type Fig. 8a, c (and similar chains with 
larger numbers of links) arise as a consequence 
of the first term on the right side of the unitarity 
condition (1). These diagrams correspond to two- 
particle intermediate states in channel one. Anal- 
ogously the chain of vertical diagrams of the type 
Fig. 8b, d arises as a consequence of the first 
term in the unitarity relation (3) in channel three. 
From the point of view of channel one the latter 
type of diagrams corresponds not to two-particle, 
but to four-particle, six-particle, intermediate 
states, etc. But once these diagrams are definitely 
included in Eq. (3) then they must be included in 
Eq. (1), or else the relations (1) and (3) become 
mutually contradictory. It is precisely this con- 
tribution that is represented in Eq. (1) by the 
term A, [and in Eq. (7) by the term v, * P3]; 
the terms A, and Ag; in Eqs. (2) and (3) have an 
analogous meaning. In particular, the contribu- 
tion of these terms guarantees the necessary sym- 
metry of the amplitude A in the variables sj, so 
and Sz. 

Diagrams of the type shown in Fig. 9, as well 
as more complex ones (to which correspond 
spectral functions different from zero only when 
both variables lie in the region beyond the thresh- 
old for production of four and more particles), 
will never be generated by iteration of Eqs. (9) 
and (9’).* Their contribution is included in the 
here ignored terms 6Ajj;. 

The indicated method of iteration of the equa- 
tions was in fact described in detail by Mandel- 
stam;? however he did not write down the closed 
system of equations (9) — (9’). 

A possible approach to the solution of the sys- 
tem of equations (9) — (9’) consists of the follow- 
ing. We neglect in Eq. (9’) the terms containing 

*Consequently, in these equations we have taken into ac- 
count the contributions from all diagrams of the type of Figs. 
7 and 8, whose characteristic property is that by consecutive 


replacements of two points connected by two lines, by one, 
the diagrams simplify and reduce to a simple point. 
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the function A;; (assuming that this neglect does 
not affect appreciably the values of the functions 

aj). Then the system (9’) Uae to equations of 
i Chew-Mandelstam type:4 


a; (s) = G(s) <B (8)><C® (8) 
where, according to Eqs. (11) and (10a), 


(j= 1, 2, 3), 302) 


| £9 (6, 8) 8 (6) + la (9, 8) 64” (9) 
(12a) 


<B (5). = Of) + — 


0 

ALI, (6, s\oy” (oy de: 
The value of <C (s) >, is determined in pre- 
cisely the same way, whereas the values of 
<B) Zh Be Sy and << Cc) 5, << c®) >3 
follow by cyclic permutations of all indices. In 
this approximation the spectral functions Ajj can 
be determined from Eq. (9) by making the follow- 
ing substitution in the right hand sides of these 
equations 

BY) = 6) (m), — C} = (m"), 
in agreement with the formulas (4’) written for 
the amplitudes B(1). The resultant values of Aij 
may be substituted into the Eq. (9’) in order to 
determine the corrections to the solutions of 
(12) and (12a). The possibility of such an itera- 
tional procedure with respect to the functions Aij 
may be actually verified without difficulty. 

For the case of an interaction of neutral me- 
sons (when there is only one amplitude A of the 
mz interaction and all the amplitudes B(@) and 
C() coincide with A) the equations (12) — (12a) 
are precisely the same as the equations of the 
Chew-Mandelstam theory.* 

The system of equations (9) — (9’) will be dis- 
cussed in detail for a number of specific cases 
in a paper to follow. 


6. CONCLUSION 


The systems of equations (9) and (9’) provide a 
solution to the problem of sumiming of all the con- 
tributions to the spectral aunt ons aj and Ajj from 
diagrams of the ‘‘parquet’’ type® (see Fig. 7—8), 
consisting (in an arbitrary part of them) of two 
parts connected by two lines only. 

In the next higher approximation all diagrams 
must be taken into account, which are connected 
by three (four) lines; for this purpose one must 
include three- (or four-) particle intermediate 
states in the unitarity conditions. 

At this time it is not yet possible to give a def- 
inite answer to the question: does the above se- 
quence of approximations lead to rapidly converging 
(to the correct value) results. The neglect of dis- 
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tant singularities (i.e., of those parts of the spec- 
tral functions which begin to be nonvanishing in 
distant regions) can be justified provided that the 
integrals of the spectral representation converge 
rapidly. In that case the low energy region sepa- 
rates, and the behavior of various processes in 
this region does not depend on the behavior of 
various quantities (e.g., amplitudes, spectral 
functions, etc.) in the high energy region. 
Apparently, this is the case in actuality. The 
fastest increase in the spectral functions Aij is 
to be expected for the elastic scattering amplitude. 
In this case it follows from the optical theorem 
that two of the functions Aj; (c, 0’) increase line- 
arly (or almost linearly") with increasing o or o’. 
At first sight it would seem that the integrals in 
the Mandelstam representation are logarithmic- 
ally divergent (or only logarithmically conver- 
gent ) even after one subtraction. In fact, however, 
even in this case the integrads in the Mandelstam 
representation (analogously to the integrals in 
the dispersion relations for the forward scattering 
amplitude, discussed already by Goldberger and 
Miyazawa) converge like a power (like do /o*). 
This is a consequence of crossing symmetry which 
precisely in the case of the elastic scattering am- 
plitude leads to mutual cancellation of the fastest 
growing terms.* It is therefore quite likely that the 


*The author is grateful to I. Ya. Pomeranchuk, who called 
attention to this circumstance. 
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scheme discussed above represents the first link 
in a chain of rapidly converging approximations. 

The author expresses his gratitude to V. N. 
Gribov, V. M. Shekhter, and A. A. Ansel’m for dis- 
cussions on a number of questions in this paper 
and for interesting comments. 
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According to the Gell-Mann—Nishijima scheme, a neutral p’ meson with zero strangeness 
should exist. The following decay modes for this particle have been indicated in the literature: 


pPP+att+na +y, 


p® == 10 > 27; 


es Tae — 3Y. 


The possible contribution of such decays (for various p’-meson masses) in the annihilation 
of antiprotons is discussed from the viewpoint of the statistical theory of multiple processes. 
The data presently available on the yield of 7*, 7, and 7 mesons during annihilation are in- 


consistent with the existence of a 7 


meson with a mass smaller than 3.5 m7 and also with 


the existence of a 7), meson with a mass smaller than 5.5 mz. On the other hand, the p° 
— 1 + 1 + y decay not only does not contradict the experimental data, but even removes 
some difficulties connected with the determination of the interaction volume. 


This Gell-Mann—Nishijima scheme of elementary 
particles, both in its original form, and modified 
to take the conservation of the number of isofer- 
mions into account, predicts the existence of the 
not as yet observed neutral p® meson with isotopic 
spin and strangeness equal to zero. The possible 
properties of these mesons, and its decay modes 

in particular, have lately been frequently discussed 
in the literature. 

The decay mechanism of the p® meson has been 
discussed in particular detail by Zel’dovich,! who 
used the most widely-accepted assumption that this 
meson is a pseudo-scalar particle with zero es 
similar to. a nucleon-antinucleon pair in the 0°'S, 
state (according to the Bethe-Hamilton scheme’). 
In such a case, the most probable decay mode of 
the p’ meson with a mass greater than the double 
mass of the 7 meson is the decay 


oe ae a pd (1) 


This decay is predominant also for Mp > 3Mq 
and even for Mp 2 4m7, Since the 37 decay is for- 
bidden, and the 47 decay (as are the decays into 
a greater number of 7 mesons) is strongly sup- 
pressed by the necessity of large orbital momenta 
in the final state. 

For mp < 2mz, the predominant decay mode 
should be 

pe > 27. (2) 

Purely hypothetical variants of p’ mesons are 

the ‘‘twin’’ of the usual 7’ meson, the so-called 


7 meson,° and also a particle close in mass to 
the 7 meson having unit spin, the Tp meson.‘ 
The proposed basic decay schemes of these parti- 
cles are as follows: 


Mm 27 


(2’) 
eae ie (3) 


We shall not dwell on a description of all the 
attempts to find the p’ meson and, in particular, 
the ah and t?, mesons (see references 4—9), 
but, instead, we shall analyze those data that can 
now be deduced from experiments on antiproton 
annihilation. 

The latest data on the annihilation of antiprotons 
stopping in hydrogen” reveal that 7 and 1 
mesons carry away 7/;(+3%) of the released 
energy, and 7’ mesons about ee Since the yield 
of 7 mesons is determined from their decay vy 
rays, we can assume that, from the equality of the 
mT, t™, and 7? meson yields, we can deduce the 
presence of one y ray for each such meson. 
Therefore, the production of p® mesons having 
the decay mode (1) would correspond to a certain 
decrease of the y-ray yield, while the production 
of p® mesons having a decay mode (2), or even 
more so (3), would lead to an increase in the Veray 
yield. 

In view of the limitation stated above, we shall 
not discuss here the ratio of yields of 7*, 7, and 
7 mesons in multimeson decays of heavy p° 
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mesons (Mp > 4m7). The corresponding relations 
can be obtained from the selection rules for the 
isotopic spin. It is clear, however, that the closer 
the mass of the p’ meson to the maximum possible 
One (i.e., the mass of two nucleons ), the smaller 
will, in general, be the role of the intermediate 
state in the possible variations of the relative 
yield of mesons of various signs. 

Thus, we will consider three decay modes, 
types (1), (2), and (3): 


Patel ay Ps 2 plas sry 


and we shall compare the possible contribution of 
these processes to the yield of y rays in the anni- 
hilation of antiprotons with the experimental data. 
In doing so, it is more convenient not to use the 
energy fractions of 7 and 7 mesons given above 
but rather their average number per act of anni- 
hilation: '° 


Nn+ = 1.53 40,08, 


2 


Nn- = 1,53+0,08, nyo = 1.60+0.50. 


We shall assume, that, together with 1°, 7, 
and 7 mesons, p° mesons may be produced in the 
annihilation of antiprotons. In order to estimate 
their yield, we shall use the statistical theory of 
multiple production, assuming that the interaction 
strength for 7 and p° mesons is the same, and, 
therefore, that the relative yield of p’ mesons de- 
pends only on their mass, of which different values 
are used for the calculation. 

The total number of emitted ™ and 7 mesons 
is assumed to be given as n7y = 3.06 + 0.12, and, 
for different assumptions with respect to the p” 
mass, the number of half of the emitted y rays, 

ny, /2, is calculated. It is evident that, for the 
oe mode (1), the quantity Ny /2 raed dea with 
decreasing assumed mass of the p° meson, while, 
for the modes (2) and (3), the contrary is true. 

The effective volume V in which, according to 
the theory, statistical equilibrium is attained be- 
tween all secondary particles, is considered as an 
adjustable parameter, and is so chosen that the 
calculated value of n;+ for a given V is equal to 
the experimental one. 

In order to calculate the statistical weights, the 
exact formulas were used.''’ The results of the 
calculations for the three decay modes are shown 


FIG. 1. Decay mode 
pomitm +y- 
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FIG. 2. Decay mode 
p° > 2y. 


in Figs. 1—3. The dotted line denotes the experi- 
mental smite of the quantity Ny f2 (equal in the 
absence of p’ mesons, to the number of 7° 

mesons ). In the upper part of the figures, the 
variation of the radius r of the effective volume V 
= 4rr°/3 expressed in units of rp = i/mye is 
shown. 


FIG. 3. Decay mode 
eo + 3y. 


As can be seen from Fig. 1, mode (1) does not 
contradict the experimental data (because of their 
low accuracy) for any value of the p’-meson mass. 
The decay mode (2) (Fig. 2) would lead to a dis- 
agreement with the experiment, except for Mp 
= 3.5 m7. The decay mode (3) (Fig. 3) could be 
consistent with the available data only for the case 
of a very heavy p’ meson with a mass not less than 
5.9 7 meson masses. 

Thus, one can assume that the yield of mesons 
of various signs in antiproton anne definitely 
contradicts the exile both of 7 mesons and, 
even more so, of 7) mesons. 

It is interesting to note that, for the decay mode 
(1), one can obtain a better agreement between the 
calculation and the experiment for r=ry. Asis 
well known,” for such a value of r, the theory is 
in good agreement with the data on NN- and ™N- 
collisions, but, for the case of annihilation, the 
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The propagation of electromagnetic waves across a magnetic field in half-space filled with a 
magnetoactive plasma is studied. It is assumed that the plasma is confined by a stationary 
magnetic field H, and the structure of this field is investigated for the case when the ratio of 
the plasma pressure to the magnetic pressure is small. It is demonstrated that, at large dis- 
tances from the plasma boundary an electromagnetic wave with an electric vector parallel to 
the magnetic field H has the form of a plane wave with a propagation constant which is speci- 
fied by the equation for an infinite plasma. The reflection and transmission coefficients are 
evaluated for a plane wave incident on the plasma from a vacuum. 


ln the present paper we consider the problem of 
the penetration of an electromagnetic wave ina 
half-space filled with a plasma. Problems of this 
type have been investigated by many researchers. 
A linearized kinetic equation together with Max- 


1— 


6 


well’s equations were used to describe the process. 


The boundary condition at the plasma boundaries 
was that the electrons be specularly reflected. 

Landau! considered the problem for a longi- 
tudinal electric field. A characteristic feature of 
the solution was that the field away from the boun- 
dary of the plasma was not a plane wave. With the 
aid of Landau’s method, Silin? solved the problem 
for a plasma confined in a homogeneous magnetic 
field Hy) perpendicular to its boundary (magneto- 
active plasma). An investigation of the solution, 
carried out by Shafranov,? has shown that in this 
case the field is not a plane wave far away from 
the plasma boundary. 

Shafranov has made an attempt to consider the 
penetration of the electromagnetic field into a 
plasma for an arbitrary direction of the field Hp, 
but the solution has not been carried out in a con- 
sistent manner. While the equations and boundary 
conditions are rigorously formulated for the elec- 
tromagnetic field, only general remarks are made 
regarding the electron distribution function. It is 
stated that the condition that the electrons be 
specularly reflected from the plasma boundary 
does not distort their distribution functions and 
therefore the kernel K(r, r’) of the integral rela- 
tions between the field and the currents in the 
plasma depends, as previously, only on the quan- 
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tity R= |r —r’|. This statement has not been 
proved. In our opinion, it is true only in the ex- 
ceptional case when the field Hy) is perpendicular 
to the plasma boundary. For such a direction of 
the magnetic field, the Larmor circles for the 
electrons do not intersect the plasma boundary, 
and therefore the distribution function is the same 
as in an unbounded plasma if the electrons are 
specularly reflected from the boundary. For any 
other direction of the magnetic field Ho, the 
Larmor circles will intersect the plasma boundary 
and this should influence the distribution function. 

In later investigations devoted to semi-bounded 
plasma,* ° the authors either referred to Shaf- 
ranov’s results,’ or did not touch at all on prob- 
lems related to the determination of the distribu- 
tion function, confining themselves to unproved 
general remarks. 

The problem can thus at present be considered 
as consistently solved only when the field Hy is 
perpendicular to the plasma boundary and is par- 
allel to the direction of wave propagation.’ In the 
present paper we solve this problem for the oppo- 
site case: the magnetic field is assumed parallel 
to the plasma boundary and perpendicular to the 
direction of wave propagation, and the electric 
vector is assumed polarized parallel to the mag- 
netic field (ordinary wave). It is shown that the 
field away from the plasma boundary is in the 
form of a plane wave, the propagation constant of 
which is the root of the corresponding dispersion 
equation formulated for the infinite plasma. In 
solving the problem, an attempt is made to con- 
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struct a more accurate model for the plasma 
boundary, so as to replace the artificial specular- 
reflection boundary condition. 


1. FORMULATION OF THE PROBLEM 


Let a plasma filling the half-space x > 0 be 
located in a stationary magnetic field H(x) par- 
allel to the z axis [H(x) ={0, 0, H(x)}); as- 
sume a specified electric field on the boundary of 
the plasma in the plane x = 0 


E,=E,=0,  E,=E,(0, ye. (1) 


It is required to determine the field in the plasma, 
in the form of an outgoing wave as x > ®. 

In solving this problem, we assume, as usual, 
that 1) the plasma is neutral on the average, 2) 
the electromagnetic wave does not act on the ions. 
3) the electromagnetic wave disturbs little the 
electronic component of the plasma, and 4) the 
effect of the magnetic field of the wave can be ne- 
glected compared with the electric field and with 
the stationary magnetic field. 

Let us proceed to discuss the conditions on the 
plasma boundary. We do not assume the usual 
hypothesis of specular reflection of the electrons 
from the boundary: this hypothesis necessitates 
an infinite magnetic field and is little justified 
physically in many cases. The model which we 
propose for the plasma boundary is based on the 
following premises: 1) there are no electrons in 
the region x < 0; 2) the electrons are confined in 
the region x > 0 by a stationary magnetic field 
H(x), and 3) the stationary magnetic field be- 
comes homogeneous away from the boundary, 
while the unperturbed electron distribution func- 
tion is Maxwellian: 

lim H (x) = 


x—0O 


lim fy = N (m/2nT)* exp [— 


Ho, 
m (0 + v8 + 09/27] 


(N is the electron density and T is the tempera- 
ture in energy units). 
Let us introduce the following notation: w» 

= V4m7Ne?/m is the plasma frequency, oo = eH, /me 
is the Larmor frequency, x) = V2T/m w a the 
average yarmer radius, and py = 21s mc tw 

= 8mNT/ He is the ratio of the plasma pressure to 
the magnetic pressure. The problem so formulated 
is solved approximately under the assumption that 
Uo <1. Terms of order yu? are neglected. 


2. UNPERTURBED DISTRIBUTION FUNCTION 
AND STATIONARY MAGNETIC FIELD 


Let F be the electron distribution function, 
satisfying the kinetic equation in the Vlasov form 


N. DNESTROVSKII and D. P. KOSTOMAROV 


1S divas “(E+ vx, VoF)=0. (2) 


or 
We change over an variables x, Vx, Vy, Vz to 
dimensionless variables a, 8, y, and 6: 


= V 2T/mB cos 6, 
= V 2T/mBsin6, = V 2T/my 
and represent the function F in the form 
Pesfoles By. 15.0) 1 es Ges earin Os (3) 


where f) is the unperturbed distribution function, 
while f is a small perturbation due to the electro- 
magnetic wave. From the kinetic equation (2) and 
from Maxwell’s equations we obtain a system for 
the determination of the function f) and of the 
stationary magnetic field H (x) 


B cos 0f,/0§ — (1 + g (&)) Ofo/06 = 0; 


E = x/Xo, 


(4) 
oT 2an co 
a. (=) \ sin sa0\ B2d8 \ fod%, 
(5) 
H (§) = Hy(1 + g()). (6) 
The unperturbed distribution function f) for the 
solution of (4) is chosen as 


eo annie en (EF \g (s)ds + 8 (sin6 — 1), (7) 


0 


dg i ANXoj y As, 
dé ail cHo 


0 —oo 


where 7(&) is the step function, n(é) = 1 when é 
> 0 and (&) =0 when € < 0. The function (7) 
satisfies the conditions formulated above for con- 
fining the electrons in the half-space x > 0. The 
discontinuity line of the function (7) 


+ \g(e)do +B (sind — 1) =6 
0 


is the characteristic of Eq. (4). 

Substituting (7) into (5) and carrying out several 
transformations, we obtain the following equation 
for the function g(é), which characterizes the in- 
homogeneity of the magnetic field 

2m co 

\ (1 +sin8)dé \ 
0 


; il —o 
g (8) = Po = e O%Ms, 


o= (s+ eas). (8) 


A solution of this equation can be constructed in 
the form of a series in the parameter pp: 


g(t) = 2d wgn (6). 


In the first approximation this yields 


& (5) = pos (6) + O (u2), (9) 
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where 


g, (8) = At ex 


0 


2 2 
xp |{—( 1 sin ia) (as) a3 1] cos? 66. 
(10) 

Thus, the unperturbed distribution function fo 
and the stationary magnetic field H(x) are given 
by (7) and (6), in which g(é) is given by (9) and 
(10). We see that the inhomogeneity of the mag- 
netic field is of order wy and manifests itself only 
in a boundary zone of width 1~x) ( ~1). Upon 
further increase of x, the additional term tends to 
zero exponentially. 


3. DETERMINATION OF THE ELECTRIC FIELD 
OF THE WAVE IN THE PLASMA 


Let us proceed now to determine the alternating 
electromagnetic field excited in the plasma by the 
boundary mode (1). We consider first the case 
when 


Bolte BE (0)e: Cute? (11) 


The general case can be reduced to that given by 
expansion of the boundary field in a Fourier inte- 
gral with respect to the variable y. We shall seek 
the functions f and Ez in the form 


[ito u,b Tere 2 fe. y, 6), 
Es bau) =e AOR (e) 


From the kinetic Eq. (2) and from Maxwell’s 
equations we obtain the following linearized sys- 
tem of equations for the functions f(&, 8, y, 6) 
and E 3 ): 


Boos 6-3t = (lite (5) Se + i (xohyB sin 8 — mat 
H, 
e ;,my'/20fo 
‘3 ~ M@y ar ) OY E (5). (12) 
Se + a (e — i) E = — ike eal | 2 pap | fra, 
(13) 


where k =w/c. From (12), taking into account 
the expression (7) for the function f), we see that 
the function f is proportional to (Ne/mwyH) 
x(m/2T )*. Consequently, the integral term in Eq. 
(13) is of order fo. Thus, to determine the elec- 
tric field accurate to terms of order py inclusive, 
it is sufficient to obtain the function f in the zero 
approximation with g(é) =0. In other words, the 
effect of the inhomogeneity of the stationary mag- 
netic field can be neglected in determining the 
electric field with the degree of accuracy which 
we require. Taking this into account, we rewrite 
(12) as 


B cos 60f/0§ — Of /06 +- i (xphyB sin 6 — o/wy) f 


= (Ne/moy) (2T/m)? E (€) 2ye— (+9 n (§ + B (sin 6 — 1)). 
(14) 
Let us consider the system (13) and (14). It is 
easy to write down a solution of (14) which is 
periodic in 6 with period 27. Such a solution is 


unique and has the form 


=i ue ds es — (B2++2 ee : 3 
i or 98 Gr) x (3) 2re (+) y (E - B(sind — 1) 
5 


ae exp f enc — 6+ x) + xh, (cos a — cos 6) | 


xE(E + B(sind — sin a)) da, 


ee if SO ee Tt. 

Or On nH 

Substituting (15) and (13), we obtain an integro- 
differential equation for the field E (é): 


oe + x2 (k? —h2) E = vez) | dé 


27 


(15) 


x aa E(€+8(siné —sin a))x n(§ + B(siné — 1)) 


0 


4 exo{—B + i[S-(@—8 +0) 


+ xohyB (cos a — cos 6) |} Bd3. (16) 

We are interested in a solution of (16) which 
assumes a specified value E(0) when = 0 and 
behaves like an outgoing wave as § ~ ~. We 
shall seek such a solution in the form 


EG) Bale "4 wi{t)). 


Here u(é) is a new unknown function, which must 
approach zero at infinity, while hx and Ew are 
constants to be determined. According to (16), 
the function u(é) should satisfy the following 
equation: 


(17) 


2n 


@ 2 
gee +758 — hiya = po So) | a 
0 
8 [ore] 
x \ do. \ u(& + B/sin 6 — sina)) 


5—on i) 
x (E+ B(sind— I) exp {— B+ (a—8-+ 2) 


+ xoliyB (cos a. —cos 6) |! pda —e*™* pox (S-) 
da\ exp {—p + i[-2(@—d +m) 
ee 


-- xXghyB (cos a — cos 8) +- x,AxB (sin 6 — sin 2.) }} 
x BdB — x2D (Vh2-+ AP) eet &, 
where £’ =é/(1 — sin6), and 
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pay —w— a 62) oo {- 


0 


5 
xh? 


(1 — cos e)| 


x cos (8 — a) de. 


Let us put hy = (h? — he shave) where h is the root 
of the equation 


D(A) = 0. (19) 


This equation is a dispersion equation for waves 
of the type considered in an unbounded plasma. 
With this choice of hx, the term that does not 
vanish at infinity drops out from Eq. (18). The 
amplitude Ew can be determined from the boun- 
dary condition at € = 0: 


E (0) = Eco (1 + u (0)). 


The solution of the integro-differential equation 
(18), which tends to zero at infinity, must satisfy 
the following integral equation 


(20) 


u(&) = WoL [u] + pow (6), (21) 
where 
2 8 fore) 
L {ul = x(—— ape is a | exp{—s + i[ 5 —(a 
— 6+ mn) + Xoh,B (cos a — cos 6) |\ BdB 
y \ eee n(o+ B(sind 
— 1))u(o+8 (sin 6 — sina)) do, (22) 


e sin [Xp Vie hi (oO §)] pitehye 


Xq Vie 


Wie) == —x(2)) a2 ay 


8-97 
x \ exp {— B® + i[ > (a—5+ ™)-+ Xoh,8 (cos a — cos 6) 


+ xoh.B (sin 6 — sin x} BdB (23) 
[here o’=0/(1 — sind) ]. Equation (21) contains 
the small parameter py ahead of the integral term, 
and it is therefore natural to solve it by successive 
approximations. We shall seek the solution of (21) 
in the form 


u(§)= S Urun (§), 


n=1 


(24) 


and determine the functions uy (é) from the re- 
currence formulas 


W1(§)=W(E), Unga (6) = L [un). 

It is easy to show that (24) converges, and conse- 
quently that (21) is solvable at sufficiently small 

values of the parameter py. To obtain a solution 
of (21) with the required degree of accuracy, it is 


sufficient to use the zeroth approximation 
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u (E) = pow (6) + O (uf). (25) 


The amplitude Eo of the wave at infinity is deter- 
mined from Eq. (20): 


Eco = E (0) (1 — paw (0) + 0 (u2)). 


Thus, the electric field in the plasma, under 
boundary condition (11), is of the form 


Ez (x, y) = Exe tho (1 + pew (x / Xo) + O (u2)}.(27) 


As x— ©, this field behaves like a plane wave 
with a propagation constant h = (h?2 + aya which 
is determined by the dispersion equation for the 
unbounded plasma. The function w (x/x)) de- 
scribes the distortion of the field at the plasma 
boundary. It differs noticeably from zero only in 
a boundary zone of width x), and tends exponen- 
tially to zero with increasing distance from the 
boundary. 

If we neglect the motion of the electrons and 
assume that their temperature is zero, then Eq. 
(27) goes automatically into the elementary-theory 
equation for the interaction between the electro- 
magnetic wave and the plasma in terms of the di- 
electric-constant tensor. 


4. CASE OF LARGE WAVELENGTHS 
In this section we shall consider in greater de- 
tail the case when 


L= 2T w? /me?w?, = (RXo)” < Ue 


(26) 


i.e., when the average Larmor radius of the elec- 
trons is much smaller than the wave length in 
vacuum. 

Let us compare the parameters py) and pu 
= Uyw*/we. Ina cold plasma (T = 0), the ordinary 
wave can propagate transversely to the magnetic 
field if wy/w <1. Consequently, in a plasma with 
low temperature (T « mc?) the parameter [ly 
for propagating waves should either be smaller 
than p or of the same order. In this section we 
shall expand all the quantities in powers of the 
parameters u, and consider at the same time that 
O(uy) < O(h). 

Let us consider first the function w(é), given 
by (23), which can be represented in the form 
[we use &’ = &/(1 — sind) ] 


@ (E) = wo (5) + V ww, (E) +0 (u); 


1¢ co 


OCS = z\ [ (1 — sin 8)" 2 (1 - sind) \e-*aal dd, 


) ze 


w, (&) = i y te — th,@ / @;,) cos 5 — (hy + iho / ©) sind 
° RL oo) | 
mee am measr 6)*)\ e-* dp 


co 


rena 


ei 


0 


x ari 


~~ 


oeey (1 -— sin 6)? (28) 
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In particular 


3 LP a tte A+ 
w (Q) =— > = is 3 _* 
a Jal k(1— @?/ wy) 


ih yo [Oy 


|v 2 +0(¥). 
(29) 
Substituting (28) and (29) in (26) and (27), we get 


Bas = E (0) N+ $0 + suo eS 


He, 2s Hp a/o 
3 ee y H 2)\ 
ern oe (30) 
o>) , — i(h px 5 —ihyx - x 
EB, (X,Y) = Eqetlhxx+hyy) {1 en [wo (=) 
es 55 P 
zis V vo, (=)|+0 (uw) (31) 


With the aid of (30) and (31) we readily can con- 
struct a solution of the problem with the general 
boundary condition (1). Confining ourselves to 
terms of order yu, we obtain 
ih 3 ¢ = 
E.(x,y)=F(14+ 5 w) | HO AVE + U— ay) 
xE,(0, n) dy 


(Se P “a 

I Haid (Z) E2(0,y) + O(w). (82) 
The simplicity of formula (32) is due to the fact 
that Eo and u(x/x)) are independent of hy at the 
degree of accuracy indicated above. 

In conclusion let us consider the incidence of a 
plane electromagnetic wave with wave vector k 
= (kx, ky, 0) from vacuum, x < 0, on a half-space 
filled with plasma. We assume that the electric 
vector of the incident wave is polarized along the 
z axis, and obtain the solution of this problem 
accurate to terms of order yp inclusive. 

In the region x < 0 the electric field has the 
form 


i(k i(—k,x+k 
Boe Big ae ee eae ee) 


where E, is the specified amplitude of the incident 
wave. The field in the plasma is determined by 
the formula (31), where hy = ky. Using the condi- 
tions of the continuity of the functions Ez (x, y) 
and 3Ez (x, y)/ ox in the plane x = 0, we obtain 
the following system of equations for E; and Eo: 


Eo + Ey = Eeo|1— Fue} /o* + 0 (u")] 


Vi% k 
(Eo — Ex) hx = Eoohs| pata 
5 3 {1+ tho / hoy ! */>y 
batige é OD 1— oa, ) 1 O (p )|. 


Hence 
| ele kh, soa 
Eo k, +h, a Ie) h2 VR {— 0? / 02, 


te V xh, kh, wo 
+ iV tut + | ow) (33) 


OO 1 1 — w? / wF,- 


Eu ky f a ne 5 (ky —h,) A, 2 — 80? / oF, 
Bg 6 eA he 4 w? 2k? 1—@?/ 0}, 
(k, —h,)* d = oa 
-= x _ P) ealVels= 
(Reel 4 05 
+ | “/e) 34 


In deriving these formulas we used the relations 


Rh = ke —h? = oto? (1 + O(u)). 


If |ky| =|hy| <h, i-e., if hy is real, we have 
2 R h 2 2 
Bi wits x kh, 2— 30? / oF, a 
E, | =(: Fh) +e Re l= 1—@?/ @? |+ 0 De 
(35) 
i ie Ne 3.0) Ay (ky —hy) (2—30?/ 03, ) 
be = eae daeblaes: Re 1— 0/0, 
x(k, — Ay) 3 
— Fe] tout, (36) 
—Vrk, Ryk e)> | ; 
argEy= Vp eo he a ada eure Olu"), (37) 
SS UE 
—h, (ky —h,)k, 08 4 


a ky xX 
arg Boag = Ve * E + 5) 


Or 2(1— w/o) 


+0 (wt) (38) 


When p = 0, Eqs. (33) — (38) coincide with the cor- 
responding formulas of elementary theory. It must 
be noted that the phases of the transmitted and re- 

flected waves are more sensitive to variation of the 
electron temperature than the amplitudes. 


1T,. D. Landau, JETP 16, 574 (1946). 

ZVaeDs Silin, Tp. PAAH (Transactions of the 
Physics Institute, Academy of Sciences) 6, 199 
(1955). 

3V. D. Shafranov, JETP 34, 1475 (1958), Soviet 
Phys. JETP 7, 1019 (1958). 

4K. N. Stepanov, JETP 36, 1457 (1959), Soviet 
Phys. JETP 9, 1035 (1959). 

5B. N. Gershman, JETP 37, 695 (1959), Soviet 
Phys. JETP 10, 497 (1960). 

6B. N. Gershman, JETP 38, 912 (1960), Soviet 
Phys. JETP 11, 657 (1960). 


Translated by J. G. Adashko 
152 


SOVIET PHYSICS JE iP 


VOLUME 12, 


NUMBER 3 MARCH, 1961 


ELECTRIC MONOPOLE TRANSITIONS IN THE THEORY OF NONAXIAL NUCLEI 


V. S. ROSTOVSKII 
Moscow State University 


Submitted to JETP editor April 29, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 854-858 (September, 1960) 


It is demonstrated that if the coupling between rotation and B vibrations is taken into ac- 
count, electric monopole transitions become possible between nuclear rotational states pos- 


sessing the same momenta and parities. 


The transition matrix elements between such 


states are calculated. The results are compared with the experiments. 


‘Tue theory of nonaxial nuclei, proposed by Davy- 
dov and Filippov! and developed in subsequent 
works, explains adequately the positions and many 
properties of the low-lying levels of even-even 
nuclei. According to this theory, for each non-zero 
J there exist several rotational states of given 
momentum and parity. It is interesting to consider 
the probability of electric monopole transitions be- 
tween such states with emission of internal-conver- 
sion electrons. Church and Weneser’ have shown 
that the E0-transition operator can be expanded 
in powers of the parameters Qo of quadrupole 
deformation. Since the principal term in the ex- 
pansion is a constant and does not produce any 
transitions (in view of the orthogonality of the 
wave functions of the initial and final states of the 
nucleus ) and there is no linear term, it is neces- 
sary to take account of terms of higher order in 
Qo. The EO transitions between the lower vibra- 
tional states with J + 0 are due here to terms of 
third and higher order in a). As noted by Grech- 
ukhin,® the E0-transition operator is a scalar, i.e., 
it is independent of the Euler angles that charac- 
terize the orientation of the nucleus in space, and 
consequently EO transitions between rotational 
states are strictly forbidden in the adiabatic theory. 

We investigate in this work the probability of 
EO transitions between rotational states of non- 
axial nuclei, with allowance for the coupling be- 
tween the rotation and the B oscillations. It is 
assumed that the rotation and the £8 oscillations 
are adiabatically slow compared with the y oscil- 
lations, but account is taken of the dependence of 
the equilibrium value of the nonaxiality parameter 
y on £, indicated in the papexe of Davydov and 
Filippov‘ and Wang Ling.® 

The wave functions of the initial and final states 
of the nucleus are obtained from the equation 


(Tp -+Ve + Hay — E) ¥ =0, (1) 


where 


Te = (2B) (BS), Ve= -C@—B)* 


=v 


Hb = We (8BB?y * : i2|sin(y —$)| (2) 


If we replace in the operator AR y in Eq. (1) the 
values of 8 and y in terms of the equilibrium 
values By and yo = (By), we can separate the var- 
iables in this equation, viz., 


(To Ve + Hay, = Eo — £),) us (8) or (= Os a) 


where the vibrational wave function has the form 


us (8) = BAH, (6 $=) exp [— 6° (8 — 8,)*/ 283), 


(4) 


and the vibration energy is E}, = hw, (v + ¥,) (see, 
for example, reference 6). Here 6 = (h~@BC)!/4 
= (BB*h !w,)!” is a dimensionless parameter, 
which can be determined if the energy of the first 
excited state with spin 0* is known; H,, is the 
Hermite function of the first kind. The parameter 
v is obtained from the condition that the wave 
function is bounded when £ = 0, i.e., from the con- 
dition Hy (—6)=0. The value of the rotation en- 
ergy ie Jr and the rotational wave functions Q Jr, 
are given in the papers by Davydov and Filippov! 
and by Davydov and the author.’ 

Since the total momentum J is conserved, we 
seek the solution of (1) in the form of a superpo- 
sition of rotation-vibration functions with given J: 


aie = iA 


ve" 


Aye 


v'selly (B) @,, (9). (5) 


Then in the first approximation of perturbation 
theory 
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vIt v r eS id 
Ay fq! = (ES = 1B + [Sirs Ej") S CW, } Hoy 
— Hi | Uv Pj_ed, Vt seve; ANE = 1. (6) 


Expanding the perturbation operator and retain- 
ing the first-order terms, we obtain 


Hox — Hox, = (8 — Bo) Bo? [— 2H ay, + ef], (7) 


where 
&= BO / Blea, went 


As shown by Chaban,® the distinction between ro- 
tational and vibrational motion is meaningful only 
when 6 > 2. We confine ourselves to these values 
of 6. Then when n < 3 the Hermite function of the 
first kind, Hyp, differs little from the Hermite 
polynomials with corresponding integral indices, 
Hp, and the differences vy,; — vy — 1 are small 
and tend rapidly to zero with increasing 6. There- 
fore, in calculating the matrix elements we can 
assume 


F = 0H by / 07 |n_g. aay 


Avis, a Ay ta (8) 


The perturbation operator (7), which is proportional 
to (8B — Bo)/By, has here non-vanishing matrix ele- 
ments only when v — vp’ = +1. 

Let us proceed to calculate the matrix element 
of the EO transition. For collective models of the 
nucleus, the operator of the EO transition, accu- 
rate to second-order terms in Q», (with allowance 
for the constant volume of the nucleus), has the 
form 


w 


N = +e; (0) ©; (0) R? a SY! fo, |. 


p=—2 


(9) 


Here N is a factor defined by the electron wave 
functions, ®; and ®¢ are the radial parts of the 
wave functions of the initial and final states of the 
electron, Z is the charge, and R is the radius of 
the nucleus. 

The matrix elements of the transition between 
different rotational states, with allowance for the 
orthogonality of the rotational functions gJjr, are 
written as 
(Vpre,| £0| Vas = N «Dy Ave Agae (yi B| Uy>- (10) 
Let us consider the transitions between two lower 
levels of the nucleus with a given non-zero spin J. 
According to the theory of nonaxial nuclei, these 
levels are referred to a single lower vibrational 
state vp. Taking condition (8) into account, we 
obtain from (10) 
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CP. | £0| P72) = N a V 28567! (Atrs + Assi). (11) 

Using (6), (7) and (8) we find 

Avia = — (Ii + Ely — En) (8V2) <p, iF ig) (12) 


Jo : : : 
The value of Ants is obtained from (12) by in- 


terchanging the indices t= 1 and t= 2. Differen- 
tiating the equation (fig — Ej,)g 3, = 0 with re- 
spect to y, we obtain 
Bi r r CG) 
yy | e Pj.) ae (Ex. = Ex) ) Py 1 5 Psa? 


Putting xy = (Hwy)7 Ep and ES, ), we obtain 
finally 


(13) 


Py ,01 


E0| Wv,o0) WN, sf Bt6 6 ap a! Py): 
(14) 
We note that (14) cannot be used for transitions 
between two lower levels with spin 0*, since these 
levels pertain to different vibrational states. The 
matrix element of the transition between these 


levels, calculated in accordance with (10), is 
“SN = 
CW 9) LON; 9 = O2N V 23:00.) 4e 


and is independent of ¢€ in first approximation. 

For the case J= 2 we use the specific form of 
Qo7 and ee obtained by Davydov and Filippov. 
We find 


a __ 4sin® 37 ae 2 sin?3y 
<Po1 OY P22) = 9—8 sin? 37’ 3? = Xe 3 [9 —8 sin? 3y)'2 é 
2 
Tas 3Z 2 46 sin* 3%o Xo 
Y, EO vy = N rae Ee 3 - 
CP y21 | EO | Py ,22> lin Po 3[9 —8 sin? 379]? 1 — x2 
2 
(15) 


The final result contains the parameter 
€ = Bd y/9B|B=Bo, y=Yo" Theoretical estimates of 


this parameter can be obtained from the papers of 
Davydov and Filippov‘ and of Wang Ling.’ The 
plot given by Wang Ling of the dependence of the 
equilibrium value of the nonaxiality parameter y 
on s = log (4TB#*h *) can be extrapolated, with 
good accuracy, by means of the parabola y = (s? 
— 14s + 41)7/180. This yields €(y 9) =- 0.045 
x V8 + yo (yo in degrees). When yo varies from 
0 to 30°, € changes from 0.13 to 0.28, i.e., merely 
by a factor of two. 

The table lists the theoretical values of the 
matrix element p of the EO transition between two 
lower levels with spin 2*, calculated from (15): 


p=N7CK,, E0 VYyo>, N= + €?@,; (0) O; (0) R?. 


The literature data on the energy levels are in- 
dicated in the last column of the table and the 
values of B) are taken from the survey article by 
Davydov,® while yp and 6 are calculated on the 
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Nucleus Bo Yo 5 = Ptheor |Reference 
Cdi14 0.20 24 1.85 0,26 0.095 [22] 
Gdl>4 0.30 13 2.6 0.24 0.046 [3] 
Briss 0.33 13 4.5 0.24 0.006 pea] 
Qs188 0.18 19 3,0 0.23 0.014 [28] 
Pti94 0,15 30 Died 0.28 0.040 [2°] 
Pp {196 Omar 30 Dt 0.28 0.030 2] 
Hg198 0.14 22 1.9 0.25 0.045 pe 15] 


basis of the paper by Chaban,°® with the energy cor- 
rected for non-adiabatic rotation. For Pt!*, the 
0* level is unknown. It follows from E,,)/Ey; 

= 1.93 < 2, that the non-adiabatic corrections are 
strong here, 6 ~ 2, and vy, = 30°. In the calcula- 
tion of Ptheor we used 6 = 2.4, obtained for the 
neighboring even-even nucleus pt! which has a 
similar arrangement of the lower 2* levels. 

The results obtained indicate that electric mon- 
opole transitions between rotational states of non- 
axial nuclei are possible and can serve as a criter- 
ion for the applicability of the adiabatic approxi- 
mation. It is seen from (14) and (15) that the EO 
transition must be sought primarily among the 
strongly-deformed nuclei with low-lying 0* level 
and small 6 (we note that the non-adiabatic nature 
of the rotation influences these nuclei most 
strongly ), and with large non-axiality (i.e., with 
Ey) /E21 ~ 2). 

Let us compare our results with the experi- 
mental data for Pt!*® obtained by Gerholm and 
Peterson.'!° To determine Pexp they used the 
ratio of the reduced probabilities of the electric 
quadrupole transitions 


B( E222 > oly B (E2215 0) =, 


given by the ‘‘free oscillation’’ theory of Scharf- 
Goldhaber and'‘Weneser.!! If we use the value 10/7 
given by the theory of nonaxial nuclei for y = 30°, 
the experimental value of p is found to be in the 
limits 0.013 = pexp = 0.04. The theoretical value 
Ptheor = 9-030 is in good agreement with experi- 
ment. 

In conclusion, I thank Professor A. S. Davydov 
for suggesting the problem and for valuable re- 
marks. 
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A possible method is indicated for deciding experimentally the question of the existence of a 
component parallel to the axis of rotation in the mutual friction force between the superfluid 


and normal components of rotating helium IL. 


‘The mutual friction force acting on a unit mass of 
the superfluid component from the direction of the 
normal component in rotating helium II has been 
examined in a number of papers.'~* The force: 


tae 2[oxtv, ae val] (1) 


——— x B’ wox[Vn — Vs] Io 
where W=curl Vg and B and B’ are the coeffi- 
cients of mutual friction of Hall and Vinen. Both 
terms in (1) are perpendicular to w. 

The purpose of this note is to indicate the possi- 
bility of an experimental resolution of the question 
of the existence of a third term in the mutual fric- 
tion force, parallel to w, i.e., of the existence of 
an additional term in Fgy of the form 

2B" 2 [wx(vn— vi} (2) 

The coefficient B’’ can be determined from the 
damping of the oscillations of a cylinder along its 
axis (coincident with the axis of rotation of the 
fluid).* The hydrodynamic equations for rotating 
helium II are solved‘ with the following boundary 
conditions, in order to derive the corresponding 
equations: 


Unr (R)=9, Ung (R) = Ook; 


where R is the radius of the cylinder, w » the ang- 
ular velocity of rotation, Q the frequency of the 
oscillations and zp) their amplitude. 

This leads to the following expression for the 
force acting on the surface of unit length of an in- 
finite hollow thin-walled cylinder, oscillating ina 
boundless liquid: 


Unz (R) = iQz, exp (iM), (3) 


H (xR) 
MOGGR) 


J . 
F, = i2nRy,,Qx 3 “ll zexp (i2t), (4) 


*According to I. L. Bekarevich and I. M. Khalatnikov 
(private communication) an additional term should also be 
introduced into the force F,, containing the product of 
and curl(w/w). Actually, in the case considered of the oscil- 
lations of a cylinder along the vortex lines, curl (@/@) = 0. 


where 
5 iQ @o\" Paes 
fe EG een 
Vn Q/ 1+ (@/ 2)? (e,B” JP? 
5 © ole” / p | 
Q 1+ (@ / 2)? (e,B” |p)? 


(Im (x) > 0). 


Here 7, and vy are the dynamic and kinematic 
viscosities of the normal component, and H and J 
are the Hankel and Bessel functions. 

Equation (5) leads to a penetration depth 
1/ Im (k) ~ V2vy/Q. For R~ 1cm, the quantity 
KR can therefore be considered large, and taking 
the asymptotic expansions of the Bessel functions 
we easily obtain the following equation: 


GSS ih = 1R V 2n,.° Q (1 att Wo Ps B") 


(5) 


(6) 


ly — ly m 2Q Pp 


which is valid for 
(o,B" / 2p)? <1, 
R /Im(*) > 1. 

Here y, and y; are the damping coefficients for 
the cylinder immersed to the depths 7, and J,: m 
is the mass of the oscillating system. Edge effects 
are automatically removed by subtracting y; from 
yg. It is assumed that the oscillating system is 
‘theavy”? (Q,=2,=). 

It is convenient to use the following equation for 
determining B’’: 


(a=) (ea Ta)eee = | + (wp, / 2p) B”. (7) 


If B’’ = 0, the damping is independent of the speed 
of rotation. If this is not the case we shall find a 
linear increase in damping with increasing Wo. 

The author is grateful to E. L. Andronikashvili, 
S. G. Matinyan, and D. S. Tsakadze for discussions. 


(@ / 2)? p,0,B" /p? <1, 
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We obtain a transport equation for a high-temperature plasma. The effective cross sections 
for electron-electron and electron-ion collisions are evaluated without an artificial cutoff of 
the interaction. We elucidate the role of the plasma oscillations for plasma kinetics. We 
show that one must take into account the influence of the ions on the screened interaction 


when considering electron-ion collisions. 


lis a previous paper! we obtained a generalized 
transport equation for electrons which interacted 
with one another, with phonons, and with neutral 
impurity centers. We apply here the method de- 
veloped in reference 1 to the case of a quasi- 
neutral plasma. 

It is well known that in the case of the Cou- 
lomb interaction the total bremsstrahlung scatter- 
ing cross section diverges logarithmically. The 
usual transport equation in which only pair 
collisions are taken into account is therefore in- 
applicable in that case. This difficulty is usually 
eliminated by cutting off the impact parameter at 
distances of the order of the Debye radius. Lar- 
kin” evaluated rigorously the transition probabil- 
ity for a fast electron passing through an electron 
gas in equilibrium the space charge of which was 
compensated by a smeared-out positive charge. 

The problem whether one can describe only 
pair collisions even after some renormalization 
of the interaction remains, however, not cleared 
up. The present paper is devoted to an elucida- 
tion of that problem.* 

We also take into account the motion of the 
ions and we investigate their role in the screen- 
ing of the interaction. We hope later on to use 
the transport equation obtained here to calculate 


more accurate values of the transport coefficients. 


*A short note by Balescu’ is devoted to related problems; 
in this note he gives without proof and without stating the 


limits of its applicability an equation for the distribution func- 


tion of an electron gas with a smeared-out positive charge. 
This equation, however, is not in the form of the usual trans- 
port equation with pair collisions, and this makes it difficult 


to interpret it physically. 


1. EQUATIONS FOR THE SINGLE-PARTICLE 
DENSITY MATRICES OF THE ELECTRONS 
AND THE IONS 


We consider a system consisting of interacting 
electrons and ions. The Hamiltonian H of the 
system is of the form* 

H=,-U, 
Hy = Di (eae de + Ei Ay Ar), Oe Ue Ue 1 Ue 
k 
(1) 


q#q'. ff 
+ + 
Wwe; —— ir >» Ug—q’ ag aq’ A; Ay Seth, g+f’, 
g+q fF 
+ + . 
Ui = >) Ug—q', Ag Ay A; Ay otf. ati" 


gag’. ff 
k, q, and f are wave vectors, €, = h*k?/2m is 
the electron energy, Ey, = fik?/2M is the ion en- 
ergy, Ak and a; are creation operators for an 
ion and an electron, respectively, Uy = V7141e2y~2, 
and V is the volume of the system. 

Let there be a weak electromagnetic field in 
the system. The extra term in the density matrix 
Ft of the system (the matrix is proportional to 
the electrical field E,) is of the form [see Eq. 
(1) of reference 1] 

0 B 
Poe \ dc \ dxE,, (x,t +7) (an [Je (x1 + if) 
Teo) 0 

+ Ji (x, ++ ihd)] Fo. 

*The electrons and ions are assumed to have no spin. 
This is permissible, since exchange effects are small under 
the conditions of interest to us (vide infra). 
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Here Ji and J}, are the ee and ion current- 
density Tee Fo = zt exp (—8H’), Z = Sp 
exp (—6H’), H’ =H- —uN, N is the total particle 
number operator (electrons and ions), and p is 
the chemical potential. 

As in reference 1, we can determine the cor- 
rection to the single-particle density matrices of 
the electrons and ions, respectively 


—oo 


ty B 
fost = \ dv\dxE, (x, £ + «)\ aa Sp (Foat dp (J¢ (x, 
0 


4-ihd) + Ji (x, c+ ihA)p, 


0 B 
Pro (t)= | de\dxe, (x, t-+0)\arSp (Fy At Ap 2x7 
0 


—oo 


+ ith) +35 (x, t+ ihd)]}. (2) 


Putting E, (8, &)) = Ey (x, s) exp[i(k-x) + st] 
and following reference 1, we change to a diagram 
expansion of the functions fpp’ and Ppp’ in powers 
of the interaction. In any diagram there go to a 
terminal point Tt either two electron or two ion 
lines with indices k and k’ (the line k’ enters 
into the terminal point Tt and the line k starts 
from it) over which the summation is carried 
out. In the first case the terminal point T corre- 
sponds to a factor 


E (x, s) et (eh/2m) (k + k’)8x°, kx: 


and in the second case to the same factor with 
e/m replaced by —e/M (e is the electron charge, 
and m and M are the electron and ion mass re- 
spectively ). 

For diagrams occurring in the expansion of 
the function fpp’ two electron lines go to the 
terminal point —ihA (p’ enters into the terminal 
point —ihA, and p starts from it). For the func- 
tion pp’ -ion lines occur at the terminal point 
—ihaA . 

It is clear that there can be three types of 
points, corresponding to electron-electron, ion- 
ion, and electron-ion interactions (see Fig. 1). 

In the first two cases the point corresponds to a 
factor Uy, and in the third case to — The 
other factors corresponding to the points 1/ih, 
—1/ih, and -1, and also factors corresponding 
to lines and intersections are defined in the same 
way as in Sec. 1 of reference 1. A free section 
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can clearly arise not only when two electron lines 
are cut, but also when this happens to two ion 
lines. 

The system of two generalized transport equa- 
tions for the functions f p’ and Ppp’ is depicted 
in Fig. 2 and is written down as follows 


(S + i@p +x, p) fp, p+ = Tp, pte + Dia, q+x Wop +>) Pq, gtx wie 
q q (3a) 
(S + iQp4%. p) Pp, ptx 
(3b) 


= Rp, ptn+ » Pq gtx Wi, Dike gtx Wap" 

q q 
Here hwkp = €k— €p» A2&kpy = E_—Ep, €, is the 
energy of an electron with wave vector k, and Ex 
the energy of anion. The quantities rp p+x> 
Rp,p+x» and wgp are defined in analogy with the 
quantities rp p+x and Wgp of reference 1. rp psx 
and x differ from one another only in the 
kind of thee last lines on the right. The quantities 
Wap with different superscripts differ by the kind 
of extreme lines on the right and on the left. 
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2. EVALUATION OF THE COLLISION TERM 


If the interaction potential were to decrease 
steeply at large distances, and were the particle 
concentration in the plasma low, we could confine 
ourselves in the quantity w to the diagrams pro- 
portional to the first power of the concentration. 
(We recall that the concentration arises from 
each reverse electron or ion line.) In Figs. 3 
and 4 we have drawn possible types of such dia- 
grams for w©© and w!® in the Born approxima- 
tion. Account of these diagrams would lead to 
the usual collision term in the transport equation, 
linearized in the external field (as s —0 and 
Kees OL). 
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Diagrams of the type 3a and 8c lead to expres- 
sions arising when the electron-electron collision 
term is linearized; this term describes the arrival 
of electrons into the state p. Diagrams of the 
type 3b and 3d lead to the expression arising when 
the term corresponding to the departure of elec- 
trons is linearized. Diagrams of the kind 3e and 
4a give the term describing the arrival of elec- 
trons into the state p through collisions with ions; 
diagrams of the kind 3f and 4b give correspond- 
ingly the term describing the departure. Diagrams 
for the quantities wil and w®! are obtained from 
those for w°© and w!® by replacing electron lines 
by ion lines and the other way round. 

In the Coulomb interaction case under consid- 
eration, however, it is impossible to restrict 
oneself to the above-mentioned diagrams since 
they diverge for small momentum transfers. To 
circumvent this divergence one must add to each 
of the diagrams of Figs. 3 and 4 diagrams of 
higher order in the concentration, but also of 
higher order of divergence with respect to the 
momentum transferred (which is the same as in 
the original diagram). We shall in the following 
consider the case of a nondegenerate gas. These 
diagrams will then differ from the original ones 
in that we must instead of each wavy line intro- 
duce a chain consisting of an arbitrary number of 
electron and ion loops (Fig. 5). 
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The renormalization of the interaction can be 
done as follows: For the sake of convenience we 
assume for the time being that the renormalized 
wavy line is replaced not by a sum of chains, but 
by a block representing the sum of all possible 
diagrams which are fixed by two wavy lines in 
the points z, =t,—ifhA and z, = t,—ihd on the 
horizontal section of the contour. We shall as- 
sume that all internal lines of the block cover the 
whole of the contour C. One understands easily 
that as s — 0 the diagrams that contain points on 
vertical sections automatically contribute nothing 
to w, as there will be only one vertical free sec- 
tion in them. 
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We denote by z the point which is most to the 
right so that t, >t, (all t are negative). This 
designation has a meaning for the modified dia- 
grams (see reference 1) since in them the rela- 
tive order of points on the horizontal sections re- 
mains unchanged in the integration. We assign to 
the block an arrow pointing from z, to z,. Above 
the arrow we indicate the wave vector y, which is 
transferred through the block from the point z, to 
zy. It is clear that all arrows at the blocks will 
be directed from left to right. Such a block is 
drawn in Fig. 5b. We shall call it a plasmon line. 

In the time representation the plasmon line 
corresponds to 


Io (21s 25) = > Sp {e—8 Tc exp e ( OF: dz ) 
94 i 
x (Bg, q+¥ ye, CBF eae, Zi, (4) 


Bap = Gp G + Ay Ap: (5) 
It is clear that 
Le (2x22) = (2a) 


Changing over from the interaction represen- 
tation to the Heisenberg representation we see 
that 


Ly (21, 22) = > Sp {e-*4 Tc Ba, qty (21) Batty, q’ (22)} Z7- 


9,49 


If z. occurs earlier than z, on the contour C 
(regular plasmon line), 


Ly (21, 22) = Ly (t1 — te) 
= > Sp {e—84 Ba, g4y (t1) Barty, q’ (t2)} Z?- (6) 
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If the plasmon line is irregular, 


Ly (21 22) = Ly (t1 — #2) 


= » Sp {e-°4 Barty, q (t2) Ba, qty (t1)} 2°. (7) 
Gig: 
We put 
ioo-+e fee} 
L(t) = \  Ly(n) e dn, Ly (n) =| er Ly (0) de; 
—io0o-++e 0 
foo--e 7 WS ioe) = 
L.()= | Leer dn, Ly (n) = lem Ly (nde. 
—ioo+e i) (8) 


Here Ly(7) and Ly(n) are functions analytic in 
the right-hand half-plane of the complex variable 7. 

We can now formulate the rule for writing down 
the expressions corresponding to diagrams in 
which the integration over the time is performed. 
This rule remains as before, with one difference 
in that plasmon lines occur, each carrying an 
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‘‘energy’’ ihn. A regular plasmon line corre- 
sponds to the factor L,(n) and an irregular one 
to Ly(7). An integration of the form 
ico--e 
(2ni)7? \ dy 
—ico-+e 
is performed over all 7. 

When we define the direction of the plasmon 
lines as we have done above, they all enter a re- 
gion that lies to the right of the vertical straight 
intersecting line. The factors which occur at the 
cuts through a plasmon line will thus be of the 
form [s +i(w nt in)]~! and have thus a pole 
in the right-hand half-plane of 7 (Res > 0), 
where Ly(7) and L(7) are analytical. One 
can thus integrate over 7 by closing the contour 
around the right-hand half-plane. 

It is now easy to reduce all pertinent diagrams 
to expressions containing Ly(). We show in the 
Appendix that the function Ly(7) is connected 
with the function Ry (7) by the simple equations 
(A5) and (A6). The latter can be evaluated by the 
method applied in Larkin’s paper.” 

In the final reckoning all the diagrams will 
thus be expressed in terms of Ky(n) as follows: 

I. The sum of the diagrams 3a and 3e assumes 
after renormalization the form given in Fig. 6a. 
The sum of diagram 6a and the diagram with the 
opposite slope gives 


L,, (n) 


2 Zoo--e 
wi pe ey. d ie Pe ay Sl eee 
Pty. P~ FaiRe es aoe) 


—icote 


L, (n) 


39 StI), piy + én) | == (nV LE (Si tO pa tp) 


+ Ly (s — i@p+y, p)] 
or, using Eq. (A6) 

— EXP (— BhOp+y, p J *IMK, (S + i@p+y, p). (9) 

II. The renormalized diagrams 3b and 38f are 
given in Fig. 6b. The sum of diagram 6b and the 
diagram with the loop at the bottom gives 


I I 
Wap = — Sap D>, pty: 
x 


Ill. The renormalization of the diagram 3c re- 
duces to adding to it the diagrams given in Fig. 7. 


(10) 
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One must also add the diagrams obtained from the 
diagrams of Fig. 7 by replacing one of the plas- 
mon lines by a point in the places indicated on the 
figure. In each of these diagrams one must take 
into account the possibility of the transposal of a 
point (see reference 1) in those casse where such 
a transposal does not lead to the occurrence of 
additional irregular electron lines. (We recall 
that we are considering the nondegenerate case. ) 
One verifies easily that one must transpose all 
those points where the electron lines form a sharp 
angle. 

The diagram 7a corresponds to the expression 
(we have omitted for the sake of simplicity the 
integrals over 7 and the sum over y) 


(ut /h*)[s+i (Ogty,¢ + ini) [s + i (ini + ins)} 1 [s 
+ i(@p+y, p + im)? 
X (Ly (m2)— Ly (m2)} Ly (1a) (tp4y — Mp) 


The diagram 7b corresponds to the expression 
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(ut /h*) (s + i(@g4y, 9 + ins) [s + i(iny + ins))* 
x [s a i (Wp, pty at in2)} 4 
x [Ly (m2) — Ly (q2)] Ly (1) (Mp4y — Np). 


The sum of these expressions and the expres- 
sion corresponding to the diagram of Fig. 7c 
ZiVes. ass —- 0; 


(uy /h4)[s +1 (@g4y,¢ + p, pty )V*[S + i (@p4y, p + im)? 
X [$+ i (Op, pry + ime) [Ly (M2) 
— Ly (m2)] Ly (M1) (Mp ty — np) 
or, after integrating over 7, and 1, 
4 


he "pty "p 


WW sti (@g44,4¢ + %p, pry) 

— Ly (8 + iWp, pzy)| Ly (s + 1Wp+y, p )- 

Collecting all other diagrams leading to the re- 
normalization of diagram 3c and using Eqs. (A5) 


and (A6) we get the expression 


2 
x Npiy 


h? St t (Og. g +o 


[L,, (S + 1p, p+y ) 


a 


| 1 — Buy Ky (Ss — i@p4y, p) |? 
p, per) 

The analogous renormalized diagram, which 
differs in slope from diagram 3c, leads to the 
complex conjugate expression. Thus 


2 

Ill u a 

Wop = >) a 8 (@g+y, ¢ — Opty, p)| | — Buy Ky 
Y 


X(S— 1Mpty, p)/? Mpty « (11) 


IV. The renormalization of diagram 3d and of 
the analogous one with the loop at the bottom is 
performed in exactly the same way. The result is 


2 
wep = — Dy2n gt 8 (Wev.g + Opty, p)| 1 — Bity Ry 
a6 

X(S — 1Op4+, p) |? Mp- (12) 

The renormalization of the diagrams of the 
kind 4a and 4b leads to expressions differing from 
will and why only in that wgsy,q and Wg-y,q are 
replaced by Qgi+y,q and Qg_y,q- 

Substituting the values of w evaluated in the 
foregoing into Eq. (3a) and using Eq. (A7) for Ky 
we obtain the collision term of the transport equa- 
tion for the electron distribution function in the 
form 


S = Sei + See} 
ee=V™ ao (@p+y, p — a+7.4) | Ay (@pty, p)?? 
14 
x (Fpty tq + Mpty ta — fo Mat — Mp fat)» (13) 
‘Se ae ie 8 (@p4y, p —2a4, 4 )|Ay (@p-+y, p)|? 
149 
X (fore Nq + Mpa Pq — fo Naty — Mp Paty ). (14) 


Here Ng is the equilibrium ion distribution function 


uy V (15) 


Ae ee 
v(@ptnp) 1+ u, P)(S+ i@y+y,p) 
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3. THE SELF-CONSISTENT FIELD AND THE 
FREE TERM IN THE TRANSPORT EQUATION 


In the foregoing we did not consider diagrams 
of the first order which occur in w (see Fig. 8). 
These diagrams need not be renormalized, as the 
chains that renormalize them are taken into ac- 
count when the transport equation is derived. Dia- 
grams of this kind lead to the occurrence of a 
term 


: on 
> (fq, gt — Pq, gtx ) (i *Vp) ae x 
q ED 


on the right-hand side of the transport equation 
for the electron distribution function. Here Vp is 
the velocity of an electron with wave vector p. 
We assumed that k «< p. This term describes the 
influence of the self-consistent electron and ion 
field. 

We restrict ourselves in the quantity 'p,p+Kk 
to diagrams which do not contain the interaction. 
We have then 


0 
Fp. pix = —C(ExVp) ae, Ex = E(us)ottr, (16) 


4, THE TRANSPORT EQUATION 


If we take into account the fact that the electron 
distribution function fp (x, t) can be expressed in 
terms of fy p+x(t) by the equation 


fo (x, t) = \e** fo, pte (1) dx, (17) 


we get finally from Eq. (3a) 


) 0 on 
ae + (vp V) fo + e(Evp) e =e (V¥.¥») 56 = See + nae 
Ge is) = e\ |x —x’|1V y [fa (x, £) — @q (x, t)] dx’; 
q (19) 


See and Sgj are defined by Eqs. (13) and (14). 

This equation has the standard form of a trans- 
port equation with pair-collisions, linearized with 
respect to the deviation of the distribution func- 
tion from the equilibrium one. The quantity 
Ay(wp+y,p) plays the role of an effective transi- 
tion matrix element for all collisions. 

We can use Eqs. (A7) to write | Ay(Wp+y,p) 2 
in the form 


(Ase2)? 


| A, (pty, p ) PP = (+ A? APT? ? (20) 
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Le eeratl ies P=f,+T,, 
— Matx 
Fam (MoBRV)" 2 aes q pty. p 
Dace ee 
~Vn \e "dk Re — Be, cos? tp ? (21) 
0 
DT, = (mBAV)* 0 Pai Ngt> ) 8 (g++, ¢ — Opty, p) 
= V mBe, cos p exp (— Bey cos? rp), (22) 
N,—N 
= q g+7v 
7, = (iV Qigua, 
(oe) Re 
fests latoed 23 
~ a) OM th Be, CT a ce 
=(nBAV? a 2 (Ng a Not+y ) 8 (Qo4+, Gee Dae ) 
BS V xe, M/m a8 cos p exp (— Rep — cos? 1p), (24) 


~ is the angle between the vectors p and jy, A? 
= 4mye2B is the inverse square of the Debye radius, 
and ny the electron (ion) concentration. 

The approximate expressions given in Eqs. 

(21) — (24) are obtained by taking it into account 
that the characteristic momentum transferred is 
appreciably less than the thermal momentum 

(y << p) both for the ions and for the electrons. 

When electrons collide with one another,.which 
corresponds to the term Seg the values of the angle 
y~ need not be restricted. The quantities I; and Tj 
can thus be neglected in the term See by compari- 
son with I, and Ig, since M/m > 1. The ions do 
therefore practically not take part in the screen- 
ing of the electron-electron interaction. One sées 
easily that in the case where the velocity of one 
of the colliding electrons is much less than ther- 
mal, the quantity Ay corresponds to the first 
Born approximation for the scattering by the usual 
Debye potential. 

If the electron velocities are not small com- 
pared with thermal, Ay takes into account the 
deformation of the Debye cloud. 

When the energies of both the colliding elec- 
trons are much higher than thermal, | Ay |? has 
steep maxima in the points Wp+y,p = + Wo (wo is 
the plasma frequency). This corresponds to such 
a process that one electron emits a plasmon and 
the other one absorbs it, or the other way round. 
The plasmons can thus not carry away any mo- 
mentum from the electron system. 

It is also clear from Eq. (13) that the term with 
the renormalized electron-electron collisions does 
not contribute to the momentum balance. Papers 
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in which the influence of plasma oscillations on 
the conductivity was taken into account by assum- 
ing the plasmons to be an independent system, 
like the phonons, are thus incorrect. 

In electron-ion collisions described by 
the term Sei, the energy conservation law 
restricts the possible values of y toa 
region close to %7 since cos y ~ Vm/M 
quantities Ij and Tj are thus not small ne a is 
not possible to neglect the influence of the ions in 
the screening of the electron-ion interaction. For 
the same reason (cos ) ~Vm/M ) we can assume 
Ip + 1, Te = 0 inthe term Sgj. 

One could obtain the transport equation for the 
ion distribution function by a completely analogous 
method from Eq. (3b). The Born approximation 
used here is practically nowhere suitable for ion- 
ion collisions. We shall therefore not write out 
this equation. 


5. LIMITS OF APPLICABILITY 


We assume when evaluating the collision term 
that kK — 0, neglecting it compared with the trans- 
fer of the wave vector y. It is clear from Eq. (20) 
that a characteristic value of y is of the order of 
magnitude of the inverse Debye radius. When put- 
ting kK — 0 we assume thus that the external elec- 
trical field changes little over a Debye radius. 

The condition s — 0 (s =v—iw) means that 
hw is much less than the characteristic energy 
transferred in a collision €p,y—€p ~ hwo. Putting 
s — 0, we assume thus that the frequency of the 
external field is much smaller than the plasma 
frequency. 

When evaluating Ky we made the same ap- 
proximation as those in Larkin’s paper? i.e., we 
assumed that the gas parameter is small: 

(e/ieT sng ils 

One can show that neglecting in w diagrams 
in which plasmon lines which carry different mo- 
menta intersect or are superimposed upon one 
another (see Figs. 9a and 9b) is valid under the 
same conditions. The same applies to replacing 
'p,p+x by a free line. 

Use of the Born approximation enables us to 
neglect diagrams of the kind drawn in Fig. 10. 
This presupposes that the condition 4re?/tiv pT «Kl 
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is satisfied, where vp is the thermal velocity of 
the electron. 

Neglect of the exchange terms (see Fig. 11) 
presupposes that the electron de Broglie wave- 
length is small compared with the Debye radius. 

In conclusion we express our gratitude to 


L. E. Gurevich for valuable advice and discussions. 


APPENDIX 


The evaluation of the quantity Ly(t;—t,) is 
based upon the idea of analytical continuation 
which was stated in the paper by Abrikosov et al.! 
and is very close to the calculations given by 
Larkin.” 

We consider the function (where A, > A) 


Ky (Ay — he) = >) Sp {By gy (— ify) 
99 (Al) 
x Ba-ty,q'(— ihide)} Z*- 
Its Fourier coefficient 


B 
an iw, hr 
8 e 


0 


Ky (@n) = Ky (A) dh 


Wy = 2an/ph, (n=0,1, 2,...), expanded in terms 
of the eigenstates of the total Hamiltonian H is of 
the form 


Ky, (@n) = i (Bh) *"D 
MN 


1 


— BE xy —___— 
: Oa WD) ota 


1 
ast One Tina | Ta. 


2 
Puy (1) = | Be ve (A2) 


We have used here the property pyyn(Y) = PNM(Y) 
which is a consequence of the fact that pyyn(7) is 
an even function of y. 

We denote the analytical continuation of the 
function Ky(wn) of a discrete set of points wy 
onto the right- -hand half-plane of the complex vari- 
able 7 by Ky (n) 
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Ky (n) = i (Bh)? dé ‘ Paani) E — 10 mn 
a 1 
If we now use Eqs. (6) — (8) we can write the 
quantities L(y) and L(n) in the form 
GR as ) Sa 
de Pun ( rare — Wyn? : 
L,(n)=Z~* ome te Be Saas (A4) 
(n) - Pity eta 
Comparing Eqs. (A3) and (A4) we get 
L,(n) — Ly (n) = iBhK, (n), (A5) 
Dasa O\ aI. (sae GO) 
== BR (1 —e "\—“19im K, (s,-- 10). (A6) 


The last relation is only valid when s — 0. 

The expressions arising from the renormaliza- 
tion of the diagrams in section 2 contain the quan- 
tities Ly and Ly only in the combinations which 
occur in Eqs. (A5) and (A6). 

If Ky (wn) is approximated by a sum of chain 
diagrams we can use the method applied by 
Larkin? to Ae to the expression 


= P(t) e £ 
KO) = Bg a P. (n) = Pr (m) + Pe'(n), 
(e) si Mat — Ng 
po h- Lint Op, ae oe = 
“ —— Vi 
pe) (n) ee S| N gtey q (A7) 


= ig + Qo. g 
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The effect of acoustic pulses of a resonance frequency w and duration ty « T,; on a system 
of nuclear spins (I > Ys) is examined theoretically. It is shown that in contrast to the effect 
of an electromagnetic field on the spin system, a single acoustic pulse does not induce a free 
procession signal to the first approximation in hw/kT. Two acoustic pulses produce a spin- 
echo signal which is equal in magnitude to that produced by electromagnetic pulses. 


l . In recent years a number of experiments! ~° 
has been performed which confirm the effect pre- 
dicted by Al’tshuler’ of ultrasonic resonance ab- 
sorption in paramagnetic substances. This phe- 
nomenon differs from ordinary paramagnetic reso- 
nance absorption by the fact that here ultrasonic 
phonons are absorbed instead of photons. Experi- 
ments!~®° have made it possible to measure the 
probabilities of transition between sublevels of 
paramagnetic particles under the influence of 
acoustic oscillations. In carrying this out the 
ultrasonic pulses were of such duration that a 
stationary mode had time to be established in the 
substance. 

In order to study magnetic properties of matter 
in addition to resonance absorption the phenomena 
of spin echo and of nuclear induction have been 
successfully utilized in which electromagnetic 
pulses rotate the nuclear spins into a plane per- 
pendicular to the constant magnetic field in which 
they then precess with the Larmor frequency. 

For example, two pulses each of duration t,, 
spaced by a time interval T produce a spin-echo 
signal, with the induced emf due to the rotation of 
the total magnetic moment of the sample My be- 
ing equal to® 


a) ‘ 
& = —nS = Dihyl, (t) = — nS Myo sin (Hite) 


X sin? (yHt./2) cos w (t — 21) exp E u aA ; (1) 
2 

where t >t, +7, 2H, is the amplitude of the 
pulse, y is the gyromagnetic ratio, nS is the 
number of turns and the cross section of the 
receiver coil. 

It appears to be of interest to carry out an in- 
vestigation of similar phenomena stimulated by 
ultrasonic methods. In order to rotate a magnetic 


moment in a constant magnetic field a certain 
amount of energy has to be expended. As Al’tshuler 
has shown! the coefficient of sound absorption is 
usually larger than the coefficient of absorption 
for the electromagnetic field; moreover, modern 
sound emitters can produce energy fluxes equal 
in magnitude to the electromagnetic energy intro- 
duced into the sample in spin echo experiments. 
All this suggests that ultrasonic pulses can rotate 
magnetic moments no less effectively than the 
electromagnetic field. 

The action of sound on spins may be explained 
by the following model. Suppose that an acoustic 
pulse of the Larmor frequency and of duration t,, 
is introduced in the direction of the x axis into 
a substance containing nuclei possessing magnetic 
and quadrupole moments and situated in a constant 
magnetic field Hj (0, 0, Hj). Longitudinal acoustic 
oscillations will produce a time-dependent electric 
field gradient VE = (VE), sin(wt —kx), which can 
be resolved into two components rotating in oppo- 
site directions. 

We now go over into a system of coordinates 
rotating with the Larmor frequency,® in which the 
magnetic moment and one of the components of 
the gradient are stationary, while Hy and the sec- 
ond component rotating with double the Larmor 
frequency are not effective. In this coordinate 
system the quadrupole moment of the particle will 
begin to precess about the stationary gradient? 
with a certain frequency wWQ and will be rotated 
through the angle g = Wet, The magnetic mo- 
ment rigidly coupled to the quadrupole moment 
will rotate simultaneously. The problem con- 
sists of selecting the conditions and the combina- 
tions of pulses which will rotate the magnetic mo- 
ment in such a way that in the laboratory coordi- 
nate system it will precess in a plane perpendicu- 
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lar to Hp and will induce a measurable induced 
emf in the receiver coil. 

2. We now proceed to a quantum-mechanical 
investigation of the effect of ultrasonic oscilla- 
tions on a spin system. We assume that a cerys- 
tal of cubic symmetry containing nuclei of quad- 
rupole moment Q and spin I is situated in a con- 
stant magnetic field Hj. At atime t = 0 we apply 
along the C, crystal axis an ultrasonic pulse of 
Larmor frequency and of duration ty. The acous- 
tic pulse traverses the sample during the time t 
=d/v where d is the sample size and v is the 
velocity of sound. This leads to a retardation in 
the rotation between the nuclei in the ends of the 
sample by the angle gy = wd/v. We can show that, 
on the one hand, the acoustic pulse passing through 
the sample does not give rise to a total magnetic 
moment of the sample different from zero My 
= Zhyl,(t) if the condition wd/v < 7 is not satis- 
fied, and, on the other hand, that @ is propor- 
tional to w’d and is greatly reduced when the con- 
dition wd/v < 7 is satisfied. Therefore, it is more 
advantageous to utilize both the progressive and 
the reflected waves simultaneously. If we neglect 
absorption and reflection losses, then the oscilla- 
tions of the particles of the substance can be rep- 
resented in the form 


u = Uy, + Uy = A [sin (w@t — kx — kd) + sin (wt + kx — kd)], 


and the relative displacement of two neighboring 
particles is given by 


6 = 2Aasinkxsin(ot —kd), 


where A is the oscillation amplitude, a is the 
lattice constant. 

The energy of the nucleus consists of a Zeeman 
and a quadrupole part: 

# =— Hohl.— D) UE (2) 
i=—2 

In a perfect cubic crystal VE! = 0, and the nu- 
cleus is described by the eigenfunctions Wj, of the 
component of the spin along Hy. During the time 
0 <t <t,, the acoustic oscillations distort the 
cubic symmetry and produce a time-dependent 
electric field gradient. This leads® to nonvanish- 
ing terms in the sum (2) 


QQ... vE* = — ho, sin kx sin ot’ lees ile, 


OuyE = ho,sinkxsinot'! 2, (3) 
where 
. 3 2, sae, k 
327QqAR sin ohe*'®, QAR sin? rag 


Se ee Oo = =O 
Oi si(el = 1) h 2 8f (21 —1)h 


q, = 8(VE")/a(d/a), t’ =t—(d/v), @ is the angle 


between Hp and the propagation vector k, @ is 
the angle between the component of k in the xy 
plane and the x axis. In future we shall assume 
for the sake of simplicity that o = 0. We write 
the nuclear spin wave function in the interval 

0 =t <t,, in the following form 


Y(t) = S$) Cm (A) exp {= iE mt /R} Lins (4) 


and after the acoustic pulse (t > t,,) it has the 
form 


Y(t) =D} Cm (to) exp (— iEm(t — ta) /F} Vm (5) 


On substituting (2) — (4) into the Schrédinger equa- 
tion we obtain a system of differential equations 
for Cy(t). A solution of such a system for spin 
I= 1 and for an acoustic pulse of resonance fre- 
quency w = YHp = w», will be given by 
CrGyaee Witt (0) sin § + C, (0) cos?-= — C_, (0) sin? 


C,(t) = C, (0) cosé + 


lerre 


nw 


3 [C, (0) + C_,(0)] sing, 


C_1(t) =— ice (0) sin& + C_, (0) cos? 8 ie (0) sin? . 


(6) 


where Cy,(0) are constants which specify the 
state before the beginning of the acoustic pulse at 
t=0, & =|w, sin kx|t. If the acoustic frequency 
is equal to w = 2wp9, i.e., if Am = 2 transitions 
are induced, then 


Cy (t) = C, (0) cos q + C_, (0) sin n, 
C_, (t) = C_, (0) cos n — C, (0) sin n, 


C, (t) = C, (0), 


nH =/o,.sinkx|f. 
(7) 
Table I gives the results of calculations of the 
time dependence of the average values of certain 
components of the spin and of the nuclear quadru- 
pole moment. W(t) is given by (4) and (5) with 
the coefficients Cy,(t) given by (6), if the transi- 
tions Am = 1 are induced, and given by (7) in the 
case of the Am = 2 transitions. The average value, 
naturally, depends on the initial conditions at t = 0. 

In order to evaluate the effect produced on the 
nucleus by two acoustic pulses we have to use the 
systems (5) or (6) twice, with the role of Cy,(0) 
being played the second time by Cy,(T) —the co- 
efficients that specify the state of the nucleus im- 
mediately before the beginning of the second pulse 
at the instant t =T. 

The result of such a calculation is given in 
Table II, where the first pulse induces the Am = 1 
transitions, and the second one induces the Am = 2 
transitions. 

3. Until now we have considered individual nu- 
clei. But in experiments the total effect of all the 
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TABLE I 


ee —TCTC2T er 


C (= 84. m | C (0) = 80, m | C (0) =8_4,m 
Am=1 Am =2' Nitto | Am =2 Nia Ait =2 
| . 
T —1/, sin 2& 0) sin 2& 0 —Y2 sin 2E 0 
z <sin wt’ sin wl’ xsin of 
O7-0s, —2siné 0 0 0 2sin & 0 
X<cos wt’ x cos wt as, 
7 me — sin? — — sin 27 2 sin? & 0 — sin? = sin? 
Q2t+ Qs X<cos 2wt’ x<cos wt’ x<cos2 wt’ cos 2wt’ cos 2wt 
TABLE II 
7 
y 
CADS0) —/2sin 2E cosy sin wt’ + sin & sin y sin w(t’ — 27) 
C,,(0) = 8. . sin 2& cos 7 sin wt’ 
Gx (Opty, — 1/2 sin 2 cos y sin wt’ — siny sin — sin w(t’ — 27) 


nuclei in the sample is observed. Prior to the ap- 
plication of the acoustic pulse the population of the 
Zeeman levels was determined by the Boltzmann 
distribution 


aN kt N 
Nm = a7 qe = a(limet+.. .) 


(at room temperature hw/kT ~ 107°). By utilizing 
the tables and the first two terms of the expansion 
of the exponential (8) we obtain the following ex- 
pressions for the Am = 1 transitions: 


(8) 


wy 


It may be seen from formulas (9) and (10) that up 
to quantities of the first order in hw/kT a free 
precession signal cannot be induced by a single 
acoustic pulse. However, in this case rotation of 
the components of the quadrupole moment of the 
nucleus takes place and, consequently, electric 
quadrupole radiation must be emitted with the 
components of the different nuclei rotating in the 
same phase. The intensity of the electric field 
of the radiation at small distances from the 
sample R ~ k"! is equal to!” 


SI, =2 2 + —25 = 0, 08 4 ~< cs 5 
+ Qs) ExsapplQ,+ O, j= 10S, 
a Ge Oe t’2 
{Q,+ QQ} = 45—7-z Sin Ecos at’ exp , (9) 
¥ F me Me 77) where T is the absolute temperature, w is the 


and for the Am = 2 transitions we obtain: 
> = (Qi an Qs} = 0, 


ultrasonic frequency, k is the wave number of the 
radiation. Because of its smallness this effect 
apparently cannot be observed by direct methods. 


SG ae wae 2a “ “5 ro sin Oy sin 21 cos 2ot’ exp or Two acoustic pulses produce a spin echo sig- 
r (10) nal already in the first order of expansion (8) 
If the first transition is of Am = 1 type, and the 8 = —nS na iv eo sin € sin y cos @ (t’ — 2r) 
second transition is of Am = 2 type, then 
t’ —2r)3 
eal St eres (12) 
; — 2T)2 ’ 
as = 27 pe sing sing sino (¢ — 2t) exp Beane 273 
(11) Which for w,tyw = wet = 1/2 is of the same magni- 


Here we have averaged over the frequency distri- 
bution which is assumed to be Gaussian.® The bar 
above the expression denotes averaging over the 
coordinate. If the pulses are so chosen that wt,, 

= Wety = 1/2, then we have sin é sin n = 4. 

similar calculation for the case of spin I= vp gives 


~ 


a = 5 pesin (2V 38) ) sin (2 V 3n) 


xsin @ (¢’ — 2t) exp ae 


272 


tude as the signal (1) produced by two radio-fre- 
quency pulses with yHyt,, = 1/2. 

4. In order for the spin-echo effect (1) and 
(12) to occur it is necessary® that the time ty 
during which the pulse acts on the spin system 
should be much smaller than T,. On the other 
hand, the maximum effect will occur when wt, 
= Wet.) = 7/2, so that the optimum condition is 
T2142 > 1. 

It may be seen from this that in order to study 
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dynamic ultrasonic phenomena nuclear spin sys- 
tems are more convenient since the relaxation 
times Ty, in electron spin systems are smaller 
by a factor of 10?—10°. In order to estimate Wi9 
we utilize the relation!! A = (2J-10'/pvw?)/2 cm, 
where p is the density of the substance, J is the 
intensity of sound in w/cm?. According to formu- 
las (3), and according to the data of Bolef and 
Menes,° we shall obtain for KI!27 and KBr”? 
Wi2~ 10° J”? sec™!. The relaxation time T, in 
these substances is of the order of magnitude of 
1074 sec, so that we must use maximum sound in- 
tensities. It is known (cf., for example, refer- 
ence 12), that in the pulsed mode it is possible 
to obtain from a quartz radiator a sound intensity 
of the order of 1000 w/cm?. 

Apparently, we must choose substances with 
large values of T;, or extend it artifically. 

This can be done by changing somewhat the method 
used in the paper by Andrew, Bradbury, and Eades, !® 
i.e., by producing a rotating field Hj, which ought 
to reduce the dipole line width. It is also known'* 
that artificial introduction of defects into a sample 
leads under certain conditions to a narrowing of 
the nuclear resonance line by a factor of several 
fold. It should be remembered that T,, which 
describes the decay of the spin-echo signal, is de- 
termined only by the so-called irreversible con- 
tributions to the line width,’ so that consequently, 
we took for our estimate too low values of T>, 
which were determined from the width of absorp- 
tion lines produced both by reversible and irre- 
versible contributions. 

We can also use shorter pulse lengths such that 
W4,atw < 7/2. This will lead to a reduction in the 
signal amplitude which, if necessary, could be com- 
pensated by reducing the temperature. 

The foregoing enables us to conclude that it is 
possible to select a substance and experimental 
conditions in such a way that the inequality wT, 
> 1 will be satisfied. This will make it possible 


to observe the effect of spin echos induced by ul- 
trasonic oscillations. 

The author is grateful to S. A. Al’tshuler and 
B. M. Kozyrev for discussion of the results and 
to R. A. Dautov for useful advice. 
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Thermodynamic quantities of an electron gas in a constant magnetic field H are calculated 
in the general case of a non-convex Fermi surface. It is shown that the presence of self- 
intersecting trajectories leads to quantum oscillations of these quantities as functions of H. 
It is pointed out that the experimentally observed oscillations corresponding to ‘“anomalously 
weakly filled’? bands may be due either to separated small surfaces, and are then described 
by the Lifshitz-Kosevich theory,! or to small bulges or depressions in the main large band, 
in which case they are described by the present theory. 


1. INTRODUCTION 


In a series of papers by I. Lifshitz and Kosevich 
(see, for example, reference 1), it has been 
shown that, owing to the strong Fermi degeneracy 
of the electron gas, quantization of the energy lev- 
els of an electron with an arbitrary dispersion law 
€=€e(p) (e€ is the energy, p is the quaasimomen- 
tum) in a constant magnetic field H(0, 0, H) 
leads to an increment, which is periodically de- 
pendent on 1/H to the thermodynamic quantities. 
The period in the reciprocal of the magnetic field 
A(1/H) is equal to 


Ay yeh 0S. (0); (1) 


where S,,(¢) is the extremal (with respect to pz) 
area of the intersection of the boundary Fermi sur- 
face €(p) = € with the plane pz = const. Only this 
cross sectional area enters, for the reason (as is 
easy to understand) that the fundamental contribu- 
tion to the oscillating part of the statistical sum 
for the smooth function S(¢, p,) will be made by 
just those electrons of the narrow layer close to 
the extremal (but, naturally, not equal to zero) 
sections, where, in the classical case, the majority 
of the electrons move with a period close to the 
given period in the region 


Apz~ Py (w/e), — Dy (w/e) << Ap: < Po (2) 


(po is of the order of the limiting momentum in the 
direction pz, €9 is the limiting energy, p = eh/m*c, 
and m* = (27)~!8S/de is the effective mass of the 
electron). 

It is clear from (2) that the relative contribution 
of the periodic part of the thermodynamical quanti- 


ties (whichis comparable to the part whichis monoton- 
ically dependent on the magnetic field) is also of 
order (uH/e))¥?. Inasmuch as the part Q which 
depends monotonically on H is even and, conse- 
quently, is proportional to (pH/e 9)’, the absolute 
value of the periodic increment to 2 is propor- 
tional to (uwH/e))*/?, and the increment to the mag- 
netic moment, which is linear in H, is proportional 
to (uH/e,)*/?. 

If the Fermi surface is convex, then the only 
non-monotonic part of the statistical sum is con- 
nected with the extremal cross sections. In the 
case of a non-convex surface, the area of the cross 
section is generally not a smooth function: at a cer- 
tain point pei €), which corresponds to the self- 
intersecting classical orbit in a magnetic field, a 
transition takes place from one cross section to 
two separate cross sections (Fig. 1), while the 
derivatives 0S/9¢, 8S/dpz at this point go to in- 
finity logarithmically for all three areas. 

It is natural to expect that these ‘‘singular’’ 
cross sections also contribute an oscillating part 
to the statistical sum (see also reference 2). It 
is physically clear that inasmuch as the picture 
of levels takes on the ordinary ‘‘non-singular’’ 
form at distances as small as the order of the 
distance between levels, i.e., of the order of 


Apz ~ poh /€o, (3) 


then the irregular part, which is connected with 
self-intersection, will be at least (€)/wH)/? 
times smaller than the periodic part due to ex- 
tremal sections. The absolute value of the ir- 
regular increment to the linear momentum is 
consequently proportional at least to (uH/e,)? 
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SS) 


a b 
FIG. 1. a—case of ‘‘necking in,’? b—case of a “trough;”’ 
Pz = const. 


ee 
(0 é=5 


[instead of (uwH/e,)*/? for the periodic part ], 
while the contribution to Q is proportional to 
(uH/e))*® [instead of (uwH/e)*/?]. 

Thus the contribution to the oscillating terms 
from the cross sections with self-intersection is 
small in comparison with the known contribution 
of the extremal cross sections. However, the fol- 
lowing circumstance must be kept in mind. 

1. It is well known that the experimentally ob- 
served quantum oscillations (the De Haas-Van 
Alphen and the Shubnikov-De Haas effects) are 
brought about not by the main “‘large’’ bands, 
but by some anomalously weakly filled bands with 
density of the order of 10°? — 107° electrons per 
atom. The genesis of these bands is completely 
unclear at the present time. It can be thought in 
each case that these bands are either separated 
small surfaces or small ‘‘bulges”’ or ‘‘depres- 
sions’’ in momentum space, which destroy the 
local bulge of the surface corresponding to a 
principal band. 

Up to the present time only the first of these 
cases has been considered, although it does not 
follow at all that precisely this case takes place. 
Furthermore, it is difficult to ascertain experi- 
mentally which one of these actually does take 
place, since the oscillations have an entirely 
similar character in both cases, and the depend- 
ence of the amplitude of the oscillations on the 
magnetic field is difficult to determine unambigu- 
ously. The fact is that the amplitude of the oscil- 
lations is extremely sensitive to the mosaic struc- 
ture, impurities, etc., and is least reliably estab- 
lished experimentally. 

The interpretation of the observed effects can 
also be ambiguous. Thus, the directions in which 
one of the periods of the oscillations disappears 
can be interpreted either as the directions in which 
the cross sections with self-intersection disappear, 
or as the directions of open cross sections. There- 
fore, for explanation of this problem, it is neces- 
sary to draw upon resonance measurements in 
weak magnetic fields and on a study of quantum 
oscillations in high frequency and constant mag- 
netic fields (see reference 3), in addition to a de- 
tailed investigation of the picture in strong mag- 
netic fields. In such a case one makes use of the 
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known noncentral character of cross sections with 
self-intersection and of the fact that the effective 
mass goes to infinity on these sections. 

It is quite possible that both situations are re- 
alized in different metals. 

2. Even if there is a case of a separated but 
non-convex surface, the ‘‘fine structure’’ due to 
self-intersection has quite an appreciable value, 
since for ‘‘small bands,’”’ €)/wH~ 1— 10°. Fur- 
thermore, the ‘‘fine structure’’ from similar 
bands can be larger (because of the smallness of 
the effective mass) than the principal structure 
from the “‘large’’ bands. 

3. For a one-parameter family of directions of 
the constant magnetic field, there may in general 
be no cross section which is extremal in area, 
and the cross section with self-intersection may 
be the maximum in area. (Such a case exists, 
for example, for graphite.) In this case evidently 
only those oscillations remain which correspond 
to trajectories with self-intersection. In the in- 
vestigation of the anisotropy of the effect, a sharp 
decrease in the amplitude of oscillations should 
be observed as one approaches a similar direction 
(this fall-off can also be ascribed to the approach 
to the open trajectories ). 

In the present paper, we calculate the thermo- 
dynamic potential © and the magnetic susceptibil- 
ity in the general case of the presence of self- 
intersecting orbits. 


2. GENERAL FORMULA FOR THE THERMODY- 
NAMIC POTENTIAL Q 


1. It is well known that the thermodynamic quan- 
tities can be computed if the thermodynamic poten- 
tial 2, equal (per unit volume) to 


2 =—6 di In[1 + exp (25*)], 


is known. The summation is carried out over the 
quantum states, k is Boltzmann’s constant, T is 
the temperature, ¢ is the chemical potential. 

Naturally, we will be interested only in the part 
of 2 connected with the electron gas, and there- 
fore knowledge of the energy levels of the electrons 
in a constant magnetic field is sufficient in our 
case for the calculation of 2. As was shown by 
the author,” the energy levels can be obtained 
from the two branches of the dispersion equation, 
which have the form 


[Qn (€, pz) + lJw=Si+ S2+ 9(k)+ cos-* {e- 
X(2 cos 2kn) cos (S;—S2)} = (2n + 1) x, (5) 
in the case of the presence of ‘‘necking-in,’’ and 


0 =kT (4) 


ki 


Wis * VERY 
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in the case of the presence of a “‘trough’’ 
[2ns (e, pz) + l]jn=S,—S, 

+(k)+ cos-! {e** (2cosh 2kn) 

x cos (S; + S»2)} = (2n + 1) an, 


where n is an integer in each case, 


g (k) = 2{k hel ne tan~! tanh kn, 
SS = 
S (k) = oH Ss (Pz), k= a VV | muy | 2 


m= [Oe /Opalp,=py=o (7) 


€9 (pz) is the energy for which self-intersection 
takes place for a given pz; the origin of the coor- 
dinates is located at the point of self-intersection 
for the given pz; the px and py axes are directed 
along the bisectors of the angles formed by the 
trajectories at the point of intersection, so that 
m, > 0, my < 0. The quantity S(p,) is the area 
in momentum space; in the case of ‘‘necking in,’’ 
S,; corresponds to the area bounded by the orbits 
to the left of the py axis and S, to the right of 
Px; in the case of a ‘‘trough,’’ S; corresponds to 
the total area bounded by the orbit, including the 
area up to the p, axis, while S, is the area of the 
‘“‘hole,’’ including the area up to the p,, axis (see 
Fig. 2). Equations (5), (6) are applicable in the 
quasi-classical case, that is, for S; 5(k) > 1 and, 
consequently, n > 1. 


FIG. 2. a—case of necking in, b—case of a trough; the 
direction of the classical motion of the electron is shown by 
the arrow. 


In accord with (5), (6), the energy depends on 
n and pz and, as a function of these quantities, 
divides into two branches: 


(8) 


(For simplicity, we shall not write down the spin 
component +eh/2myc, my is the mass of the free 
electron, since it can be established that it has no 
effect on either the general course of the discus- 


€=€, (A, p,). 


(6) 
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sion nor on the final formula if we take into account 
the spin pair before the statistical sum. ) 
2. Corresponding to (8), we have 


n~—18 | 4.3 3 intl <eeap| ee ee 


Bi wae 


) 


(9) 


ies 


= Minn, (8; p2)). 
The coefficient of proportionality is the same as in 
the case of free electrons considered by Landau,* 
and is equal to eH/fizc. This can be established, 
for example, by considering the electrons to be 
located in a box, where all the quantum numbers 
are discrete, and by calculating 2 as the dimen- 
sions of the box approach infinity. The thermody- 
namic potential is found either directly from Eq. 
(4) or by the equation 
—|N (dt, N=SNal Wa? 
where nN ~ ny, Ny, ng are the quantum numbers, 
while 7%, is the wave function (which is easily 
found in the quasi-classical region just as in ref- 
erence 2). Detailed calculation shows that the 
Landau factor is not changed if there is degener- 
acy in the generalized momentum P,, that is, if 
the levels are computed with accuracy up to O(h’), 
while the wave functions are computed with accu- 
racy up to O(h). Inasmuch as we are interested 
only in the oscillating part of AQ as a function of 
H~!, and the lower levels (n~ 1), as canbe 
shown, give only the part of 2 proportional to H?’, 
summation in (9) with the previous accuracy can 
be carried out from n= 0. (Strictly speaking, this 
only makes it possible to calculate AQ, since for 
n~ 1 the fundamental equations (5), (6) are invalid. ) 
Thus Q, (by 2, we mean any function which has 
the same oscillating part as 2) has the form 


S) ( dp,|In(1 + exp [pe Po) 


n=0 —oo 
+ ln (1 + exp ee ae ie | 


We now make use of Poisson’s formula: 


Yo (n) 


2eH® 
ch? 


Q.= 


(10) 


= + 9 (0) + \ @ (n) dn +- 2Re > \ dn (n)e?™*", 
—- (11) 


It can be shown that the first two components in 

(11) do not give terms which oscillate with the mag- 

netic field and therefore can be omitted in Q,. 
Integrating the remaining expression by parts, 

and carrying out the substitution of €* for n in 
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the first integral, and e€~ in the second [such a 
substitution of variables is possible because of 
the monotonic character of n 4(€), which is shown 
in reference 2, and which is determined by Eqs. 
(5) and (6)], and setting the lower limit of integra- 
tion over €, and €_ at zero (since only n>1 
are important), we obtain 


Dap a 
Q,= ——, Im ca = | toa\ ho(S S) exp {2nikn= (€, pz)} de. 
k=] —oo (12) 
Making use of the formula 
co 5 ve 
yy ee tie] = wn) (13) 


k=1 

(it is easy to establish the validity of this relation 
by expanding ~(x) ina Fourier series), where 
[x] is the largest integer contained in x, we can 


write 
co (oe) z 
\ dpz \ ho ian 
0 


—oo 


2eH 


aie 


) de {1p (n, (e, p2)) 


+ (n_(€, pz))}. 


Knowing &, it is easy to obtain the oscillating part 
AN of the number of electrons N. For this pur- 
pose, it suffices to know the value of N, which has 
the same oscillating part as N: 


Ni (6, H, 9) 


(14) 


=O ( era fo(e) de (p(n,) + p(n). (15) 


The fact that we have obtained the oscillation of a 
number of electrons should not be remarkable, 
since all the quantities were determined in the con- 
venient independent variables ¢ and H. Actually, 
¢ = ¢(H), where the form of the function must 
again be found from the requirement of the con- 
stancy of the number of particles; the oscillating 
part of ¢(H) is again determined by the absence 
of oscillations in the number of particles. 

Equation (15) takes on an especially simple 
form at absolute zero temperature, when f(¢€) 
=—6(e€-£) (the right-hand side is the Dirac 6 
function), and 


N (6, H, 0) = ut | dp. (p(n, (6, Pe)) + (n_ (6, P2))) 
ie 
Vee pi p, (8, 2, )lear) (16) 
Comparing (14) and (16), we find 
Q(t, H, 8) = VF (2) ave, H,0)de. (17) 
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Thus the determination of AQ reduces to find- 
ing the fluctuations of the number of particles at 
absolute zero as a function of the chemical poten- 
tial and the magnetic field. It is easy to see that, 
with accuracy up to terms exponentially small in 


£/®, 


iG co 
AQ (6, H, 0) =\ AN (x)dx +0 f(x) (AN + 6x) 


— AN (6 — ®x)} dx. (18) 


3. We now calculate how the limiting transition 
to the ordinary formula comes about at € = ¢ for 
pz far from the self-intersection. For such Pz> 
we have |k| > 1, and, throwing away only terms 
which are exponentially small in Eqs. (5) and (6), 
we obtain the following expression for the inte- 
grand in (16): 

a) when k > 0 for ‘‘necking~in’’ or when k < 0 
foray. trough’: 


(19) 


p(n.) + p(n.) = p(PtS=e_F), 


since 


P(x+1I=P(x) w(x+ 34+ p(x) = 


b) when k > 0 for ‘‘troughs’’ or when k < 0 for 
‘‘necking-in’’: 


ap (2x); (20) 


p(n) + p(n.) = p(B" — 5) 4 yp (BEM _ +), (21) 
since 
cos“! {cos ($1 — $2)} =F — (— 1". A=) , (22) 


p {2 — "a — Ma (— 1) ap (B)} +p fe + Ya + Ma (— 1)! p (8)} 
= o(o4 8st) + (a8), (29) 


One can establish the validity of the functional 
relationship (20) by making use of the definition of 
the function y and considering separately the cases 
x—[x] > Ip and x—[x]< Uy: The relation (23) is 
obtained if we consider the even and odd [8] sepa- 
rately and make use of Eq. (20). 

As has already been shown,” the function 9 (k), 
which approaches zero as 1/|k| when |k|— ~, 
is retained in (19) and (21) because it gives a 
small correction to the usual rule of quasi- 
classical quantization for |k| >> 1. The fact that 
Eqs. (19) and (21) in the quasi-classical case, for 
y (k) = 0 in the variable ¢, H, give a fluctuation 
in the number of levels (proportional to the num- 
ber of electrons ), is self-evident. 

We note that for |k| >> 1, Eqs. (19) and (21) 
coincide with (16), (5), and (6) within experimental 
accuracy. 
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4. We now transform (16) to a form which is 
convenient for the calculation of AN. For brevity, 
we shall demonstrate all the transformations by 
an example of the ‘‘necking-in.’’ We make use of 
the equation 


w» (72,) = Im exp {2niln, (p)}. (24) 


ae 


Let the condition n’ oo = 0 be satisfied at the 
points pk), We circle eee points with cuts of 
length w — 0, and outside of these cuts we dis- 
place the integration contours in (16) upwards, 
where the derivative n’, > 0, and downward where 
n’., <0 (Fig. 3). On the displaced portions, the 
series (24) converges and can be summed: 


p(n.) = + Im In(l — 2", (25) 
Inasmuch as the integral over cuts of length 2w 


[both from (24) and (25)] tend to zero as w — 0, 


saa —— 
FIG. 3 


on the contour the cuts can be moved on the real 
axis (w =0), and we can write the expression 
(25) under the integral everywhere. We can now 
again restore the contour to the real axis every- 
where except for points on the axis where n, is 
equal to an integer. These points must be passed 
around from above if n’, > 0 at them, and below if 
mn ~ O; 

Similar considerations are carried out for 
wv (n_). 


Summing #(n,) and w~(n_), we obtain 


2eH 


AN = az im \ dp, In(1 + 2¢x + 22): (26) 


i= ef = exp {i[S, + S. 


i} 


T @/4— tk) cosh kn —i sinh kx 
+ kin (R? / e*))} T a + ik) Veosh tes ohn 


x = (2cosh 2kn)~e—* cos (S, — S,), 


Can \ (lee 


a) 


Poe Pad — 


nz = exp {ifti cos ! x). (27) 


The integration is carried along the real axis 
everywhere where the expression 1+ 2tx +t? = 0; 
points where this expression vanishes are sur- 
rounded from above or below in correspondence 
with the rule given above. 

Integrating (26) by parts and discarding the 
monotonic part outside the integral sign, we obtain 


Mia Year, 


AZBEL’ 


AN = 21m \ pedp,(2tx + fp, /(1+2tx+#), (28) 
where the rule of going around the poles of the de- 
nominator remains as before. 

5. Thus, as is seen from the foregoing, the be- 
havior of the functions n‘. (pz) plays a vital role. 
We therefore investigate this function. First, we 
note that since only the pz close to p2(e) are 
important, i.e., close to those pz for which, for 
a given ¢€, there is self-intersection (this state- 
ment is clear physically and will be rigorously 
demonstrated in what follows), while for p, 
= De (€), by definition, k = 0, vx = Wye 0 and 
dé) /dp, = sn: =v,(€), then we have 


Ep rae — p9(e)) = —(p, — p2(e)) V| mam, | 02 () 
the By eee 
(e=t), p= pi)“ 


Qt (5) = a V | mm, | 


e=t, Pz =P2(C) 


(29) 


Here viet ¢) #0, since the four equalities € = ¢, 
Vy =V vz, = 0 are generally incompatible. It is 
clear that (29) is approximately true for any 

|p, —p’, (€) | which is small in comparison with 
the ‘“‘width’’ in pz of the surface ¢€(p) = ¢. 

It is clear from (29) that dn,/dp, ~ dn, /dk. 
From the definition of n, (k) according to (5), 
and from the form of S,;, S, for k « kg, found in 
reference 2 [Eq. (1.10), where one must substi- 
tute the expression (29) in Sy 2 (€9 (pz), Pz) and 
consider that €)(pz) = ¢], it is easy to see that 
n’, (k) ~[2Inky + 4 (k)1/(2m), 9(k)~1, Ry~S/HQSS1. 
For ky > ©, we have ni, (k) > 0 for any k. Thus, 
in the case of interest to us, all the ‘‘dangerous’’ 
points on the pz axis (for k <ky) are bypassed 
from above. 


3. CALCULATION OF THE FLUCTUATING 
PART OF Q 


1. We shall first compute the quantity AN. We 
divide the integration over Pz into three parts, 
corresponding to values of k in the interval 
(-N,N) (1K¥N<« kp) and outside this interval. 

For pz corresponding to k outside the given 
interval, we have 


4 e2(SitSz) b > 1 


Sis 
and calculation can easily be carried out. In this 
region, naturally, terms appear which correspond 


(1 + e%S) (1 + 52), 


QUANTUM OSCILLATIONS OF 


to k =+N which are obviously contracted with 
similar terms obtained in integration in the in- 
terval corresponding to -N <k <N, and terms 
obtained by Lifshitz and Kosevich,! corresponding 
to the extremal values of the area at large dis- 
tances from the cross section with self-intersec- 
tion, where either S{(p,) or S$(p,) goes to zero 
for k< 0 or (S,+))’p vanishes for k > 0. 

One can show that, for example, for vz > 0, the 
quantity (S; + S,)’ p, Vanishes in any case. In fact, 
for self- intersection, we have p, = po(é) and 
(S,; + S:)’p,=—. Consequently, with decrease 
of pz, the positive quantity S; +S, close to this 
point increases and, since the quantity S, + S, 
must be equal to zero for pz = p™, then 
(S; + S, )’p, must be equal to zero for some pz. 
This extremum of S; + S; must correspond to 
k ~ 1 only close to the chosen directions of the 
magnetic field. However, in this case also, the 
terms obtained by Lifshitz and Kosevich are ab- 
sent only for the given surface, while for other 
surfaces (on which €(p) = ¢ is decomposed) 
they can be present. 

We shall now make clear what yields the re- 
gion corresponding to -N=k<N. In this region 
one can, by using Eqs. (26) and (29) and the fact 
that 


Sio=Siatkin(ko”/e|k|), Sto = Sie (6, p2(6)), 


py ke > I, ae ews (31) 
write AN in the form 
N+20 
— 2eH2 (6) | n(1 + 2tx + t?) dk 
mh cv? (6) HP CI6 


¢t = exp {i(S9-+ S8) + ik Ink RY} 


T (4/4 — ik) cosh ka — i sinh kx 
T(Q/a+ik) VY cosh 2kn 


x =e" (2, cosh 2kn)~ "cos (S} — Sp+ kIn ki? /kG”). (32) 


x 


In the calculation of the above integral we con- 
sider the contour shown in Fig. 4, where 1 «< N’ 
< ky. The integral over the upper horizontal is 
exponentially small (in N’), the integrals along 
the verticals, which are the continuation of the 
contour on the horizontal axis, are not of interest 
to us. Therefore, the integral from —N to N is 
essentially equal to the integral along the contour 


(—N,N; N,N+iN'; N+iN’, —N-+iN’; 

—N-+ iN’, —N). 

Inside this contour the quantity 1 + 2tx + t? has, 
for kp > 1, pairs of poles located close to one an- 


other at the points (1 + n/2)i/4 (n= 0, 1, ) 
and roots near these points. The integral Alone 
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-N N 
FIG. 4 


the contour therefore reduces to the sum of inte- 
grals over contours surrounding each pair. Each 
of these integrals is equal to 27iAk, where Ak 

= ky —k is the complex distance between the neigh- 
boring poles and the origin. Inasmuch as only the 
pair closest to the horizontal axis is important, 
2VmeHQ(E 


ae ) (pit) ple) ys (ae (pO) "sin (2s! a, 5) 
cv? (6 


AN : 


+ (RS? / Re’) sin (283 — 4 A ss Aq sin (282 = +) : 
(33) 
it must be that 


N Nee ea, 


Thus the amplitude of the fluctuations resulting 
from the self-intersecting cross sections is shown 
to be (€)/uH) times smaller than the amplitude of 
the oscillations from the extremal cross section; 
the oscillations have a simple periodic character 
with frequencies 2s} and ost [S(k) # S(p,)!, 
see the definition (7) of the function S(k)]. 

In all the discussions given above it was not 
explicitly assumed that & # ~, that is, that neither 
mx nor my is equal to zero. For the chosen di- 
rections of H (which form a single-parameter 
family) it is possible that m, = 0 or that my = 0. 
Naturally this changes somewhat the structure of 
the levels and leads to an increase in the ampli- 
tude of oscillations [approximately by a factor of 
(€ men ys) . For isolated directions, where 
my =my = 0, the amplitude of the oscillations on 
cross sections with self-intersection can be shown 
to be of the same order as at the extremal. 

Thus the picture of the quantum oscillations 
changes materially in the approach to certain 
chosen directions. We also note that in the case 
of a strong anisotropy, one of the values of jie?) 
can be shown to be of the order of unity. In this 
case, there arise complicated irregular oscilla- 
tions. 

2. Inasmuch as S [e, p> (€)] is a function of ¢€ 
which does not have a logarithmic singularity, the 
calculation of AQ and its temperature dependence 
is carried out. starting from Eqs. (18), (33), with 
accuracy the same as given by Lifshitz and Kose- 
vich,! and yields 
Si 2a onehH 2n2cOm _/ehH 


A, sin (252 — 
aa Ma c sinh(22cOm, /ehH) 


By 
AQ (6, H, 8) = 4) 
(34) 
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~ — 4 AS (e, p2(e)) ( 
a de 5 

From these formulas, it is easy to find all the 
thermodynamic quantities. Strictly speaking, one 
would have to compute the dependence of ¢(H), 
but it is easy to see that, as in reference 1, the 
consideration of this dependence does not change 
the form of the equations, in which one can write 
£(0) as before. 

Iam indebted to I. M. Lifshitz for valuable 
discussions. 
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EFFECT OF COLLISIONS OF RECOIL 
NUCLEI ON THE CROSS SECTION FOR 
RESONANCE SCATTERING OF GAMMA 
RAYS BY Ni’? NUCLEI 


D. K. KAIPOV and Yu. K. SHUBNYI 


Institute for Nuclear Physics, Academy of 
Sciences, Kazakh S.S.R. 


Submitted to JETP editor April 17, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 888-889 
(September, 1960) 


‘Lae cross section for resonance scattering of y 
rays by nuclei is very sensitive to the density of 
the source medium and to the lifetime of the level. 
To reduce the effect of collisions of recoil nuclei 
with surrounding molecules one usually uses 
sources in the gaseous state.” If the lifetime Ty 
of the level is less than 107! — 1078 sec, investi- 
gation of the resonance effect with a liquid source 
can give some information concerning the nature 
of the interaction of the recoil nuclei with the sur- 
rounding atoms, and, in particular, concerning the 
mean free path of the recoil atom in the medium. 

We have investigated the resonance scattering 
of y rays with an energy of 1330 kev by Ni®® nu- 
clei, using gaseous and liquid sources of Co® in 
the compound CoCl,. Earlier,® for a gaseous 
source, a value of (17.1 +3):°10°2" cm? was ob- 
tained for the average cross section for the reso- 
nance scattering. 

A strong effect was also observed in using a 
liquid source (solution of CoCl, in HCl) with 
an activity ~40 mC. This enabled us to deter- 
mine T,, by self-absorption to be (1.14 + 0.37) 

x 107!* sec, which is in good agreement with the 
data of other authors.*? The cross section for 
resonance scattering for the liquid source was 
found to be (1.73 + 0.2) x 1072" cm?. 

The lifetime of the level 1, and the average 
cross section for resonance scattering o are 
connected by the well-known relation 

4 


m SothP (Ep). (1) 


ae 
Here oo is the cross section at resonance and 
P(Ep) is the energy distribution of the y quanta. 
The slowing down of the recoil nuclei can be 
taken into account by introducing in (1) a factor 
1 — exp ( —l/vty), where v is the velocity of the 
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recoil nucleus and J the mean free path of the re- 
coil nucleus before collision. For a gaseous 
source too]] > Ty and the factor is equal to 1. 
Using (1), we write the ratio of the cross section 
0; for the gaseous source to the cross section @) 
for the liquid source: 


61/62 =[1 —exp(—l/vt,)J>. (2) 


The value of T,, has been determined by vari- 
ous authors with sufficient accuracy to be (1.1 
+ 0.1) x 107" sec. Using for v the value 7.2 x 10° 
em/sec, which is the velocity of the recoil nucleus 
for exact resonance, and noting that 0, /o, = 9.9, 
we obtain for J the value 8 x 1078 cm. It should 
be mentioned that the width of the resonance line 
is very small (~1 ev), and the change in J be- 
cause of the spread in recoil velocity is extremely 
small. 

The value of 7 is determined both by the dis- 
tance between molecules in the source and by the 
nature of the interaction of the recoil nucleus with 
the surrounding molecules. To get a picture of 
the effect of interaction, it is necessary to carry 
out similar experiments for different isotopes of 
Co. It should be mentioned that the contradiction 
in the determination of the lifetime of the 1.60-Mev 
level of Ce!° in references 6 and 7 is due to the 
neglect in reference 6 of the effect of collisions 
on the resonance scattering cross section. 

The authors thank O. Suyarov for help in the 
measurements. 
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COEFFICIENT OF SPIN CORRELATION IN 


pp SCATTERING AT 310 Mev AND 90° IN 
THE C.M.S. 


I. M. VASILEVSKII, V. V. VISHNYAKOV, 
BE. ILESCU, and A. A. TYAPKIN 


Joint Institute for Nuclear Research 
Submitted to JETP editor June 27, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 889-891 
(September, 1960) 


A phase shift analysis has been made of the data 
obtained in Berkeley from the complete set of ex- 
periments on elastic interaction of 310-Mev pro- 
tons, which did not include investigations of the 
spin correlation of the scattered protons. We know 
that this analysis! has led to an ambiguous result. 
It was possible to separate from the possible solu- 
tions, five independent phase-shift sets, satisfac- 
torily describing the experimental data. The solu- 
tions obtained led to different values of the coeffi- 
cient Cyy (90°), which determines the correlation 
between the spin components normal to the scatter- 
ing plane. Thus, for the phase-shift sets numbered 
1, 2, 3, 4, and 6, the values of Cypn (90°) obtained 
were 0.158, 0.711, 0.300, 0.490, and 0.425, respec- 
tively.” In this connection, an experimental inves- 
tigation of the spin correlation of the scattered 
protons at 310 Mev has become very important. 
However, the ambiguity of the analysis was subse- 
quently greatly reduced through further extension 
and improvement of the nucleon-nucleon scattering 
phase-shift analysis itself.* The first analysis in- 
cluded 14 phase shifts, belonging to states up to H 
waves inclusive. In the new analysis? additional 
account was taken of states with higher orbital 
momenta, on the basis of the one-meson approxi- 
mation developed by Chew‘ and by Okun’ and 
Pomeranchuk.® This additional contribution was 
calculated in first approximation by perturbation 
theory, and added to the analysis merely one addi- 
tional parameter, the pion-nucleon coupling con- 
stant g?. The modified analysis made it possible 
to establish that only the first and second sets of 
phase shifts describe satisfactorily the experi- 
mental data for g* ~ 14. The value of the coeffi- 
cient Cyn (90°) becomes, in accordance with the 
new values of the phase-shift of the separated sets, 
equal to 0.38 for the first set and 0.61 for the sec- 
ond set. 

The first experiments on the determination of 
Cyn (90°), carried out in Liverpool at proton en- 
ergies of 320 Mev and in Dubna at 315 Mev, favor 
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the second phase-shift set.° Thus, the Liverpool 
group found the coefficient of spin correlation to 
be Cyn (90°) = 0.75 + 0.11. Our own measure- 
ments, in which the preliminary data of the cali- 
bration experiment on the determination of the 
polarizing ability of graphite analyzers were used, 
have yielded Cyy (90°) = 0.7 + 0.3. 

We have now completed an experiment on the 
determination of the analyzing ability of the scat- 
terers. The calibration experiment was carried 
out with a proton beam of energy approximately 
160 Mev, the polarization of which was found to 
be 0.667 + 0.027. The polarizing ability of the 
analyzers used in the measurements of the cor- 
relation asymmetry was found to be 0.28 + 0.02. 
Considering that the coefficient Cyy cannot ex- 
ceed unity, we obtained 

EAs ee 
We have thus obtained experimentally for the co- 
efficient Cnn a large value, which is difficult to 
reconcile with the value predicted on the basis of 
the first phase-shift set. 

From earlier experimental data for elastic pp 
scattering at 310 Mev, estimates have been made 
of the contribution of the singlet interaction b? 
and the contributions of the triplet interaction of 
the spin-orbit (c*) and the tensor (h?) types. 
Thus, Wolfenstein’ found 15% < b? < 60%, 35% < c? 
< 70%, and 2% < h? < 20%. According to Nuru- 
shev’s® estimates, b* ~ 25%, c? ~ 62%, and 
h2 = 13%. 

From the relations 

1 


4 


as eal —= (Cra Ce (1 ws Ca == 2b), 
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and from the value obtained for Cyy (90°) and 

D (90°) = 0.42 (obtained by extrapolating the data 
of Chamberlain et al.”), the corresponding contri- 
butions are found to be b? = 8%, c? ~ 67%, and 

h? = 25%. 

The situation with respect to the separation of 
the phase shift sets that describe the elastic pp 
scattering at 310 Mev has been recently changed 
somewhat by a modified phase-shift analysis of 
the earlier experimental data. The change in the 
analysis consisted of reducing the number of phase- 
shifts taken into account and extending the single- 
meson approximation to states with correspond- 
ingly lower orbital momenta. The analysis per- 
formed, which included 5, 7, and 9 phase shifts, 
has shown that if nine phase shifts are taken into 
account instead of the previous 14, and if the pion- 
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nucleon coupling constant g is also taken into ac- 
count, a fully satisfactory description of the same 
experimental data is obtained in the case of the 
second phase-shift set and even more so in the 
case of the first. At the same time, the coefficient 
Cnn (90°), calculated from the new phase shifts, 
was found to be approximately 0.41 for either set. 
In this connection, MacGregor et al.® believe that 
to solve the problem of the two phase-shift sets it 
is necessary to measure the value of Ckp at 45°, 
which determines the correlation between the spin 
components in the plane of the main scattering. 

However, the new analysis with the nine phase 
shifts and with the constant g* has led not only to 
the disappearance of the difference between the co- 
efficients Cyy (90°) corresponding to the first and 
second sets, but also to a value that contradicts the 
available experimental data. In our opinion, this 
discrepancy should be considered as an indication 
that nine phase shifts are not enough. If the analy- 
sis were to include the experimental values of 
Cnn(90°) in the procedure with the nine phase shifts, 
then an excessive value would be obtained for the 
parameter y’ for both sets, similar to what takes 
place in the analysis of the experimental data in 
which the quantity Cyy is not included and only 
seven phase-shifts are taken into account. 

While analyses with seven and nine phase 
shifts give preference to the first set of phase 
shifts over the second,’ the inclusion of the larger 
experimentally-obtained value of the coefficient 
Cnn (90°), with account of 14 phase shifts and the 
constant g*, makes the two phase-shift sets 
equally probable, as indicated by Allaby et a 
For an unambiguous determination of the phase 
shift it is obviously necessary to carry out more 
exact measurements of several of the quantities 
included in the analysis. 
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(September, 1960) 


lee Mossbauer effect consists in the emission 
(or resonant absorption) by a nucleus in a solid 
of a y quantum with an energy which is precisely 
equal to the energy of the transition, because of 
the fact that the recoil momentum is transferred 
to the crystal as a whole. 

Usually the nucleus which radiates the y quan- 
tum is formed by the decay of some other nucleus. 
As a result of this process, the nucleus can with 
a very high probability leave its place in the lat- 
tice and get stuck somewhere at an interstitial 
position. But, even if the nucleus does not move 
about, if it should change its atomic number as 
a result of the decay the forces holding it in the 
lattice will change. Thus the nucleus emitting the 
Mossbauer quantum must be a lattice defect. 

On the other hand it is well known (cf. refer- 
ence 1) that the spectrum of oscillations of a de- 
fect atom in a lattice consists of a continuous 
spectrum, coinciding with the spectrum of oscil- 
lations of the ideal lattice, and of discrete fre- 
quencies which do not coincide with any of the 
frequencies of normal vibrations of the atoms of 
the ideal lattice. Vibrations with such frequen- 
cies (localized oscillations ) cannot propagate 
through the lattice over any sizeable distance. 

At the same time there is a finite probability 
that in the emission of a y quantum there is si- 
multaneously emitted or absorbed (the latter, 
naturally, only for sufficiently high temperatures, 
T 2 hwy, where wy, is the frequency of the local- 
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ized oscillation) a quantum of the localized oscil- 
lation. Thus, the spectrum of emitted y quanta 
will consist of an unshifted line corresponding to 
the energy of the transition and of a continuous 
background corresponding to the emission and 
absorption simultaneously with the y quantum of 
phonons from the continuous part of the spectrum 
of oscillations of the atom; on this background, 
there will be individual discrete peaks due to the 
emission and absorption of quanta of the localized 
oscillations. 

These peaks can be observed in almost the 
same way as the unshifted line is observed. 
Namely, an absorber containing atoms in the 
ground state should be moved with such a veloc- 
ity that the Doppler shift of its undisplaced ab- 
sorption line will be equal to the frequency of the 
localized oscillation. One then will observe a 
stronger absorption than for neighboring frequen- 
cies. The velocity needed for this is obviously 
determined by the condition wy, = vw/c, where 
w is the frequency of the y line. If the energy 
of the transition is of the order of tens of kev, 
and hwy, ~ 0.01 ev, v ~ 10?—10* cm/sec. Such 
a velocity is not difficult to obtain by placing the 
absorber on the rim of a rotating disk. 


1 Maradudin, Mazur, Montroll, and Weiss, Revs. 


Modern Phys. 30, 175 (1958). 
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lite phenomenon of induced emission was pre- 
dicted by Einstein.! The conditions for direct ob- 
servation of this phenomenon were formulated by 
Fabrikant? and realized experimentally by Basov 
and Prokhorov,? Gordon, Zeiger, and Townes? in 
the microwave region of the spectrum, and by 
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Butaev and Fabrikant® in the optical region of the 
spectrum. 

In recent years there have appeared papers in 
which various means are proposed for realizing 
media with a negative absorption coefficient in 
the optical frequency range, but as yet there have 
been no reports of positive experimental realiza- 
tions of these proposals.° 

In the present work, it seems to us we have 
realized a medium which has a negative absorp- 
tion coefficient in the visible region of the spec- 
trum. For such a medium we use a gas discharge 
in a mixture of vapors of mercury and zinc.! 

The negative absorption was studied at a tem- 
perature of the liquid electrodes of the gas dis- 
charge tube of 6 and 15°C, and the discharge cur- 
rent was varied from 8 to 15 amp. Asa result of 
the measurements it was found that the transpar- 
ency of the mercury-zinc discharge for the zinc 
line at 6362A (4!P{—4'D,) is greater than unity 
and, under various conditions, changes from 1.5 
to 10. Under these same conditions the transpar- 
ency of the discharge for the 4722 A zinc line was 
less than unity and equal to ~ 0.9. The absolute 
value of the absorption coefficient k under the 
conditions of our experiments varied from 0.2 to 
1.15. This makes it possible to estimate the con- 
centration of excited atoms Nj in the APD level. 
In fact? 


N; = 8n|k| Av/PA ns, 


where Av is the half-width of the line, A = 63624, 
A is the probability of spontaneous transition. 
For the 4'D, level, Aj, =4x10' cm?.® 

Setting Av = 1072 cm™! (the Doppler half- 
width), we obtain Nj = 9 x 10° for k = 0.2, and 
Np=5 x 10 for k =41<15: 

The estimate of Nj for the 41D, level made by 
us from measurements of the absolute intensity 
of the 6362-A line agree in order of magnitude 
with the computed values of Nj; given above. 

Let us state the physical reasons which in this 
case lead to such a break-down of the Boltzmann 
distribution of the atoms over the energy levels, 
so that one realizes a medium with a negative ab- 
sorption in the optical frequency range. 

According to Butaeva and Fabrikant,°® Nj / Nx 
= ajTi/AkTk, where aj and a, are the numbers 
of acts of excitation per second to the levels Ej 
and Ex, while 7j and tT, are the lifetimes of 
atoms in these levels. In our case, the index i 
refers to the 4'D, level, and k to the 4'p? level; 
then, if we disregard reabsorption of the 2138-A 
line, the ratio 7; /7, = 2:59010 ¥/107)« 10 vi 
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Reabsorption of the 2138-A line can considerably 
reduce this ratio, but a rough estimate shows that 
this ratio remains ~1. 

The ratio of the numbers of excitations, aj /O, 
if we assume that the excitation occurs only be- 
cause of electronic collisions, should be less than 
unity, but under the conditions we are considering 
there is a mechanism for selective excitation of 
the A'D, level which consists of the following: 

An atom of mercury has a 7°8, level whose en- 
ergy of excitation is only 133 cm™! lower than the 
energy of the excited 41D, level of the zinc atom; 
i.e., the difference between the energies is of the 
order of the average energy of thermal motion of 
the atoms at room temperature. Therefore, we 
have very effective resonance collisions of the 
second kind between excited mercury atoms (75S) ) 
and unexcited zinc atoms, as a result of which 
there will occur an excitation of zinc atoms to the 
4'D, level. The number of mercury atoms in the 
discharge is very much greater than the number 
of zinc atoms, which guarantees a transfer of 
energy through collisions of the second kind. 

It seems to us that this mechanism of excitation 
of approaching atoms by resonance collisions of 
the second kind in a gas discharge mixture can be 
extremely effective for producing a medium with 
a negative absorption coefficient. It seems that 
one can find a considerable number of examples 
of mixtures of atoms with nearby energy levels 
and with an asymmetry in the transfer of excita- 
tion by inelastic collisions of the second kind. 

As an example, we may point to the mixture 
of cadmium and zinc atoms in which, in the dia- 
gram of energy terms, the interaction of the 53S, 


»HgI and the 61S, CdI terms should produce a me- 


dium with a negative absorption coefficient for the 
infrared transition with A = 10394.7A and for the 
visible transition with A = 4413.06A. 

The authors express their sincere gratitude 
to V. A. Fabrikant for valuable advice and useful 
discussion of the work. 


14. Einstein, Verh. Deutsch. Phys. Ges. 8, 318 
(1916). 

2. A. Fabrikant, Tp. B9A (Trans. All-Union 
Electr. Inst.) No. 41, 236 (1940). 

3N. G. Basov and A. M. Prokhorov, Doklady 
Akad. Nauk S.S.R. 101, 47 (1955). 

4 Gordon, Zeiger, and Townes, Phys. Rev. 95, 
282 (1954). 

5k. A. Butaevaand V. A. Fabrikant, Accaegopanne 
MO SKCIeEpMMeHTANbHOK UM TeOpeTMYCCKOK PUsUKe 
(namaru [’. C. Jlangcbepra) [Investigations in Experi- 


619 


mental and Theoretical Physics (in memoriam 
G. S. Landsberg)], U.S.S.R. Acad. Sci. Press, 
1959, pages 62-70. 

°A. L. Schawlow and C. H. Townes, Phys. Rev. 
112, 1940 (1958). A. Javan, Phys. Rev. Letters 3, 
87 (1959). J. Weber, Revs. Modern Phys. 31, 681 
(1959). Condell, Van Gunten, and Bennett, JOSA 
50, 184 (1960). S. G. Rautian and I. I. Sobel’man, 
JETP 39, 217 (1960), Soviet Phys. JETP 12, 000 
(1961). 

T Ablekov, Zaitsev, and Pesin, IIpu6oppi u 
TeXHMKa 9kCnepuMeHta (Instrum. and Exp. Tech- 
niques ) 1960 (in press). 

oc Allen, Astrophysical Quantities, London, 
Athlone Press, 1955. 


Translated by M. Hamermesh 
161 


NUCLEAR ZEEMAN EFFECT IN Sn!” 


NaN. DELYAGIN, V.S: SHPINEL’ 7 V.-A.. BRYU= 
KHANOV, and B. ZVENGLINSKII 


Moscow State University 
Submitted to JETP editor July 4, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 894-896 
(September, 1960) 


Tue resonance absorption of 23.8-kev y quanta 
by Sn!!® nuclei, resulting from the emission and 
absorption of y quanta without energy loss to re- 
coil (Méssbauer effect!), has been observed ear- 
lier by Alikhanov and Lyubimov? and by Barloutaud 
et al.? Alikhanov and Lyubimov studied, in particu- 
lar, the influence of an external magnetic field on 
the magnitude of the resonance absorption effect. 
In our previous work! we measured the dependence 
of the resonant absorption of 23.8-kev y quanta 
emitted in the decay of Sn!4"™ on the velocity of 
the source with respect to the absorber; we de- 
tected a hyperfine structure of the y rays due to 
the splitting of the excited state of the Sn!!9 nu- 
cleus in the electric field of the white tin crystal. 

In the present work we have investigated the 
dependence of the resonance absorption of 23.8- 
kev y quanta by Sn!!° nuclei on the source veloc- 
ity under conditions where the absorber is in an 
external constant magnetic field. In this case, 
there is a Zeeman splitting of the absorption line, 
and one observes in the absorption spectrum a 


620 
hyperfine structure which enables one to deter- 
mine the magnetic moment of the 23.8-kev ex- 
cited state of Sn*. The source of y quanta was 
a foil of white metallic tin (94% Sn'® isotope), 
irradiated with thermal neutrons in a reactor. 

It is not advisable to use metallic tin as the 
absorber in this case: If we have electric quadru- 
pole and magnetic interactions of comparable mag- 
nitude, the hyperfine structure of the level will de- 
pend on the relative orientation of the magnetic 
field and the axis of the electric field gradient. 
Therefore, a unique interpretation of the results 
of the measurements (for a polycrystalline ab- 
sorber ) will become difficult. 

In our experiment we used SnNb3 alloy as ab- 
sorber. As we have shown earlier,‘ there is no 
quadrupole splitting of the 23.8-kev level in a 
SnNb; crystal, and therefore, in a constant mag- 
netic field, the hyperfine structure of the absorp- 
tion line has the simple Zeeman form. The 
measurements were made with the source and 
absorber cooled to liquid nitrogen temperature. 
The experimental apparatus enabling us simul- 
taneously to measure the whole absorption spec- 
trum over a given interval of source velocity was 
described briefly earlier.4 The absorber (20 mg/ 
cm? of SnNb3;) was placed between the poles of a 
magnet which produced over the region of the ab- 
sorber a constant homogeneous magnetic field of 
12,150 oe. The measurements were made alter- 
nately with magnetic field and without field. 

In the magnetic field the ground state of the 
Sn!!9 nucleus (spin Te) splits into two sub-levels, 
and the excited state (spin 4) into four sub- 
levels. Between the sub-levels of the excited and 
ground states six different M1 transitions are 
possible; as we change the velocity of the source, 
there occur successive overlappings of the six 
absorption lines with the two lines of the radiation 
(the hyperfine structure caused by the quadrupole 
interaction in the white tin crystal). Thus in the 
measured absorption spectrum one should observe 
twelve lines (over the whole range of positive and 
negative source velocities ). 

The form of the absorption spectrum will de- 
pend on the absolute values of the magnetic mo- 
ments of the ground (yu) and excited (y) states 
of the Sn1!® nucleus, on the relative sign of these 
moments, and on the size of the quadrupole split- 
ting A of the excited state in the tin crystal. The 
magnetic moment of the ground state of Sn!!® is 
known to be — 1.05 nuclear magnetons.° 

The results of the measurements are shown in 
the figure (the ordinates give the counting rate in 
arbitrary units, and the abscissa the source veloc- 
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ity in mm/sec, or the corresponding energy shift 
in ev). Since the counting rate for negative values 
of the velocity did not differ within the limits of 
experimental error from the counting rate for 
positive velocities, we show on the figure only the 
half of the absorption spectrum for positive ve- 
locities. In the upper half of the figure is shown 
the absorption spectrum in the absence of the mag- 
netic field, analogous to that obtained by us pre- 
viously.4 From this spectrum we again deter- 
mined the separation A between the components 
of the hyperfine structure in the tin crystal; we 
obtained the value (1.2 + 0.2) x 107’ ev, which is 
in good agreement with the value obtained previ- 
ously.’ 

The absorption spectrum obtained when a mag- 
netic field of 12,150 oe is applied to the absorber 
is shown in the middle part of the figure. Since 
the size of the magnetic splitting is comparable 
with the natural line width, not all of the lines in 
the spectrum are resolved, but this does not pre- 
vent a unique interpretation of the result. The 
position of the farthest absorption maximum 
(shown in the figure by the number 1) corre- 
sponds to an energy shift equal to wH + wpH + A/2, 
if the signs of the magnetic moments of ground 
and excited state are opposite, and wH —y)H + A/2 
if these signs are the same (in the formulas, py 
and wy are the absolute values of the magnetic 
moments ). 

The overall appearance of the absorption spec- 
trum enables us to make a choice between these 
two possibilities, since the experimental data 
agree with the theoretical computations of the 
absorption spectrum only for the case of opposite 
signs of uw and up (positive sign of 1). The com- 
puted absorption spectrum is shown in the lower 
part of the figure (disregarding the natural line 
width; the heights of the lines are proportional to 
their intensities). Thus, to determine the value 
of » it is sufficient in principle to determine the 
position of just the single extreme absorption 
maximum. 


Knowing the position of the three maxima 
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(Cf, 2.-and 3in the figure), we can independently 
determine, in addition to the value of p, the values 
of the quantities A and Lg, Which is an additional 
check of the validity of the interpretation of the 
measured absorption spectrum. Thus, for the 
value of A we obtained (1.9 + 0.2) x 107" ev, 
which is in good agreement with the value obtained 
from the absorption spectrum in the absence of a 
magnetic field, and the value of uw») was found to 
be —(1.1+ 0.3) nuclear magnetons in agreement 
with the available data. For the magnetic moment 
of the 23.8-kev excited state of Sn!!° we found a 
value 4 =+(1.9 + 0.4) nuclear magnetons. This 
value considerably exceeds the value predicted by 
the single-particle model (Schmidt lines), which 
shows that the 23.8-kev level in Sn!!® in not a pure 
single-particle level. Such a conclusion is con- 
firmed by the fact that the M1 transition with en- 
ergy 23.8-kev is 1 -forbidden. 
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lr one wall of a reservoir containing a weak mix- 
ture of the isotopes He®-He‘ is kept cold while 
heat is given out at the other, He® will be carried 


along by the thermal excitations and accumulate 

at the cold end. Diffusion and heat conductivity 
will cause a concentration gradient and a tempera- 
ture gradient VT. By measuring the temperature 
gradient in the direction of the heat current in the 
steady state, and knowing the magnitude of this 
heat current, we can find the effective heat con- 
ductivity, Keff, which characterizes the processes 
of diffusion, thermal diffusion, and heat conductiv- 
ity in the mixture. 

To measure VT, four 35-y phosphor-bronze 
wire resistance thermometers were used. The 
thermometers were made in such a way that their 
coils lay in one plane. The heat current was pro- 
duced by a constantan heater with bifilar winding 
in the form of a flat disk. The lowest tempera- 
tures were obtained by pumping off He® vapor. 
The temperature of the He® bath was controlled. 
by a temperature regulator! and kept constant to 
LO sacle 

Figure 1 shows the dependence of Kerf on T. 
The circles and crosses correspond to results 
obtained with two different devices. The theo- 
retical curves (dashed) calculated by Khalatnikov 
and Zharkov? are shown for comparison. 

They determined the unknown constant for the 
interaction of an impurity with a roton, which is 
necessary for this calculation, from the experi- 
mental value of the diffusion coefficient found by 
Beenakker et al.2 at T=1.5°K. The existence of 
a minimum in the Kefg¢(T) curve indicates the 
existence of two heat transfer mechanisms in 
weak He®-He! mixtures: heat transport due to 
the motion of thermal excitations, limited by the 
presence of He® (He? acts as a resistance to the 
propagation of heat), and heat transport by ther- 
mal conductivity (the diffusion of thermal excita- 
tions ). 

Values of the diffusion coefficient D in the 
temperature range from the ) point to T= 1.5°K 
were derived from the values of Kegg for a con- 
centration C = 0.1%. The results are shown in 
Fig. 2. The theoretical curve obtained from the 
equation?” 

fy ly (1) 


M3 Pn 


is shown for comparison. Here k is Boltzmann’s 
constant, pn, is the part of the normal density (pn) 
of the mixture associated with the thermal excita- 
tions, and tjp is the time characterizing the scat- 
tering of an impurity on a roton. 

To determine tjp, we normalized Kerf to the 
experimental value at T=1.6°K. The experimen- 
tal values of the diffusion coefficient, taken from 


622 


LEVERS) TO THE EDITOR 


Keff erg/degrcm?sec 


QS 


Q7 Ue Ml U3 15 47 19 


D, cm*/sec 


ay 
10 F 
ig 


o 


’ 
\ 
\ 
i) 
\ 
\ 
\ 


Q5 ag 1B 7 ME ty TS 37 
hans 


FIG. 2. Temperature dependence of the diffusion coeffi- 
cient; O - results of the present work, x — reference 3) 
A-references 4 and 5, O—reference 6. 


the work of Careri et al.*»> and of Beenakker et al.° 
are shown in Fig. 2. Since in the latter work there 
was an error in calculating the results, the values 


of D shown in Fig. 2 have been recalculated with 


the correct entropies of pure helium II, taken from 
the work of Kramers et al.® The values of D ob- 


tained by the spin-echo method by Garvin and 


Reich’ are also included on the graph. Since they 
measured the diffusion coefficient under pressure, 


ral 
T°K 


FIG. 1. Temperature dependence of the effective 
heat conductivity of mixtures with He® concentrations 
C =0.1 and 1.1%. (C = N,m, x (N,m, + N,m,)~, where 
N, and N, are the numbers of He® and He* atoms per 
unit volume and m, and m, are the masses of He’ and 
He* atoms). 
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FIG. 3. Temperature dependence of the thermal conduc- 
tivity, x, of mixtures; 0 ~ results of the present work, 
X — from reference 8. 
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the values of D have been extrapolated roughly to 
the saturation vapor pressure. 

Figure 3 shows the dependence of the thermal 
conductivity k on T. For comparison, the ther- 
mal conductivity of He*, obtained by Zinov’eva® 
from measurements of the attenuation of second 
sound, are shown. The dashed curves are theo- 
retical, calculated from the results of Khalatnikov 
and Zharkov.” In this calculation the energy gap 
between the ground state of helium II and the low- 
est roton level was taken as A = 8.5°K. It can be 
seen from Fig. 3 that the thermal conductivity of 
weak solutions is little dependent on concentration 
in the temperature region between the A point and 
1.1°K. The curves for pure He‘ and for a mixture 
with C = 0.1% He® in Het diverge below 1.1°K. In 
this temperature region impurities influence the 
conductivity mechanism appreciably, reducing the 
mean free paths of rotons and phonons. 

A more detailed discussion of the results and 
of the method, and the results of extending the 
measurements to lower concentrations will be 
published in the near future. 
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| 
‘Tae paramagnetic resonance of conduction elec- 
trons in metals has been investigated by Feher 
and Kip! on small particles and thin films of lith- 
ium, sodium, and beryllium, and was noted also 
in potassium. The theory of the effect was worked 
out by Dyson,” Azbel’, Gerasimenko, and Lifshitz .3>4 
Experiments on paramagnetic resonance of large 
single crystals of metal have not yet been de- 
scribed in the literature. 

In the present work, electron paramagnetic 
resonance was observed on a single crystal of 
very pure tin with < 6 x 10°°% of impurities.’ 

The single crystal had dimensions of 11 x 6 x 1 
mm and served as the inner conductor of a strip- 
type resonator tuned to 9.35 x 10° cps. The meas- 
urements were carried out at a specimen tempera- 


resonance signals. 
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The results of the experiment are plotted in 
Fig. 1, in which are seen three paramagnetic- 

The copper parts of the reso- 
nator, prepared from copper of technical purity, 
give the wide line 1. The narrow symmetrical 
line 2 is the signal from ~ 107! mole of crystal- 
line diphenyl picryl hydrazyl, placed in the reso- 
nator for calibration. Line 3 is the paramagnetic 
resonance of the tin sample. 

Rotation of the constant magnetic field in the 
plane perpendicular to the high-frequency mag- 
netic field permits the observation of an apparent 
small anisotropy of the effect: the peak of the 
resonance moves by an amount which is of the 
order of its width. The significant change of the 
amplitude of the peak, which occurs during rota- 
tion of the field, is possibly explained* by a change 
of the angle of inclination of the field with respect 
to the sample surface. However, these aspects of 
the phenomenon are still not sufficiently clear 
from the experimental point of view. 

In Fig. 2 is shown, on a larger scale, a record 
of the paramagnetic resonance of the electrons of 
tin (right-side peak) and of the calibration signal. 
The values of the constant magnetic field were re- 
corded by a proton magnetometer (as in Fig. 1). 
From this graph it is possible to find the differ- 
ence between the factor gg, for conduction elec- 


ture of 2.3°K by the frequency-modulation method.®»’ trons in tin and the factor gg = 2.0036 for diphenyl 
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FIG. 1. Record of 
the experimental ob- 
servation of paramag- 
netic resonance. Sig- 
nals from three sources 
are seen: 1— from the 
copper parts of the 
resonator, 2—from 
diphenyl picryl hydra- 
zyl, 3—from single- 
crystal tin. The scale 
of the ordinate axis is 
proportional to the 
logarithmic derivative 
of the impedance of 
the sample with re- 
spect to the magnetic 
field, plotted along 
the abscissa. 


3445 oe 


picryl hydrazyl 


(2sn — 2a) | Ga = (Ha — Hn) / Hon = — (4.55 £ 0,15)-10°°, 


from which gg, = 1.9945 + 0.0003 (here Hg and 
Hg, are the resonance values of the magnetic 
field). 

The experiments described yield interesting 
data on the electron-spin relaxation times in 
single-crystal tin. Estimating the relaxation time 
T, after Dyson? as the reciprocal of width AH of 
the paramagnetic resonance line, which is ~ 4.5 oe 
(Fig. 2), we obtain T, ~ 1.2 x 1078 sec. The more 
precise expression found by Kittel and derived in 
reference 1 gives 


TT, = 18)/ yAH 1,710 sec 


(y is the gyromagnetic ratio). This value of T, 
is, however, underestimated by 20 — 30% as a re- 
sult of the line broadening due to the fact that the 
peak amplitude of modulation of the magnetic field 
was 1.7 oe. (For this reason the resonance line 
of diphenyl picryl hydrazyl in Fig. 2 is also broad- 
ened to ~ 2 oe.) ji 
Considering the interaction of the spins with 
the lattice vibrations by means of orbital momen- 
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FIG. 2. Paramag- 
netic resonance of 
the conduction elec- 
trons of single-crys- 
tal tin (on the right), 
recorded simultane- 
ously with the cali- 
bration signal of the 
paramagnetic reso- 


nance of diphenyl 
picryl hydrazyl. The 
variables along the 
coordinate axes are 
the same as in Fig, 1. 


tum, Elliot® found, that the corresponding relaxa- 
tion time T, must be proportional to TR/(Ag)? 
where TR is the electron mean-free-path time, 
estimated from the conductivity of the metal, and 
Ag is the deviation of the g factor of the electrons 
of the material from its value for a free electron. 
(A relaxation of this character was obtained by 
taking account of the scattering of electrons on 
impurities in the case of semiconductors. ) 

A more exact calculation of this effect was car- 
ried out by Andreev and Gerasimenko.’? However, 
it is impossible to use their formulae to calculate 
T;, for they took into account only the interaction 
of the electrons with the lattice vibrations, where- 
as under the conditions of the experiment the prin- 
cipal scattering was by the impurities. It can be 
noted only that T; must be large because of the 
large value of Tp & 10~* sec in the sample inves- 
tigated, which indicates weak interaction between 
the electrons and the lattice. The value of Tp in 
the experiments of Feher and Kip! was on the 
order of 1074 sec. 

The relaxation time T, ~ 1.7 x 1078 sec means 
that the free path of the electron without changing 
spin orientation reaches 1 or 2 cm, whereas the 
electron free path determined by the conductivity 
of the metal is 7 = 0.1 cm. For a sample thick- 
ness of 0.1 cm this means that the electron can 
traverse the samples repeatedly, retaining its 
spin direction both as it collides within the metal 
and as it is scattered on its surface. This conclu- 
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sion can also be drawn from the results of Feher 
and Kip.! 

However, for metal particles that are smaller 
than the depth of penetration of the electromagnetic 
field, these circumstances are not of such impor- 
tance, whereas in the case of bulk metal they may 
be of decisive importance in polarizing the nuclei 
of the metal by Overhauser’s method,!° as dis- 
cussed by Azbel’ et al.? From their results it 
follows that in paramagnetic resonance of the 
metal electrons significant polarization of the 
nuclei in the bulk metal should take place to a 
depth 


8 ~1(T./tp)2~0.3 em. 


Consequently, in a specimen 0.1 cm thick, with a 
high-frequency field applied at both sides, the po- 
larization of the nuclei must be practically uni- 
form throughout the volume. Since the sample 
thickness is less than the depth of spin diffusion 
6, saturation of the resonance must be achieved 
in high-frequency fields which are significantly 
smaller than in the case of samples with thickness 
large compared to 6. This consideration clearly 
permits a significant reduction in the power rating 
of the generator and the expected Joule heating of 
the sample, which is of considerable experimental 
importance. 
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